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PREFACE. 



The study of Arithmetic as a science is so obviously 
calculated to develope the reasoning faculties, to call 
forth the energies of the mind^ and impart a quickness 
of perception and an accuracy of judgment, that it can- 
not be too strongly recommended to young persons^ 
as a successful introduction to the pursuit, and a 
powerful auxiliary in the attainment, of all yaluable 
knowledge. 

But obvious as is the tendency of a right study of 
this initiatory science, and salutary as are its in- 
fluences upon the understandings it has been too 
much the practice to teaeh it to young persons merely 
as a series of dry formulae for ootaimng mechanically 
the practical result of principles that have not been 
previously demonstrated, and thus a most important 
opportumty of cultivating the mind is irretrievably 
lost. 

In the hope of supplying in some degree what the 
Author cannot but regard as a deficiency in the system' 
of teaching Arithmetic, the present work is designed, 
by an ample development and a familiar illustration 
of elementary principles, to lead the pupil progres- 
sively into the exercise of his reasoning powers, and 
enable him to derivtj, through his own judgment, 
simple and efficient rules for the solution of its most 
intricate problems. 

For this purpose, it regards every possible question 
in Arithmetic, as proposing nothing more, than either 
the increase or the decrease of a given quantity whose 
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Vi PREFACE. 

required magnitude is dependent on the increase or 
decrease of other quantities with which it may be 
connected by the several conditions in the question 
proposed. 

With this view, it fully ex{>lain8 to the pupil, first, 
the nature of dependent quantities and the law of 
their variation, from his knowledge of which he will 
instantly perceive whether the magnitude of^the given 
quantity is to be increased or decreased ; and secondly, 
the doctrine of Ratio, from which he will, with equal 
facility, ascertain the precise extent to which the re- 
quired increase or decrease is to be made. 

From these two simple and obvious principles of 
Variation and Ratio, which are the elements of Pro- 
portion, and perfectly within his apprehension, the 
pupil will easily derive a more direct, simple, and 
efficient rule for the solution even of the most difficult 
questions, than he can possibly acquire through his 
memory alone. 

He will perceive that whatever may be the number 
of conditions contained in the question, each of them 
is expressed by a ratio which distinctly shows both 
the cause and the extent of the increase or decrease 
required by that particular condition, in the magni- 
tude of the given quantity, which must always vary 
either directly or inversely, as the quantities of each 
ratio. 

And, lastly, reducing to their lowest terms, and 
compounding these several ratios according to the 
relation which the given quantity may have to each 
of them separately considered, he will obtain one 
single ratio combining all their influences, and which 
will precisely determine the required magnitude of 
the given quantity, and afford a dear and satisfactory 
solution of the question. 
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EXPLANATION 

OP 

SIGNS USED IN THIS WORK. 



Char. 

=: The si^ of Equality, denoting that the quantities be- 
tween which it is placed are equal to each other, 

+ Plus or more, the sign of Addition, denoting that the 
quantities between which it is placed are to be added 
together; as 9 + 6=: 15. 

— Minus or less, the sign of Subtraction, denoting that 
the latter of the quantities between which it is placed 
is to be subtracted from the former ; as 9— 6=3. 

X The sign of Multiplication, denoting that the quantities 
between which it is placed are to be multiplied toge* 
ther; as 9x6=54. 

-r- The sign of Division, denoting that the former of the 
two quantities between which it is placed is to be di« 
vided by the latter ; as 12-r-4:=^3. 

I The sign of Ratio, denoting the relative magnitude 
whkh the former of the quantities between which it is 
placed has in comparison with the latter. 

: : The sign of Equality of Ratios, denoting that the ratio 
of two quantities which precede is equal to the ratio of 
the two which follow. 

Thus, 9 : 3 : : 18 : 6, denotes that the ratio 9 : 3 is 
equal to the ratio 18 : 6, and consequently that the 
four quantities taken in that order are proportionals. 



TABLES OF WEIGHTS AND MEASURES. 



MULTIPLICATION TABLE. 



1 

2 
8 

4 

5 

6 

7 

8 

9 

10 

11 

12 


2 

4 
6 


3 
6 
9 


4 
8 
12 
16 
20 
24 
28 
32 
36 
40 
44 
48 


5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 


6 
12 
18 
24 
30 
36 
42 
48 
54 
60 
66 
72 


7 

14 
21 
28 
35 
42 
49 
56 
63 
70 
77 
84 


8 
16 
24 
32 
40 
48 
56 
64 
72 
80 
88 
96 


9 
18 
27 
36 
45 
54 
63 
72 
81 
90 
99 
108 


10 
20 
30 
40 
50 
60 
70 
80 
90 
100 

no 

120 


11 
22 
33 
44 
55 
66 
77 
88 
99 

no 

121 
132 


12 


24 


36 


8 
10 
12 
14 
16 
18 
20 
22 


12 
15 
18 
2] 
24 
27 
30 
33 


48 


60 


72 


84 


96 


108 


120 


132 


24 


36 


144 



TROY WEIGHT. 



4 grains 
24 grains 
20 pennyweights 
12 ounces 



make 



1 carat 

1 pennyweight, dwt. 

1 ounce, oz. 

1 pound, lb. 



AVOIRDUPOIS WEIGHT. 



16 drams, drs. make 

16 ounces — 

14 pounds — 

28 pounds — 

4 quarters — 

20 hundredweight — 



1 ounce, oz. 

1 pound, lb. 

1 stone 

1 quarter, qr. 

1 hundred weight, cwt 

1 ton 



TABLES OF WEIGHTS AND MEASURES. 



APOTHECARIES WEIGHT. 



20 grains 


make 1 scruple, sc. or 9 


3 scruples 


— 1 dram, dr. 


8 drams 


— 1 ounce, 3 


12 ounces 


— 1 pound 




• 

WOOL WEIGHT. 


7 pounds 


make I clove 


2 cloves 


— 1 stone 


2 stones 


— 1 tod 


6^ tods 


— 1 wey 


2 weys 


— 1 sack 


12 sacks 


— 1 last 


240 pounds 


— 1 pack 




HAV AND STRAW WEIGHT. 


36 pounds 


make 1 truss straw 


56 pounds 


— 1 truss old hay 


60 pounds 


— 1 truss new hay 


36 trusses 


— 1 load 




DRY MEASURE. 


4 giUs 


make 1 pint 


2 pints 


— 1 quart 


2 quarts 


— I pottle 


4 quarts 


— 1 gallon 


2 gallons 


— 1 peck 


4 pecks 


— 1 bushel 


4 bushels 


— 1 coomb 


8 bushels 


^— 1 quarter 


5 quarters 


^ 1 wey 


2 weys 


— 1 last 




COAL MEASURE. 


4 pecks 


make 1 bushel 


3 bushels 


— 1 sack 


3 sacks 


— 1 vat or strike 


12 sacks 


— 1 chaldron 


21 chaldrons 


— 1 score 



TABLES or WBIOHT9 AND MBABI7EBS. 



XI 





LIQUID MBASUBB. 


4 giliA 


make 1 pint 


2 pints 


— 1 quart 


4 quarts 


— 1 gallon 


9 gallons 


— 1 firkin beer 


10 gallons 


— 1 anker spirits 


18 gallons 


^ — 1 kilderkin 


36 gallons 


— 1 barrel beer 


42 gallons 


— 1 tierce wine 


54 gallons 


— 1 hogshead beer, hhd. 


63 gallons 


— 1 hogshead wine 


2 hogsheads 


— 1 pipe wine 


2 pipes 


— 1 tun 




CLOTH MEASURE. 


2^ inches 


make 1 nail 


4 nails 


' — 1 quarter of a yard 


3 quarters 


— 1 Flem. ell 


4 quarters 


— 1 yard 


5 quarters 


— 1 English ell 


6 quarters 


— 1 French ell 




LONG MEASURE. 


3 barleycorns 


make 1 inch 


12 inches 


— 1 foot 


3 feet 


— 1 yard 


6 feet 


— 1 fathom 


55 yards 


•— 1 pole or perch 


40 poles 


— 1 furlong 


8 furlongs 


— 1 mile 


3 miles 


— 1 league 


60 geographical or) _ , , 
69J statute miles | ^ "^^^^ 


SQUARE OR SUPERFICIAL MEASURE. 


144 inches 


make 1 square foot 


9 square feet 


— 1 square yard 


30^ square yards — 1 square pole 


40 square poles — 1 rood 


4 roods 


— 1 acre 


640 acres 


— 1 square mile 
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TABLES OF WBIOHTS AND MEASURES. 



CUBIC OR SOLID MEASURE. 



1728 cubic inches make 
27 cubic feet — 
40 cubic feet of 


1 cubic foot 
1 cubic yard 




rough or 
50 cubic feet of [ 
hewn timber 
277*274 cubic inches 


•aM 


1 load 

1 imperial gallon 






TIME. 




60 seconds 
60 minutes 
24 hours 

7 days 

4 weeks 
12 calendar months' 


make 1 minute 

— 1 hour 

— 1 day 

— 1 week 

— I month 




or 
1 3 ' common months 
1 day and 6 
hours, or 
365 days 6 hours 


* 


1 year 




TRA 


lCticb table. 




Parts of a Shilling^. 
d, 
f equal to ^ 

H - -1 

3 - :i 

4 — •! 

6 — \ 


■ 
r 
r 


Parts of a Pound. 
s, d. 
1 3 equal to 

1 8 — 

2 6 — 

3 4 — 
6 8 — 


i 

4- 


Parts of a Quarter. 
lb. 
3f- equal to ^ 

4 - \ 

7 — \ 

14 — \ 


r 
1 


PartaofaCwt. 
lb. 

7 equal to 

8 

14 — 
16 — 


i 



ARITHMETIC. 



1. Arithmetic is both an art and a science. 

2. As an art, Arithmetic teaches the proper expression 
and arrangement of numbers with reference to their mag- 
nitude, increase, or decrease ; and comprehends the system 
of Numeration, and the rules of Addition and Subtraction, 
with their modifications, Multiplication and Division. 

3. As a science, Arithmetic is that branch of the Mathe- 
matics which treats of the several relations, in respect of 
magnitude and variation, that subsist between all such 
quantities as can be represented by numbers, and is 
tbunded entirely upon the doctrine of ratio and proportion. 

NUMERATION. 



1. Numeration is the art of expressing numbers either 
in figures or by words. 

2. Numbers are expressed in writing by the figures 
1, 2, 3, 4, 5, 6, 7, 8, 9, and the cipher 0. 

3. The cipher has no value in itself, neither can it by 
itself express any number whatever; it is used only in 
adjusting the local values of the other figures. 

4. Each of the other figures, which are called digits, 
points out by itself a definite number of units, or ones, 
which is denoted by its form, and is called its ^simple 
value. 

Thus, the figure 1 points out a single unit, or one entire 
thing of any kind ; as one bushel, one mile, one. hour ; the 
figure 2 points out two entire things of any kind ; as two 
bushels, two miles, two hours, &c. 

5. The greatest of these figures, 9, cannot by itself ex- 
press more than nine units; therefore, to express any 
number greater than 9, we g^ve to each of the nine digits 
an additional value, arising from the place in which it is 
written, and which is therefore called its local value. 

6. This local value increases the simple value of the 
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digit ten times for every removal towards the left hand 
from the first place, or place of units, in which it would 
appear if written by itself; and these two values combined 
express the entire magnitude of the number it is intended 
to represent. 

Thus, by placing a cipher on the right hand of the 
digit l,.it is removed from the first into the second place, 
10, where its value is ten times as great as in the first 
place, and it expresses ten ones, or ten. 

By placing two ciphers on the right hand of the digit 1, 
it is removed into the third place, lOO, in which its value 
is ten times as great as in the second place, or a hundred 
times as great as in the first place, and it expresses ten 
tens, or one hundred. 

By placing three ciphers on the right hand of the digit 1, 
it is removed into the fourth place, 1000, in which its value 
is ten times as great as in the third place, or a thousand 
times as great as in the first place, and it expresses ten 
hundreds, or one thousand. 

By placing four ciphers on the right hand of the digit 1, 
it is removed into the fifth place, 10000, in which its value 
is ten times as great as in the fourth place, or ten thousand 
times as great as in the first place, and it expresses ten 
thousands. 

And by plaeing five ciphers on the right hand of the 
digit 1, it is removed into the sixth place, 100000, in which 
its value is ten times as great as in the fifth place, or a 
hundred thousand times as great as in the first place, and 
it expresses ten tens of thousands, or one hundred thousand. 

7. flence the use of the cipher in adjusting the local 
values of the other figures ; for the ciphers, having no 
values in themselves, serve only as indices to the place in 
which the digit is written, and from which it derives its 
local value. 

Thus, the local value of a figure, when writtcsl ill the 



1st place, as . . . 


. 1, 


is units. 


2nd , , 1 X 10 . 


. 10, 


tens. 


Srd ,, 10X10 . 


. 100, 


hundreds. 


4th ,, 100x10 . 


1000, 


thousands. 


5th ,, 1000X10 . 


10000, 


tens of thousands. 


6th ,, 10000x10 . 


100000, 


hundreds of thousands. 



NUMERATION. 3 

These six place;*, with their several local values, form 
what is called a period. 

8. The greatest number that can be written in one 
period is a series of nines, 999999 ; which, beginning at 
the left hand or highest place of the period, severally ex- 
press 9 hundred thousands, 9 tens of thousands, 9 thou- 
sands, 9 hundreds, 9 tens, and 9 units, or collectively 
nine hundred and ninety-nine thousand nine hundred and 
ninety-nine — ^the word units being always implied, unless 
some other name is expressed. 

9. If one unit more be added to this number, it will 
amount to ten hundred thousands, which number is called 
a million, and is expressed by the digit 1 with six ciphers 
on the right hand ; but these six ciphers, which in them- 
selves express no value, by occupying the six places of 
the first period, serve only as indices to show that the digit 
I is in the first place of the second period, 1,000000, where 
it expresses one million. 

10. The number of periods is unlimited, for as often as 
the simple and local values in any period amount to ten 
hundred thousands, that number will be expressed by the 
digit 1, written in the first place of the next higher period, 
ten hundred thousand or a million of units in any one 
period always making one unit in the next higher period, 
as in the following scheme : — 

Units, 999999 
1 

Millions, 1,000000 
999999 



Billions, 1,000000,000000 
999999 



Trillions, 1,000000,000000,000000 
999999 



Quadrillions, 1 ,000000,000000,000000,000000 
999999 

Quintillions, 1 ,000000,000000,000000,000000,000000 
999999 



Sextmions, 1 ,000000,000000,000000,000000,000000,000000 

B 2 
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11. Thus any number, however great, may be properly 
expressed in writing by selecting such of the digits as by 
their form will point out the simple values, and writing 
them in such places of the period as will denote the local 
values contained in that number. 

Ex. — To express in figures the number three hundred 
thousand four hundred and five millions. 

This niunber contains three hundred thousand, which 
has the simple value three, and the local value hundreds 
of thousands; we tlierefore select the digit 3 to point out 
the simple value, and write it in the sixth place of the 
period to denote the local value of this part of the number 
300000. 

Secondly, it contains four hundreds, which has the 
simple value four, and the local value hundreds ; we 
therefore select the digit 4 to point out the simple value, 
and write it in the third place of the period to denote the 
local value of this part of the number 400. 

Thirdly, this number contains five, which has the 
simple v£due five, and the local value imits ; we therefore 
select the digit 5 to point out the simple value, and write 
it in the first place of the period to denote the local value 
of this part of the number 5. 

Tlius, all the simple and local values contained in the 
number three hundred thousand four hundred and five are 
properly expressed by the digits 3, 4, and 5, written 
respectively in the sixth, third, and first places of the 
period 300405 ; and the proper relation of these several 
places is preserved by writing ciphers in the fifth, fourth, 
and second places, in which no values are expressed. 

Lastly, as all these simple and local values are to express 
so many millions, we place six ciphers on the right hand 
of the period in which they are written, to remove them 
into the second period, 300405,000000, where they justly 
express the given number, three hundred thousand four 
hundred and five millions. 

TO EXPRESS WRITTEN NUMBERS IN WORDS. 

12. The true value of every figure in a number is 
ascertained by considering in what period and in what 
place of the period it is written, and is properly expressed 
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in words by adding the simple value of the figure to its 
local value, and to both these the name of the period. 

Tlius, to express in words the number 300405,000000. 

Here, beginning at the highest place, we find the figure 
3 in the sixth place of the second period ; it has therefore 
tKe simple value three, and the local value hundreds of 
thousands ; and to these addiag the name of the second 
period, millions, we read for th^ part of the number three 
hundred thousand millions. 

Secondly, we find the next lower figure 4 in the third 
place of the second period ; it has therefore the simple 
value four, and the local value hundreds ; and to these 
adding the name of the period, we read for this part of the 
number four hundred millions. 

Lastly, we find the next lower figure 5 in the first place 
of the second period ; it has therefore the simple value five 
and the local Value Units ; and to these adding the name of 
the period, we read for this part of the number five mil- 
lions. 

Hence the whole of the number 300405,000000, pro- 
perly expressed in words, is three hundred thousand mil-^ 
lions, four hundred millions, and five millions ; or more 
simply, three hundred thousand four hundred and five 
millions. 

13. The most accurate and expeditious method of read* 
ing a large number is to separate it into distinct periods, 
by marking off with a comma every six figures from the 
right hand, and beginning at the highest period to read 
the simple and local values in each period separately, pro- 
nouncing after each series the name of the period in which 
it is written. 

Ex.— To read the number 123,406005,008934. 

Having, as above, separated the number into distinct 
periods, we read, in the highest period, one hundred and 
twenty-three billions ; in the next lower, four hundred and 
six thousand and five millions ; and in the lowest, eight 
thousand nine hundred and thirty-four. 

Thus the whole number, properly expressed in words, 
is one hundred and twenty-three billions, four hundred, 
and six thousand and five millions, eight thousand nine 
hundred and thirty-four. 
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USB OF THE CIPHER. 

15. The placing of ciphers on the right hand of any 
number increases its value ten times for every cipher so 
placed. 

For if one cipher be placed on the right hand of any 
number, it removes the figure which was previously in 
the first place into the second, that which was in the 
second place into the third, and so on throughout the whole 
series. Hence every figure in the number being removed 
one place higher is increased ten times, and consequently 
the whole number is increased ten times. 

If two ciphers be placed on the right hand of any num- 
ber, every figure will be removed two places higher and 
increased a hundred times, and consequently the whole 
number will be increased a hundred times, &c., &c. 

16. The cutting off or taking away of ciphers from the 
right hand of any number decreases its value ten times for 
every cipher so taken away. 

For if one cipher be taken away, the figure which was 
previously in the second place is removed into the fiist, 
that which was in the third place into the second, and so 
on throughout the whole series : hence every figure ia the 
number being removed one place lower is ten times de- 
creased, and consequently the whole number is ten times 
decreased. 

If two ciphers be taken away, every figure in the num- 
ber will be removed two places lower, and the whole 
number will be decreased a hundred times. 

From these consideraticms is derived the use of the 
cipher in abridging the operations of Multiplication and 
Division. 

EXERCISES IN NUMERATION. 

1 . In what period, and in what place of it, must the 
figure 9 be written to express nine hundred millions ? 

2. In what period, and in what places, must the figures 
3 and 6 be written to express three thousand and sixty 
billions? 

3. Where must the figures 5, 6, and 7 stand to express 
the values fifty thousand and sixty -seven trillions ? 

4. In what periods, and in what places, must the figures 
^ 7, 8, 9, and 3, stand to express the values six hundred 
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quadrillions, seventy-eight thousand billions, ninety thou- 
sand and thirty ? 

5. In what periods, and in what places of them, must 
the figures 7, 6, 3, 8, and 9 stand to express the values 
seven hundred thousand and sixty-three quintillions, eight 
hundred and ninety millions ? 

6. In what periods and places must the nine figures 
stand to express one hundred thousand and two quintil- 
lions, three thousand and four trillions, five hundred thou- 
sand and six billions, seven hundred and eighty thousand 
and nine? 

7. How many ciphers must be placed on the right hand 
of the figure 7 to make it ten million times greater ? 

8. How many ciphers must be added to the figure 3 to 
make it express three hundred thousand trillions ? 

9. How many ciphers must be placed on the right hand 
of the figure 5 to make it a hundred thousand times 
greater ? 

10. How many ciphers must be taken away from the 
number three hundred thousand quadrillions to make it 
express thirty thousand billions? 

11. How many ciphers must be cut off from the right 
hand of a number to decrease its value a hundred thou- 
sand times? 

12. How many ciphers must be written between the 
values seven hundred trillions and four thousand millions 
to preserve the proper relations of the periods ? 

13. How many ciphers must be written, for the same 
purpose, between the values nine hundred thousand qua- 
drillions and seventy thousand billions ? 

14. Express in figures the number nine hundred thou- 
sand millions, seven hundred and eleven. 

15. Write in figures the number three hundred and 
eleven thousand quintillions, nine thousand trillions, thirty 
thousand and seven. 

16. Express in figures the number eleven thousand 
quadrillions, three hundred and nineteen trillions^ fourteen 



8 NUMEtlATIOKc 

thousand five hundred billions, six hundred thousand and 
seventy millions, three thousand and four? 

£xpress in words the following numbers :— 

17. 160746238. 

18. 27630004756. 

19. 300706767016074. 

20. 2160760043670600076; 

21. 31604760911192200763071. 

22. 7007604707604760762769811. 

23. 76033577420041067200756132. 

24. 12345678909876543210123456789. 
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ADDITION. 
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1. Addition is the collecting of several numbers, repre* 
senting quantities of tibe same Idnd, into one number, which 
^all be equal to the amount of their united values, and 
consequently express dieir sum. 

Thus, if the numbers 3 and 5 both represent units, or 
both represent pence, they may be collected into one 
number, 3+5=8; for 8 units are evidently the sum of 
3 units and 5 units, and 8 pence the sum of 3 pence and 
5 pence. 

2. Numbers which do not represent quantities of the 
same kind cannot be collected into one number, for the 
sum of the numbers cannot be equal to the amoimt of their 
united values. 

Thus 3 tens and 5 units, or 3 shillings and 5 pence, 
cannot be collected into the one number, 3+5=8; for 
8, whether considered as 8 tens or as 8 units, cannot be 
equal to the sum of 3 tens and 5 units ; neither can 8, 
whether considered as 8 shillings or as 8 pence, be equal 
to the sum of 3 shillings and 5 pence. 

3. The only expression to be found for the united 
values of these quantities is 3 tens and 5 units, or 3 shil- 
lings and 5 pence, in which the addition consists solely in 
the word andy which joins them together as unlike quan- 
tities, but cannot incorporate them into one number, or 
add liiem into one sum. 

4. Hence, when we have to add together several num«» 
bers, consisting either of different local values, as hundreds, 
tens, and units in simple addition, or of pounds, shillings, 
and pence in compound addition, it is evident that those 
parts only in each which are of the same kind can be 
collected into one number or added into one sum. 

5. It is equally evident, in either case, that the amount 
will consist of as many diffident sums as there are either 

B 3 
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difierent local values or different denominations in the 
numbers added ; but as these several sums are taken col« 
lectively, as the total amount of the several quantities, this 
amount may be called their sum. 

The rule, therefore, for addition, whether of simple 
numbers or of compound quantities, is general, and is 
obviously deduced from the principle laid down. 

RUI.B. 

1. Place the numbers to be added in such order that 
the several local values or denominations in eadi, which 
are of the same kind, may stand directly under each other. 

2. Add together all the numbers in the lowest place or 
denomination, and find how many of the next higher rank 
are contained in their sum, and also how many remain.. 

3. Write down this remainder, or if there be no re- 
mainder write a cipher under the numbers already added, 
and add the number of the next higher rank to the num- 
bers in the next higher place or denomination. 

4. Proceed in this manner to add the numbers in every 
succeeding place or denomination, and the several amounts 
taken together will be the whole amount or sum of the 
given numbers. 

. Ex.— To add 4567 +678+53+9. 

1. Here, placing the given numbers as directed, 4567 
we find the sum of the imits to be 27, which con- 678 
tains 2 of the next higher rank, tens, with 7 units 53 
remaining. We therefore write 7 under the line 9 

of units, and add the 2 tens to the numbers in the 

next higher place. We next find the sum of the 5307 
tens, including the 2 carried from the place of imits, — -— . 
to be 20, which contains 2 of the next higher rank or 
hundreds, without any remainder. We therefore write a 
cipher under the line of tens, and add the 2 hundreds to 
the numbers in the next higher place. We next find the 
sum of the hundreds, including the 2 carried from the 
place of tens, to be 13, which contains 1 of the next 
higher rank or thousands, with 3 hundreds remaining. 
We therefore write 3 under the line of hundreds, and 
add the thousand to the numbers in the next higher 
place» and find the sum of the thousands, including the I 
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carried, to be 5, which, as it contains none of a higher 
rank, we write down under the line of thousands ; and 
these several amounts taken together are the whole amount 
or sum of tlie given numbers. 

Ex.— 2. To add 15/. 16^. 8ci.+3/. I7s, 2d.+lSs. lUd. 

Here, placing the given quantities as 
directed, we find the sum of the farthings to 
be 5, which contains 1 penny, and 1 farthing 
remaining. We therefore write 1 under the 
line of farthings, and add the 1 penny to the 
numbers in the next higher denomination. 
We next find the stun of the pence, including 
the 1 carried from the farthings, to be 31, 
which contains 2 shillings, with 7 pence remaining. We 
therefore write 7 under the line of pence, and add the 2 
shillings to the numbers in the next higher denomination. 
We next find the sum of the shillings, including the 2 
carried from the pence, to be 53, which contains 2/., with 
13 shillings remaining. We therefore write 13 under 
the line of shillings, and add the 2i. to the numbers in the 
next higher denomination, of which we lastly find the sum, 
including the 2 carried from ihe shillings, to be 20, which we 
write under the line of pounds ; and these several amounts 
taken together are the whole amount, 20/. 13«. 71c/., the 
sum of the given quantities. 

EXA.MPLBS FOR PRACTICE. 

1. Add the quantities 39+9+25+317+30 + 1+25 + 
3064. 

2. Add the numbers 80765+216+3674+20+119 + 
9+215 + 67. 

3. 123456 + 2007 + 3164 + 10076 + 379 + 2679 + 369+ 
+ 16. 

4. Find the amount of the quantities, three hundred 
thousand and seven + fifteen millions and seventy -nine + 
ninety-nine thousand and nineteen + seventy-eight + thir- 
teen thousand eight hundred and thirteen + seventy thou- 
sand and seventeen+Mxty-five millions+six hundred and 
eleven. 



12 ADDITION. 

5. Add 300042 + 56000342 + Too + 11'32 + 1fl8l6 -t- 
08768532+30176+26. 

6. Add 786532+2169+4+716265+8752+17 + 6875 
+3689. 

7. Add 760432+16076+26358+239+6754+987 + 
89+6+19. 

8. Add thirty millions-f-fifty-fiYe millions + seventy -nine 
thousands + five hundred and eighteen thousands + six hun^ 
dred and ninety-seven millions + eighteen thousand millions 
+ seventy -seven thousands + six hundred and fifty -four 
thousand, seven hundred and eighty-one. 

9. Add 17+367 + 26875 + 6985+716 + 88976478 + 
678635875+39769. 

10. Add 310000+700+715000+6970+35760+2060 
+ 78976532+98706. 

11. Add 937626576+268706576+80706708+2067+ 
367426+37+206748+31647658347. 

12. Add seven thousand billions and nine hundred 
thousand+eighty-five thousand millions and seventeen + 
six hundred thousand millions and seventy -nine + fifteen 
millions + fifteen thousand seven hundred and eighteen+ 
ninety-nine' billions, nine hundred millions, nine hundred 
and nine. 

N.B. Other examples may be easily supplied. 
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MULTIPLICATION. 



1. Multiplication is the repeating of a given number 
or quantity any proposed number of times, and finding its 
amount when so many times repeated ; and is, conse- 
quently, only a mote compendious method of Addition^ 
Vhen the numbers to be added are all eqUal. 

In Multiplication, three things are to be considered : — 

1. The multiplicand, which is the number to be re-* 

peated. 

2. The multiplier, which shows how many times 

the multiplicand is to be repeated. 
8. The product, which shows the amount of the mul- 
tiplicand when so many times repeated. 

2. In Multiplication every single unit in the multipli- 
cand must be made equal to the whole aumber of units in 
the multiplier. 

Hence, however inappropriate the term, the product 
may be either equal to, or greater, or less than the multi- 
plicand. 

3. If the multiplier be a single unit, as 1, the product 
will be equal to the multiplicand ; for every unit in the 
multiplicand being equal to 1, the multiplicand will remain 
unaltered: thus, 24x1=24 

4. If the multiplier be greater than a single unit, as 2| 
the product will be twice as great as the multiplicand ; for 
every unit in the midtiplicand will be made equal to two 
units: thus, 24x2=48. 

5. If the multiplier be less than a single unit, as ^, the 
product will be twice as small as the multiplicand ; for 
every uifit in the multiplicand will be made equal to half 
a unit: thus, 24 X^=^12. 

6. But while the multiplier is a whole number greater 
than I, we may say that to multiply a given number is to 
make it a certain number of times greater. 
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7. A number may be made greater, either by increasing 
its simple values, or by increasing its local values. 

8. The simple value of a number is increased by Addi-^ 
tion. Thus, to make the number 2 three times as great, 
that number may be added to itself twice, or three of that 
number may be added together ; thus, 2+2+2=6, which 
is evidently equal to three times 2, and consequently three 
times as great. 

9. The local value of a number is increased merely by 
position ; as, to increase the local value of the number 2 
ten times, we place a cipher on its right hand, which 
removes it from the first place into the second, 20, in 
which position it is equal to 2 tens, and consequently its 
local value is ten times increased. 

10. When the multiplier has only a simple value, as is 
always the case when it is less than 10, it affects only the 
simple values of the multiplicand; thus, 2 units x3=6 
units, 2 tens x3=6 tens, in which only the simple value 
of the multiplicand is increased, and this increase arises 
solely from Addition. 

But instead of^actuaJly performing these additions, we 
remember, from the Multiplication Table, the several 
amounts of the nine digits when repeated so many times, 
and instantly find the amounts of the several figures in the 
multiplicand. 

11. When the multiplier has only a local value, as is 
always the case when it consists of the digit 1 with ciphers 
on the right hand, as 10, 100, 1000, &c., it afiects only 
the local values of the multiplicand; as 2 units xl0 = 2 
tens =20 ; 2 tens x 10=2 hundreds =200. In this case 
the local value of the multiplicand only is increased, and 
this increase arises solely from position. 

12. When the multiplier has both a simple and a local 
value, as SO, 300, 8000, &c., it affects both the simple and 
the local values of the multiplicand, as 2 units x 3 tens = 
6 tens or 60; in which instance the simple vtiue 2 is 
increased to 6 by addition, and the local value, 6 units, is 
increased to 6 tens =60 by position. 

13. Hence, to multiply a given number any proposed 
number of times, we have only to increase its simple 
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ir^ues by Addition as many times as is denoted by the 
simple values of the multiplier, 'and also its local values by 
position as many times as is denoted by the local values 
of the multiplier ; and beginning at the lowest place of the 
multiplicand, and with the lowest figure in the multiplier, 
to continue this process till every ftjpire in the multiplier 
has been used. 

Thus, to multiply any number by 134, we first make 
each of the figures in the multiplicaqd 4 times as great by 
Addition, writing down under each the units in its amount, 
or if no units a cipher, and adding the tens as so many 
units to the product of the figure in the next higher place; 
and thus make the whole multiplicand 4 times tts great, 
which is the whole increase required by this figure of the 
multiplier, which has only the simple value 4. 

2ndly. To multiply by the figure 3, which has the local 
value tens, we first make the multiplicand 3 times as great 
by addition for the simple value of this figure, and then 
ten times greater by position for its local value, by writing 
the first figure of this product in the second place, or place 
of tens ; thus making the multiplicand 30 times as great, 
which is the whole increase required both by the simple 
and local values of this figure of the multiplier. 

3rdly. To multiply by the figure 1, which has only the 
local value hundreds : as this multiplier does not afiect the 
simple values, we have only to make the local values of 
the multiplicand 100 times as great by position for tlie 
local value of the figure 1, by writing the first figure of 
the product in the third place, or place of hundreds ; thus 
making the multiplicand 100 times as great, which is the 
whole increase required by this figure of the multiplier. 

Here it is obvious that the first line of products, of 
which the first figure is in the place of units, is the whole 
product of the multiplicand multiplied by the figure 4» and 
consequently 4 times as great; that the second line of 
products, of which the first figure is in- the place of tens, 
is the whole product of the multiplicand multiplied by the 
figure 3^:s30, and consequently 30 times as great; and 
tlmt the third line of products, of which the first figure 
is in the place of hundreds, is the whole product of the 
multiplicand multiplied by the figure l=zl00, and conse* 
quently 100 times as great. 
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Lastly, it b evident that if these three lines of products 
he added together, their sum will he the whole product of 
the multiplicand multiplied hy the whole multiplier, 134, 
and consequently 134 times as great ; which is the whole 
increase required by the simple and local values of all the 
several figures of the multiplier. 
Ex.— To multiply 567 by 134. 

567 
134 

1.567x4=2266 2268=s 4 times. 

2. 567x3=1701; 1701x10=17010=51701 = 30 times. 

3. 567 X 1 = 567 ; 567 X 100=56700=567 =100 times. 

2268+17010+56700 = 75978=134 times. 

RULE. 

Ist. Write the multiplier under the multiplicand in 
such order that units may stand under units, tens 
under tens, &c., as in Addition. 

2nd. Begin at the place of units, and multiply every 
figure in the multiplicand by each of the figures in 
the multiplier successively, writing down under 
each the units in its product, and adding the tens 
as so many units to the product of the figure in 
the next higher place. 

3rd. Continue this process till you have multiplied by 
all the figures of the multiplier, taking care always 
to write the first figure of every line of products 
where it may have the same local value as the 
figure by which you are multiplying. 

4th. And lastly, add together the several lines of 
products in the order in which they are written, 
and their sum will be the whole product of the 
multiplicand multiplied by the whole multiplier. 

It may be observed that the writing of the first figure 
of the second line of products in the second place is equi*- 
valeut to the placing of a cipher on its right hand ; but as 
the first figure of tibe first line of products is always in 
the place of units, it is a sufldcient guide to the local 
vidues of all the other products, and therefore the ciphers 
are omitted. 
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14. The multiplier may sometimes be considered as the 
product of two or more single figures ; as, for instance, 24 
may be considered as the product of 4 X 6=24 ; and 192 
as the product of the several single figures, 4x6x8= 
192. 

In this case we separate the multiplier into its several 
component parts, and multiply the multiplicand by any 
one of these parts, and every resulting product by an- 
other of them, till all have been used ; and the last product 
will be the whole product of the original multiplicand, 
multiplied by the whole of the multiplier* 

Ex.— To multiply 365 by 24. 

365 

. Here separating the multiplier 

, 24 into its component parts, 

1460=4 times. 4 x 6=24, we first multiply the 

6 multiplicand 365 by 4, and ob- 

o-/;,^ A .a nA 4,^^ tain the product 1460, which is 
8760= 4 X 6=24 Umes. ^ ^^^^ ^ ^^ ^^ ^^^ ^^^pj., 

cand ; and now multiplying this product 1460 by 6, the 
other component part of the multiplier, we obtain the 
product 8760, which is 6 times as great as the product 
1460, or 4x6=24 times as great as the original multipli- 
cand 365, and consequently the whole product of 365 
multiplied by the whole of the multiplier 24. 

Ex. 2.— To multiply 365 by 192. 

365 Here separating the multi^ 

4 plier 192 into its component 

1460=4 times ^""^^ 4x6x8=192, we 

g * multiply the multiplicand 

365 by 4, and the resulting 



8760=4 X6=r24 times. product 1460 by 6, as in 

8 the former example, and 

75;^= 4 X 6 X 8= 192 times. 1*?^ .*^ P™'!:^'^* ^'^^\ 
-^ ^ « which IS 24 tunes as great 

as the multiplicand 365 ; and now multiplying this last 
product by the last of the component parts 8, we obtain 
the product 70080, which is 8 times as great as the pro- 
duet 8760, 6x8=48 times as great as the preceding 
product 1460, and 4x6x8=192 times as great as the 
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original multiplicand 365, and consequently the whole 
product of the multiplicand 365 multiplied by the whole of 
the multiplier 192v 

This method of resolving the multiplier into its several 
component parts is chiefly of use in the multiplication of 
<iompound quantities, consisting of different denominations 
not bearing to each other a constant tenfold relation as in 
simple numbers, and of which the several products can- 
not have their local values expressed by position, as in 
Simple Multiplication. 

But it is not always practicable to separate a large mul- 
tiplier into its component parts ; consequently, it becomes 
necessary to find some other method which may in all 
cases be generally adopted. 

15. The product of any given number may be found 
by increasing the multiplicand, first, as many times as 
may be required by the local value, and afterwards as 
many times as may be required by the simple value of 
each of the figures in the multiplier. 

Thus to multiply 124 by 365; as the first figure 5 in 
the multiplier has only a simple value, it requires no in- 
crease of the multiplicand for its local value. 

As the second figure 6 in the multiplier has the local 
value tens, it requires the multiplicand to be increased ten 
times for its local value. 

And as the third figure 3 in the multiplier has the local 
value hundreds, it requires the multiplicand to be in- 
creased a hundred times for its local value. 

Hence by multiplying the multiplicand, and every re- 
sulting product by 10, we obtain a series of products cor- 
responding severally to the several local values of the 
figures in the multiplier. 

And if we now multiply each of these products by the 
simple value of the figure in the corresponding place of 
the multiplier, we shall obtain a series of products corre- 
q>onding severally both to the local and simple value of 
the several figures of the multiplier. 

And lastly, if we add together these several products, 
theur sum will be the whole product of the multiplicand 
multiplied by the whole of the multiplier. 
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Ex.— To multiply 124 by 365. 

124 X 5 

10 



1240 X 6 
10 



12400 



37200= 124 X 100 X 3:=300 times. 

7440= 124 X 10X6= 60 times. 

620= 124 X 5 = 5 times. 

45260 = 365 times. 



16. The Multiplication Table, as far as 12 times 12, 
should be perfectly committed to memory ; but without 
extending it beyond 9 times 9, the product of any two 
numbers, consisting of two figures each, may be easily 
found by mental calculation ; for it will always consist of 
four distinct products. 

1st. The product of the tens in the multiplicand multi- 
plied by the tens in the multiplier. 2nd. The product of 
the units in the multiplicand multiplied by the units in 
the multiplier. 3rd. Of the tens in the multiplicand mid- 
tiplied by the units in the multiplier ; and 4th. The units 
in the multiplicand multiplied by the tens in the multi- 
plier. 

Ex.— To multiply 98 by 76. 

1. 9 tens x7 tens r=6d hundreds =6300 

2. 8unitsx6unit8=48units s^ 48 

6848 

3. 9 tens x 6 unitsr= 54 tens 

4. 8 units X 7 tens = 56 tens 




7448 

Here the first two products, 63 hundreds and 48 units, 
are added simply by reading them in sttcceaaion, and give 
6348, which is one part iif the whole product ; and the 
sum of the second two products, 54 tens aad 56 tens, is 
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instantly seen to be 110 tens or 1100, which is the re- 
maining part of the whole product, and with the same 
ease may be added to the 63 hundred and 48, making the 
whole product 7448. 

In these calculations it will be better to call the product 
63 hundreds, than 6 thousand 3 hundred, as too gpreat a 
irariety of terms may distract the attention. 

EXAMPLES FOR PRACTICE* 
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1. Subtraction is the taking of a smaller number or 
quantity out of a greater of the same kind, in order to 
find the difierence between them. 

Thus, if from 8 units we subtract 3 units, then as 
8—3 = 5, the remainder, 5, is the difference between the 
numbers 8 and 3. 

2. The remainder or difierence between two numbers 
shows either by how much the greater number exceeds 
the smaller ; or by how much the smaller number is less 
than the greater. 

3. Hence, if the remainder be subtracted firom the 
greater number, it will make it equal to the smaller ; or« 
if the remainder be added to the smaller number, it will 
make it equal to the greater. 

Thus, if 8 — 3=5, then 8 — 5=3, the smaller number; 
and 3+5=8, the greater number: — this is generally re- 
garded as a proof of the correctness of subtraction. 

4. The smaller number may always be considered as 
a part of the greater, for it is actually taken out of it ; 
and as the part must always be of the same kind as the 
whole, it is evident that the two numbers must be both 
of the same kind. 

5. If the two numbers are not both of the same kind, 
the subtraction cannot take place, nor the true remainder 
be found ; for the difference between the numbers will not 
express the difierence between the quantities they repre- 
sent, and consequently cannot be the true remainder. 

Tlius, in subtracting 3 pence from 8 shillings, if we say 
8—3=5, this remainder, 5, whether considered as 5 shil- 
lings or as 5 pence, will not, when subtracted from the 
greater quantity, 8 shillings, make it equal to the smaller 
quantity, 3 pence ; nor, when added to the smaller quan- 
tity, 3 pence, make it equal to the greater quantity, 8 shil- 
lings ; and consequently cannot be the true remainder or 
diference between these quantities. 



22 SUBTRACTION. 

Hence it is evident that in Subtraction, numbers can be 
subtracted only from others of the same kind. 

6. But as there is always a known relation between the 
several local values in simple Subtraction, and also be- 
tween the several denominations in compound Subtraction, 
a certain number of the one always making a unit of the 
next higher rank, the several parts of the greater number 
may always be made similar to the corresponding parts ot 
the number to be subtracted, and the subtraction can 
then take place and the true remainder be found. 

Thus, though we cannot subtract 3 units from 8 tens, 
we may take one of the 8 tens, and, expressing its value 
in the {^ace of- units, consider 8 tens as equal to 7 tens 
and 10 units ; and subtracting the 3 units from the 10 
units, we g^t the remainder, 7 units, which with the 7 
tens making 77, is the true remainder ; for 8 tens = 80 
— 77 = 3, the smaller number ; and 3 + 77 = 80, the 
greater number. 

Also, though we cannot subtract 3 pence from 8 shil- 
lings, we may take one of the shillings, and expressing its 
value in the place of pence, consider 8 shillings as equal 
to 7 shillings and 12 pence; and subtracting the 3 pence 
from the 12 pence, we get the remainder, 9 pence, which 
with the 7 shillings making 7 shillings and 9 pence, is 
the true remainder ; for 8*.— 7j. 9(f. = 3 pence, the smaller 
quantity; and 3d. + 7j. 9d. = 8 shillings, the greater. 

7. A similar . arrangement of the greater number also 
becomes necessary when any of its parts are smaller than 
the corresponding parts of the number to be subtracted ; 
for as we cannot take a greater number out of a smaller, 
the subtraction, without such arrangement, would be im- 
possible. 

Thus, in subtracting 28 from 75, as we cannot subtract 
8 units from 5 units, we take one of the 7 tens, and express- 
ing its value in the place of units, we consider the nUmbei 
75 as equal to 6 tens and 15 units, firom which, subtract- 
ing the 2 tens and the 8 units, we get the remainders, 4 
tens and 7 units, together equal to 47, which is the true 
remainder; for 75 —47=: 28, the smaller number, and 
28+47=^75, the greater number. 

In this arrangement of the greater number, it is evi- 
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dent that by increasing the 5 units to 15 units, and dimi- 
nishing the 7 tens to 6 tens, we make no alteration what* 
ever in the value of the number 7b; for 75x^60+ 15, and 

60+15—20+8=40+7=47, the true remainder. 

Here it may be observed, that after having used one of 
the 7 tens of the upper line, in the place of units, the 
figure 7, being unaltered in its form, expresses 1 more than 
its true value; and to counteract this error, a unit is 
added to the corresponding figure in the lower Hue before 
it is subtracted, by which means the true remainder is 
preserved ; for we evidently obtain the same remainder, 4, 
whether we subtract 2 from 6, or 3 from 7. 

This method of preserving the true remainder, is founded 
on the consideration that the 10 units added in the place 
of units in the upper line, and the 1 ten added in the place 
of tens in the lower line, are evidently equal quantities 
added to each of the numbers 75 and 28, and conse- 
quently cannot alter the origina l differe n ce betwe en them. 

Thus, if 75-28=47, then 75+10-28+10=47; for 
as 10— 10=0, it is evident that the remainder, 47, consists 
solely of the difference between the original numbers, 75 
and 28. 

But after having used one of the 7 tens of the upper 
line, in the place of units, it is quite as easy to diminish 
the figure 7 to its true value, 6, as to increase the corre- 
sponding figure 2 in the lower line to the fictitious value 
3 ; and as this method of diminishing any of the figures 
in the upper line of which a unit has been used in a lower 
place, exhibits the real nature of the operation, it is ob- 
viously preferable to the artificial method of counteracting 
one error by the creation of another. 

The Rule, therefore, for subtraction, whether of simple 
numbers or compound . quantities, is general, and easily 
derived from the principle laid down. 



RULE. 

Ist. Place the smaller number under the greater, in 
such order that its several local values or differ- 
ent denominations may stand directly under those 
of the greater which are of the same kind. 
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2nd. Begin at the lowest place or denomination, and 
subtract each of the figures in the lower line from 
that figure in the upper line which is of the same 
kind, writing down under each the remainder, or, 
if no remainder, a cipher. 

8rd. If any of the figures in the upper line be smaller 
than the figure to be subtracted from it, add to it 
the value of a imit of the next higher rank, and 
then subtract; observing always either to dimi- 
nish by a unit the figure in that place of which a 
unit has been added in the next lower place, or 
else to add a unit to the corresponding figure in the 
lower line before it is subtracted. 

4th. Proceed in this manner through all the several 
local values or different denominations, from the 
lowest to the highest, writing down under each 
what remains, or, if nothing remains, a cipher ; and 
these several remainders taken together will be 
the whole remainder or difference between the 
given numbers. 

Ex.— To subtract 3976 from 5678. 
5678 Here, beginning at the lowest place, we subtract the 
3976 6 units in the lower line from the 8 units in the 
TTT^ upper line, and get the remainder, 2, which we 

write under the figure 6 in the place of units. 

.2. Subtrtoting the 7 tens in the lower line firom the 
7 tens in the upper line, we get no remainder ; and there- 
fore write a cipher under the figure 7 in the place of tens. 
3. As we cannot take 9 hundreds from 6 hundreds, we 
add to the figure 6 a unit from the 5 in the place of 
thousands, making 16 hundreds, from which, subtracting 
the 9 hundreds, we get the remainder, 7, which we write 
under the figure 9 in the place of hundreds. 4. In sub- 
tracting the 3 thousands in the lower line from the 5 thou- 
sands in the upper line, we recollect that as 1 of these 5 
thousands was used in the place of hundreds, there 
are only 4 in this place, from which, subtracting the 3 
thousands, we get the remainder, 1, which is written 
under the figure 3 in the place of thousands. 5. These 
several remainders, taken together, give 1702 for the 
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whole remainder or difference between the numbers 9976 
and 5678; hence 5678-3976=1702 ; for 5678-1702 
=3976, the smaller number; and 3976+1702^:5678, 
the greater number. 

Ex. 2.— To subtract £l 175. b\d, from £9 15*. 6^. 
Here, as we cannot subtract 3 farthings from £. «. d. 

1 farthing, we add to the 1 farthing a unit 9 „ 15 „ 6i 
from the 6 in the place of pence, making 5 7 „ 17 „ 51 

farthings, from which, subtracting the 3 far- 

things in the lower line, we get the remainder, 1 „ 18 „ 0-^ 

2 farthings, which we write under the line of ■ 
farthings. 2. In subtracting the 5 pence in the lower 
line from the 6 pence in the upper, we recollect that as 
one of the 6 pence was used in the place of farthings, 
there are only 5 in that place, from which, subtracting &e 
5 pence in the lower line, we have no remainder, and 
therefore write a cypher under the line of pence. 3. As 
we cannot subtract 17«. from 15*., we add to the lbs, a 
unit from the 9 in the place of pounds, making 35«. ; from 
which, subtracting the lis, in the lower line, we get the 
remainder, 18^., which we write under the line of shillings. 
4. In subtracting the £7 in the lower line from the £9 in 
the upper, we recollect that as one of the £9 was used ia 
the place of shillings, there are only 8 in that place, from 
which, subtracting the £l in the lower line, we get the 
remainder, £1, which, with the 18s. 0^., gives £1 18*. 0^(f., 
the whole remainder or difference between the quantities 
£9 lbs. 6id. and £1 17«. bid. 

EXAMPLES FOR PRACTICE. 

From 967656589673 take 123415076321 

2. 264316785947 - 15320457 

3. 467404321687 - 32527 

4. 760412687188 - 630310667057 

5. 679407176532 - 357 

6. 100410063740 - 5091234576 

7. 174611264163 - 76538975 

8. 356781000406 - 7614635 

9. 261741617684 - 909807 
10. 100004600706 - 980 

N.B. Other examples may be easily supplied* 

P 
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DIVISION. 



1. Division is the separating of a given number or 
quantity into any proposed number of equal parts, in order 
to find the magnitude of each part ; or into equal parts 
of any proposed magnitude, in order to find the number 
of such parts contained in the whole. 

Hence, division is only a more compendious method of 
subtraction, when the numbers to be subtracted are all 
equal. 

2. In Division, three things are to be considered : — 

'• The dividend, which is the number to be divided. 

"• The divisor, which shows either the number or 
the magnitude of the parts into which the dividend 
is to be divided. 

■• The quotient, which shows either the magnitude 
or the number of the parts contained in the divi- 
dend. 

3. The divisor and the quotient mutually show the 
number of each other contained in the dividend, as 24-7-6 
=4 ; here the divisor, 6, shows that there are 6 fours ; and 
the quotient, 4, that there are 4 sixes contained in the divi- 
dend, 24 ; and consequently, that 6 is the fourth part, and 
4 the sixth part of 24. 

4. Every unit in the quotient is equal to the whole 
number of units in the divisor; consequently, if the divisor 
and quotient be multiplied together, their product will be 
equal to the dividend. 

Thus, if 244-6=4 ; then 6 X 4=24, the dividend .-—this 
is generally referred to as a test of the correctness of the 
division. 

5. If the divisor be a single unit, I, the quotient will 
be equal to the dividend ; for it must show the number 
of units contained in the dividend: thus, 24-r-l=24. 
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6. If the divisor be greater than a single unit, as 2, 
the quotient will be just so many times less than the 
dividend ; for it is evident that there can be only half as 
many twos as ones contained in the dividend : — thus, 
244-2=12. 

7. If the divisor be less than a single unit, as a half ^, 
the quotient will be just so many times greater than the 
dividend ; for it is evident that there must be twice as 
many halves as wholes of a unit contained in the dividend , 
thus, 24-T-i=48. 

8. A number may be separated into equal parts of any 
proposed magnitude, by continually subtracting the di- 
visor from the dividend, either till it is exhausted, or till 
the remainder becomes less than one of the parts proposed : 
in this case the number of subtractions will be the quo- 
tient ; and show how many of those parts are contained in 
the dividend. 

Thus, to divide the number 27 into equal parts, consist- 
ing of 6 units each; 27 — 6=21 ; 21-6=15; 15-6=9; 
and 9 — 6=3; here, as the divisor, 6, has been subtracted 
from the dividend, 27, four times, 4 is the quotient ; and 
shows that there are 4 of these parts contained in the divi- 
dend, and 3 uoQits remaining ; which remainder is less than 
one of the parts propsoed. 

9. But instead of subtracting the divisor, 6, four several 
times, as in the preceding example, we may multiply the 
divisor, 6, by the quotient, 4, and subtract their product 
from the dividend at once ; thus, 6 X 4=24, and 27-24= 
3, by which we obtain the same result as before, but 
more expeditiously. 

10. We find how many times the divisor may be sub- 
tracted from the dividend, by trial ; thus, if we suppose that 
the divisor, 6, may be subtracted from the dividend, 27, 
five times, then 6x5=30; but 30 cannot be subtracted 
from 27, therefore the supposed quotient, 5, is too great. 

Again, if we suppose that the divisor, 6, can be sub- 
tracted fVom the dividend, 27, only three tiijnes, then 6x3 
= 18, and 27 — 18=9 ; but the divisor, 6, can be again sub- 
tracted from this remainder, 9 ; therefore the supposed 
quotient, 3, is too small. 

c2 
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Hence we naturally try the intermediate nmnber, 4 ; 
and suppose that the divisor, 6, may be subtracted from 
the dividend, 27, four times; and as 6 X 4 = 24, and 27— 
24=3, from which remainder, 3, the divisor, 6, cannot be 
again subtracted, it is evident that we have found the 
right quotient, 4. 

11. When the dividend consists of many figures, it is 
separated into several smaller dividends by taking for the 
first dividend, just as many figures as will contain the 
divisor, beginning always at the highest place ; and the 
several quotients of these smaller dividends, taken together 
in the order in which they arise, will be the quotient of 
the whole dividend. 

Thus, to divide the number 2747 by 6 ; beginning at 
the highest place, we take for the first dividend 27, which 
we divide without any minute regard to its particular local 
value ; and finding that the divisor, 6, may be subtracted 
four times firom 27, we write 4 for the first quotient, and 
subtracting 6x4=24 from this dividend, 27, we get the 
remainder, 3. 

This remainder, 3, whatever may be its particular local 
value, will justly express 3 tens or 30 in the next lower 
place, and with the figure 4 in that place of the original 
dividend will make 34 for the second dividend. 

From this second dividend, 34, we find that the divisor, 
6, may be subtracted five times ; we therefore write 5 for 
the second quotient; and subtracting 6x5=30 firom this 
second dividend, 34, we get the remainder, 4. 

This remainder, 4» whatever may be its particular local 
value, will be justly reckoned as 4 tens or 40 in the next 
lower place, and with the figure 7 in that place of the 
original dividend make 47 for the third dividend. 

From this third dividend, 47, we find that the divisor, 6, 
may be subtracted seven times ; we therefore write 7 for 
the third quotient, and subtracting 6x7=42 from this 
third dividend, 47, we get the remainder, 5. 

We have now divided all the smaller dividends into 
which the original dividend, 2747, was separated ; and 
have found their respective quotients 4, 5, and 7, which, 
taken together in that order, give 457 for the whole quo- 
tient of the original dividend, 2747, and the remainder, 5. 
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12. As we always begin at the highest place, both to 
divide and also to write the quotients, it is evident that the 
several figures in the quotient will have precisely the same 
local value as the dividends from which they severally 
arise. 

Thus the figure 4, which has the highest local value, 
hundreds, is the quotient of the highest dividend, 27 hun- 
dreds ; the figure 5, which has the local value, tens, is the 
quotient of the dividend, 34 tens ; and the figure 7, which 
has the lowest local value, units, is the quotient of the 
lowest dividend, 47 units. 

Hence 457 is the quotient of the whole dividend, and 
shows that there are 457 parts consisting of 6 units each^ 
contained in the dividend 2747, and 5 units remaining. 

13. Had this remainder been 6, the divisor would have 
been contained once more in the dividend, and there would 
have been one imit more in the quotient ; consequently, 
to express the entire quotient, there must be added to the 
figures previously found, su<:h part or parts of another 
unit as the remainder 5 is of the divisor 6. 

Now as one I is the sixth part of 6, it is evident that 
5, which is equal to five ones, must be 5-sixth parts of 6 ; 
consequently the entire quotient will be 457, and five- 
sixths of another unit. 

14. These parts of another unit will be properly ex* 
pressed by writing the divisor underneath the remainder, 
v^th a line between them, thus f ; the figure 5 above the 
line shows that there are 5 parts of the divisor contained 
in the remainder ; and the figure 6 below the line shows 
that 6 of these parts would be equal to the whole divisor ; 
and consequently that the remainder, 5, is five-sixths of the 
divisor, and that the entire quotient is 457|. 

15. These parts of a unit are called Fractions, of which 
it may be sufficient at present to understand that a frac- 
tion is expressed by two numbers, of which the number 
above the line is called the Numerator, and shows how 
many parts of the unit are contained in the fraction ; and 
the number below the line is called the Denominator, and 
shows how many of these parts are contained in the whole 
unit. 

Thus, if a unit, for instance an apple, be divided into 
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eight equal parts, and we take one of these parts, we shall 
have one -eighth of the apple, or -)- ; if we take two of these 
parts we shall have two-eighths of the apple, or f ; if three, 
i ; if four, 4 ; and so on ; and if we take eight of these 
parts, we shall have all the parts into which the apple was 
divided, and consequently |-=the whole. 

Here we may observe, that in the fraction -{■, the nu- 
merator 2 is just the fourth part of the denominator 8, or 
that the number of parts in the fraction is just one-fourth 
of the number of parts in the whole unit ; consequently 
the fraction j- is equal to the fraction i ; and in the frac- 
tion -I-, the numerator 4 is just one-half of the denominator 
8 ; consequently the fraction 4=}. 

Any further inquiry into the theory of fractions at pre* 
sent, would be only an unprofitable anticipation of a subject 
which belongs more properly to that part of Arithmetic 
which we regard as a science. 

16. When the divisor is a single figure, or any number 
within the limits of the Multiplication Table, the multipli- 
cation of the divisor by the quotient, and the subtraction 
of their product from the dividend are performed mentally, 
and the quotients only are written down ; and fi\oi7A'7 
in this case, always underneath their respective ^ 
dividends, as in the annexed example. This is 457j- 
called Short Division. 

17. When the divisor consists of se- 25)2747(109|4 
veral figures, the whole of the operation 25 

is written down at length ; and tlie quo- "9I7 

tientsin this case are placed on the right f^^ 

hand of the dividend, as in the annexed _ 

example. This is called Long Division. 22 

Rule. 

1. Place the divisor on the left hand of the dividend, 
and find how many times it may be subtracted 
fiK)m as many of the highest figures of the dividend 
as are sufficient to contain it, and place the figure 
expressing the quotient on the right hand of the di- 
vidend. 

2. Multiply the divisor by the figure placed in the 
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quotient, and write down the product under that 
part of the dividend in which it is contained, al- 
ways regarding the lowest place in every dividend 
as the place of units. 

3. Subtract this product from the dividend under 
which it is written, and to the right hand of the re- 
mainder bring down the figure in the next lower 
place of the dividend, for a new dividend, with 
which proceed as before. 

4. If the divisor be not contained in this new divi- 
#, dend, write a cipher in the quotient, and place the 

next lower figure of the dividend on the right hand 
of the former, for anew dividend, with which pro- 
ceed as before. 

5. Continue this process till all the figures of the 
original dividend have been brought down ; taking 
care always to place either a figure or a cipher in 
the quotient, for every figure brought down from 
the dividend ; and the several figures in the quotient 
taken together will be the quotient of the whole 
dividend. 

6. If after the whole of the dividend has been di- 
vided, there be any remainder, annex to the quo- 
tient already found, such part or parts of another 
unit, as this remainder is of the divisor. 

18. The divisor is sometimes the product of two or 
more single figures; as 24 is the product of 4x6=24; 
and 192 the product of 4 X 6 X 8= 192. 

In this case, instead of dividing by the whole divisor 
at once as in Long Division, the dividend may be divided 
by any one of these single figures,- as in Short Division ; 
the quotient thus found by another of them, and every 
succeeding quotient by another, till all have been used ; 
and the last quotient will be the quotient of the original 
dividend divided by the whole divisor. 

Ex.— To divide 5678 by 24=4x6. 

Here first dividing the dividend 5678 by 4, 4)5678 

we get the quotient 1419, which is four times gNTTTo o 

less than the original dividend 5678 ; and ^ 

now dividing this quotient 1419 by 6, we 236. .3 
get the second quotient 236, which is six 
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times less than the first quotient 1419, or twenty-four 
times less than the original dividend 5678, and is conse- 
quently the quotient of the original dividend divided by 
the whole divisor 24. 

19. By this method of resolving the divisor into its 
component parts, and dividing by each of them separately, 
we obtain the two several remainders 2 and 3, from which 
we may easily determine the true remainder, by the simple 
consideration that everj^unit in every remainder must have 
precisely the same value as the units in the dividend of 
which it is a part. a 

Now in the example before us, as the first dividend, 
5678, consists of units, the first remainder, 2, which is a 
part of it, must be 2 units ; and as the seccMid dividend, 
1419, is the quotient of the first dividend divided by 4, 
and consequently consists of fours of units, for it shows 
the number of fours contained in 5678 ; so the second re- 
mainder, 3, which is part of this second dividend, must be 
3 fours of units ; and the true remainder will be 2 units 
+ 3 fours, or 2 + 12=14. 

Here it may be observed that the value of a unit in the 
second remainder is 4 times as great as the value of a unit 
in the first remainder ; or just as many times as the di- 
visor 4 is greater than a single unit ; consequently if the 
second remainder, 3, be multiplied by the first divisor, 4, 
we shall have 3x4=12 units of the same value as those of 
the first remainder, 2; and the sum of these 124-2=.14 
will be the true remainder. 

Hence, whatever may be the number of component parts 
into which the divisor may be resolved, we have the fol- 
lowing general rule for finding the aggregate value of the 
several remainders, and consequently the true remainder. 

20. Multiply the last remainder by the last divisor but 
one, and to their product add the next preceding re- 
mainder ; multiply the sum thus found, by the next 
preceding divisor, and to their product add the next pre- 
ceding remainder, and continue this process till you have 
multiplied by the first divisor and added the first re- 
mainder ; this last sum will be the true remainder. 
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Ex.— To divide 5678 by 192=4X6X8=192. 

4)5678 192)5678(2911- 

384 



6)1419.. 2=2 units = 2 

8) 236. . 3=3 fours = 12 

29 . . 4=4 sixes of fours=96 

110 



1838 
1728 

110 remdr. 



Here 4x6=2.4; 24+3=27; and 27X4=108; 108 
+ 2=110. 

21. We have seen (Numeration, Art. 15), that a num- 
ber is decreased ten times for every cipher cut off from the 
right hand of it ; consequently, to divide a number by a 
divisor having only a local value, as 10, 100, 1000, &c., 
we bave only to cut off from the right hand of it as many 
places as there may be ciphers in the divisor. 

If the places cut off from the right hand of the number 
consist of ciphers, the figures on the left hand will be the 
exact quotient without any remainder ; thus 123000+* 
1000=123 exactly; the three ciphers cut off, ^000 being 
equal to nothing. 

If the places cut off consist of digits, these digits will 
form the remainder, and must be annexed to the quotient 
as so many parts of another unit; thus 1 234 56-r- 1000= 
123, and the three digits cut off, ^456, will be the remainder, 
which, as the divisor is 1000, are 456 thousandth parts 
of the divisor, and the entire quotient is 123 1'^^. 



EXAMPLES FOR PRACTICE. 



In Short Division. 



1. Divide 6781 by 2 

2. 4668796321 -+ 3 
8. 3716791642 ■+ 4 

4. 6712314763 +- 5 

5. 3310714671 +• 6 

6. 7163742834 +: 7 

7. 5741000730 +- 8 

8. 7160355675 +- 9 



9. 467046980 by 

10. 658932469 -t- 

11. 376453902 ^ 

12. 479846239 +- 

13. 97S536469 +- 

14. 407068956 -r- 

15. 376543958 -f- 

16. 576098460 + 



10 
11 

12 

100 

1000 

50000 

700000 

9000000 

3 
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By the Component Parts of the Divisor. 



17. 3456789416 by 16 23. 

18. 2016347153 -4- 25 24. 

19. 6216101071 -f- 48 25. 

20. 1010106059 -r- 64 26. 

21. 2160412160 -f- 720 27. 

22. 1216012516 -^ 8100 28. 



45678946 by 125 
716043760 -f- 216 
260083706 -f* 432 
612163470 -f- 5040 
612345687 -r- 72900 
612341600 4- 89600 



In Long DiTision. 



29. 4568787561 by 
SO. 4160001762 -r 

31. 7160912656 -f- 

32. 4176261352 -^ 

33. 6123460012 -^ 

34. 7163572761 -t- 

35. 6124162134 -4- 



23 36. 741236471 by 

34 87. 345678213 -r- 

57 38. 463478123 -f- 

68 39. 416327653 -r 

92 40. 175987495 ^ 

167 41. 812600746 -f- 

365 42. 680943675 -^ 



563 

789 

8960 

98775 

87650 

99875 

90807 
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1. Compound Addition is the collecting of several 
quantities of the same kind, but of different denominations, 
into one sum ; and, in principle, differs in no respect from 
Simple Addition, which has been already explained. (See 
Addition.) 

2. The only difference in practice is, that in Simple 
Addition the number of units in every lower denomina- 
tion which make one of the next higher, is always uniform ; 
as, for instance, 10 units make 1 ten; 10 tens 1 hundred, 
&c. 

Whereas, in Compound Addition, the number of units 
in any lower denomination which make a unit of the next 
higher, varies according to the nature of the quantities to 
be added; as, in money, 4 farthings make 1 penny, 12 
pence 1 shilling, &c. 

Hence, we have only in Compound Addition to find how 
many units of the next higher denomination are contained 
in the sum of every lower denomination, and in all other 
respects to proceed exactly as in Simple Addition. 

EXAMPLES FOR PRACTICE. 

1. Add £36 17^. 6d. + £l 17*. ejrf. + 17«. 11^ + 
2ic?. +£1 0$. 6id, + £67 13«. G^d. + ^^19 10*. ll^rf. + 
19«. Hid. 

2. Add £167 10«. Oid, + £37 19*. lOjd. + £21 16«. 
+£176 4*. 6irf. + £36+llirf.+£371 0*. 6Jd. + £10 + 
£174 13*. 4d. 

3. Add £1267 13«. 6j(f. + £31 17*. llrf. + £317*. Ijd. 
+ ^^21 16*. Sid, + 5*.+ £36 + Id. + £306 10*. + £27 
13*. ^d. 

4. Add £3764 16*. 9U. + £12 17*. 9i(f.+£26l 19*. 
llrf.+£21 0*. lid. + £129 6*. ^d. + £26 10*. 2d. + 
£16 1*. 4d.+ £231 15*. did. 

5. Add £3624 12*. 6d. + ieill 19*.lld. + £21 16*. 3<l. 
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+i^i674 19^. 7j^c;.-f£l26 19^. 9^^ + £16 19^. 8j^.+ 
£ll7 13^. 5id+£S6 19^. Hid, 

6. £364 lbs. 6d+£ll7 2s. G^d. + £129 16*. bid, + 
£298 17^.3^^. + £57 I9s. 7id.+£b7 lbs. llirf.+£23 
16». liirf.+£762 16». llfd. 



WEIGHTS AND MEASTJRBB. 

Troy Weight. 

1. Add 12 tb. 9 oz. 13 dwts. 12 gr. + 11 oz. 16 dwts. 
l3 grs. + 16 dwts. 19 grs. + l lb. 6 oz. 17 dwts. 14 grs. + 
24 lb. 3 oz. dwts. 16 grs. + 16 dwts. 15 grs.+ 19 grs. 

2. Add 16 oz. 14 dwts. 10 grs. + 21 lb. 4 oz. 10 dwts. 
+ 26 lb. 9 oz. 4 dwts. 13 grs. + 5 oz. 8 dwts. 9 grs. + 

16 dwts. 13 gr8. + 126 lb. 6 oz. 14 dwts. 11 grs. 

Avoirdupois Weight. 

3. Add 36 ton. 14 cwt. 3 qrs. + 15 cwt. 2 qrs. 18 lb.+ 
3 qrs. 17 lb. 13 oz. + 19 lb. 12 oz. 15drs. + 15 ton. 12 cwt. 
3 qrs. 12 lb. 9 oz.+3 qrs. 19 lb. 12 oz. 16 drs. 

4. Add 16 lb. 12 oz. 14 drs. + 7 lb. 13 oz. 9 drs. +3 qrs. 

17 lb. 5 oz. 12 drs. + 40 ton. 19 cwt. 27 lb. 9 drs. + 
13 cwt. 2 qrs. 18 lb. 11 oz. 14 drs* + 3 qrs. 26 lb. 9 oz. 
7 drs. 

Apothecaries' Weight. 

5. Add 7 lb. 93 5329+5 3 63 19 +43 2 9l7grs. 
+ 1 lb. 10 3 7 3 2 9 14 grs. + 11 3 3 3 1 9 13 grs. + 
19 9 grs. 

6. Add 11 3 53 19 12 grs. + 12 lb. 9 3 + 2 9 

15 grs. + 7 3 2 9 12 grs. + 121b. 3 3 5 9 18 grs. + 
5 3 2 3 19 grs. 

Cloth Measure. 

7'. Add 27 yds. 3 qrs. 2 n. + 16 yds. 2 qrs. 3 n. + 1 yd. 
3 qrs. 3 n. + 67 yds. 1 qr. 2 n. + 3 qrs. 2 n. + 17 yds. 
3 qrSi 2 n^ 

8. Add 27 E. ells. 4 qrs. 3 n. + 19 E. ells. 2 qrs. 3 n.+ 

16 E. ells. 3 qrs. 2^ n. + 3 E. ells. 2 qrs. 3^ n. 

9. Add 23 Fl. ells. 2 qrs. 2 n. + 16 Fl. ells. 2 qrs. 3 n. 
+ 15 FI. ells. 2 qrs. 3^ n. + 2 qrs. 2^ n. + 25 Fl. ells. 1 qr. 
2 n. + 12 Fl. ells. 2 qrs. 3 n. 
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10. Add 21 Pr. ells. 5 qrs. 3 n. + 16 Fr. ells. 4 qrs. 2 J n, 
+ 16 Fr. ells. 3 qrs. 2^ n. -f 5 qrs. 3 n. + 1^ n. 

Long Measure. 

11. Add 16 ft. 11 in. 2 bar. + 9 ft. 10 in. 2 bar. + 
6 ft. 11 in. 1 bar.+3 ft. 7 in. 2 bar. + 12 ft. 8 in. 1 bar.+ 

13 ft. 9 in. 2 bar. 

12. 27 yds. 2 ft. 11 in. 2 bar.+ lO yds. 2 ft. 10 in. 2 b. 
+ 29 yds. 2 ft. 2 bar. + 19 yds. 1 ft 1 bar. + 13 yds. 2 ft. 
11 in. 2 bar. + 9 in. 2 bar. 

13. Add 20 m. 7 ftir. 39 p. + 16 m. 6 fur. 26 p. 3i yds. 
+ 5 fiir. 29 p. + 4i yds. + 15 m. 5 fur. 17 p. 3 yd. 2 ft. 
11 in. + l yd. 2 ft. 8 in. 2 bar. 

Wine Measure. 

14. Add 21 hhd. 40 gal. 3 qt. + 21 gal. 2 qt. 1 pt. + 
15 bbd. 16 gal. 3 qt. 1 pt. + 19 hhd. 24 gal. 3 qt. + 17 gal. 
8qt. lj^pt.+3qt. Ij^ pt. 

15. Add 26 p. 1 hhd. 17 gal.+ 17 p. 1 hhd. 19 gal. 2 qt. 
+17 gal. 3 qt. 1 pt. + 1 hhd. 19 gal. 3 qt. 1 pt. + 2 qt 
lJpt.+27 gal. 2qt. IJpt. 

Ale and Beer Measure. 

16. Add 17 bar. 1 firk. 8 gal.+ 6 bar. 2 fir. 8 gal. 2 qt. 
+ 10 bar. 3 firk. 7 gal. + 12 bar. 3 firk. 8 gal. 3 qt.+ 
21 bar. 2 firk. 6 gal. 2 qt. 

17. Add 20 hhd. 1 bar. 3 firk. 5 gal. + 1 hhd. 1 bar. 
8 firk. 7 gal. +27 hhd. I bar. 2 firk. 8 gal. +7 gal. 2 qt. 

1 pt. + 10 bar. 3 firk. 4 gal. 1 qt. 

Dry Measure. 

18. Add 36 bu. 3 pec. 1 gal. 3 qts. + 15 bu. 2 pec. 1 gal. 
3 qt.+ 16 bu. 2 pec. 1 gal. 2 qt.+ l gal. 3 qts. 1 pt.+ 
25 bu. 1 pec. 1 gal. 3 qt. 1^ pt. + 2 bu. 3 pec. 1 gal. 3 qt. 

14 pt. 

19. Add 26 qr. 7 bu. 2 pec. + 5 bu. 2 pec. 1 gal. 3 qt. 
+ 16 qr. 5 bu. 3 pec. 3 qt. + 4 bu. 2 pec. 1 gal. 3 qt. Ij^pt. 
+25 qr. 4 bu. 2 pec. + 6 bu. 3 pec. 1 gal. 3 qt. ij pt.+ 

2 bu. 3 pec. 1 gal. 3 qt. 1 pt. 

Time. 

20. Add 36 d. 16 h. 24 ni.+l8 d. 14 h. 54 m. 16 sec. 
+ 1 d. 20h. 25 m. 37 sec.+115 d. 17 h. 28 m. 27 sec.+ 
134 d. 18 h. 19 m. 49 sec. +3 h. 57 m. 49 sec. 
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COMPOUND MULTIPLICATION. 



1. Compound Multiplication is the repeating of & 
given quantity consisting of several different denomina- 
tions any proposed number of times, and finding its 
amount when so many times repeated. 

2. Compound Multiplication differs from Simple Mul- 
tiplication chiefly in the different relations which a unit 
in any lower denomination may bear to a unit of the next 
higher, which, instead of being constantly a relation of ten 
to one, as in Simple Multiplication, varies according to the 
nature of the quantity to be multiplied. 

3. Hence it becomes necessary, in every different ex- 
ample, to find how many units of the next higher denomi- 
nation are contained in the product of every lower de- 
nomination ; and for the same reason, when the multiplier 
consists of several figures, the several products cannot 
be increased by position for the local value of the mul- 
tiplier, as in Simple Multiplication. 

4. The method, therefore, of resolving the multiplier, 
when it consists of more than one figure, into its several 
component parts, and multiplying successively by each 
part ; and also the method of increasing the multiplicand 
as many times as may be required both for the local and 
simple values of the several figures in the multiplier, be- 
come necessary in the multiplication of compound quan- 
tities. 

But as both these methods have been fully explained in 
Simple Multiplication, it will here be sufficient to give 
only a detailed example of each. (See Multiplication.) 

Ex. 1.— To multiply £12 13*. 8jd. by 9. 

Here the product of the farthings is 9, £. s, d, 

which contains 2 pence and 1 farthing, we 12„13„8| 

therefore write J under the line of farthings. 9 

2. The product of the pence is 72, to which 

we add the 2 pence contained in the product £ll4 „ 3 „ 2^ 

of farthings, making 74 pence, which contains ■■ ■ ■ ■ 
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6 shillings and 2 pence ; we therefore write 2 in the place 
of pence. 3. The product of the shillings is 117, to 
which we add the 6 shillings contained in the product of 
the pence, making 123 shillings, which contain £6 and 

3 shillings; we therefore write 6 in the place of shil- 
lings. 4. The product of the pounds is 108, to which 
we add the £6 contained in the product of the shillings, 
making .^114, the whole of which we write in the place 
of pounds ; and these several products give the whole 
product, £114 Ss. 2id. 

Ex.— 2. To multiply £1 15^. 7d. by 192=4 x 6 x 8. 

Here, dividing tlie £. s. d, 
multiplier, 192, into 1„15 „ 7 
the component parts, 4 

4 X 6 X 8, we first 

multiply the multi- 7 „ 2 „ 4=: 4 times, 
plicand, £l 15^. 7e2., 6 

by one of these parts, — — — — 

4, and obtain the 42,914 „Qc= 4x6= 24 times. 

product, £7 2s, 4(i., 8 

which is 4 times as 

great as the multipli- £341„12 „ 0=4 x 6 X 8= 192 times. 

cand, £1 15^. 7d; 

we next multiply this product by another of these com- 
ponent parts, 6, and obtain the product, £42 14^. Od., 
which is 6 times as great as the product, £7 2s, id, or 
4 X 6 = 24 times as great as the original multiplicand, 
£1 lbs. Id. ; and lastly, multiplying this product by the 
last of the component parts, 8, we obtain the product, 
£341 12^. 0(2., which is 8 times as great as the product, 
£i2 lis. Od,y or 4 X 6 X 8 =: 192 times as great as the 
original multiplicand, £l 15^. 7(2., and consequently the 
whole product of the given quantity multiplied by the 
whole multiplier, 192. 
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Ex. S.— To multiply £l 6s. bd. by 365. 
£1 6s. bd. X 5, 
10 

13 „ 4 „ 2 X 6, 

10 



132,, 1„8 
3 



I 396 „ 5 „ 0=^1 6s. bd. X 100 X 3=300 times. 



79 „ 5 „ 0=£l 6s. bd. x lU X 6=: 60 times. 
6„12 „ l=£l 6^. bd. X 5= 5 times. 



£482 „ 2 „ 1 =: 365 times. 

Here, multiplying the given quantity by 10, we get the 
product, £13 4;. 2c2.y which is 10 times as great as the 
multiplicand, £1 6«. bd,j and is the increase required by 
the local value of the figure 6 in the multiplier, 365. 2. 
Multiplying this product, £13 4^. 2d, by 10, we get the 
product £132 Is. Sd., which is 10 times as great as the 
product, £13 is, 2d., or 10X10=100 times as great as 
the Ddultiplicand, £l 6^. bd,, which is the increase re- 
quired by the local value of the figure 3 in the multiplier, 
365 ; and now multiplying this last product, £132 Is. 8d., 
by 3, we get the product, £396 5^. Od., which is 3 times 
as great as the product, £ 132 1;. Bd., or 100x3=300 
times as great as the original multiplicand, £l 6s. bd., 
which is the increase required both by the local and simple 
values of the figure, 300. In the same manner, multiply- 
ing the product, £13 As, 2d., by 6, we get the product, 
£79 bs,, which is 6 times as great as the product, £18 As. 2d,, 
or 10x6=60 times as great as the original multiplicand, 
£l 5^. 6d., and is the increase required both by the local and 
simple values of the figure, 60 ; and lastly, multiplying 
the original multiplicand, £l 6^. bd., by 5, we get the 
product, £6 12^. Id., b times as great as the given quan- 
tity, £l 6s. bd., which is the whole increase required by 
the simple value of the figure 5, which has no local value ; 
and adding together' these three last products, we get 
their sum, £482 2s. Id., which is the whole product of 
the multiphcand, £l 6^. bd., multiplied by the whole 
multiplier, 365. 
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BZAMPLBR FOR PRACTICB. 



1. 21675 16 1HX2 

2. 31789 7 0^X8 

3. 37061 13 HX4 

4. 50760 19 9^X5 

5. 71685 17 7ix6 



In One Line. 

£. s, d. 

6. 31617 15 llj^x8 

7. 27165 14 3f X9 

8. 76173 18 10^X10 

9. 25276 12 9^x11 
10. 32099 13 a}xl2 



£. s, 

11. 156 17 

12. 376 13 

13. 174 16 

14. 216 19 

15. 178 11 

16. 576 12 

17. 275 17 

18. 164 16 



By the Component Parts. 

dt £. s. a. 

6 Xl5 Id. 287 17 9ix216i 

4iXl6 20. 796 13 4 x336i 

8iX24i 21. 164 13 9^x176 

7ix36 22. 375 12 lHx365i 

11 X481 23. 216 11 7ix971 

9i x54 24. 406 10 lO^X 1076J 

6|X63 25. 311 11 8^X3116 

3|.x72 26. 176 13 9^x5417* 



WEIGHTS AND MEASURES. 

1. 791b. 4oz. 16dwts. 12grs.x9i 

2. 37 ton. 15 cwt. 3 qrs. 26 lbs. x 7 

3. 1 ton. 12 cwt. 2 qrs. 2% lbs. 14 oz. X 12 

4. 15 cwt. 2 qrs. 171b. 14 oz. 12djr.xlli 

5. 33 lb. 9 5 5 3 2 9 X 12 

6. 16 lb. 75 73 19x15 

7. 27 yds. 2 qrs. 2^ n. x 24 

8. 37 E. ells. 4 qrs. 3n.x36 

9. 174 Fl. ells. 2 qrs. 3n. x48 

10. 263 Fr. ells. 5 qrs. 3 n. x96 

11. 37 p. 3 yds. 2 fl. 9 in. 2 bar. x 132| 

12. 27 mi. 6 fur. 35 p. 4^^ yds. x 125 

13. 23 hhds. 61 gal. 3 qt. 1 pt. x 63 

14. 12 p. 1 hhd. 45 gal. 3 qt. 1 pt. x 72 

15. 17bar. 3fir. 7gal. 3qt. x42i 

16. 36 bar. 2 fir. 5 gal. 2 qt. 1 pt. x 1.50 

17. 25 bu. 3 pu. 1 gal. 3 qt. x 81^ 

18. 36 qurs. 7 bu. 3 pu. 1 gal. 3 qt. x 216 

19. 365 da. 6 ho. 48 min. 58 sec. x 54 
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1. Compound Subtraction is the taking of a smaller 
quantity consisting of several denominations out of a 
greater quantity of the same kind also consisting of several 
denominations, in order to find the difference between 
them. 

2. Compound Subtraction differs from Simple Subtrac- 
tion only in the different relations which a unit in any of 
the lower denominations may bear to a unit of the next 
higher denomination, according to the nature of the 
quantities whose difference is to be found. 

3. We have, therefore, when any quantity in the upper 
line is smaller than the corresponding quantity to be sub- 
tracted from it, only to find how many units must be 
added to it for a unit of the next higher denomination, 
and proceed exactly as in Simple Subtraction. 

EXAMPLES FOR PRACTICE. 

£• S, d. £• 8, d, 

1. 21098117 16 6i — 376461 15 7 

2. 46921367 10 4+ - 764761 15 lOj 

3. 43076564 14 31 - 337276 bi 

4. 75212762 13 4| - 101717 19 2 

5. 36090762 4 7} - 841067 15 5^ 

6. 47657695 8 6| — 164296 13 5^ 

7. 21340374 15 7i — 223419 11 

8. 20104127 Oi — 136469 17 

9. 67120700 10 6* — 373079 19 

10. 31506764 15 3| - 475920 10 

11. 54203367 6 - 116906 18 

12. 16924764 1 8 - 366197 9 
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WEIGHTS AND MEASURES. 



1. 24 lb. 9 oz. 15 dwts. 14qrs. — 11 oz. 16 dwts. 17 grs. 

2. 16 lb. 4 oz. 10 dwts. 9 oz. 18 dwts. 19 grs. 

3. 37 cwt. 2 qrs. 21 lb. -- 15 cwt. 3 qrs. 27 lb. 13 oz. 

4. 150 ton. 21 lb. — 17 cwt. 1 qr. 26 lb. 12 oz. 13 dr. 
.5. 321b. 9 3 5 3 -161b. 11 3 63 29. 

6. 61 lb. 3 3 4 3 -28 lb. 9 5 7 3 19. 

7. 27 yds. 1 qr. 2 n. — 16 yds. 3 qrs. 3 n. 

8. 116 E. ells. 2 qrs. 1 n. — 110 £. ells. 4 qrs. 2j^ n. 

9. 21 Fr. ells. 4 qrs. 2 n. - 16 Fr. ells. 5 qrs. 3^ n. 

10. 61 far. 31 pol. 3 yds. — 28 fur. 37 po. 5 yds. 2 ft. 

11. 27 m. 3 ftir. 14 po. -- 37 po. 4 yds. 2 ft. 9 in. 1 bar. 

12. 23 hhds. 41 gals. 2 qts. — 15 hhds. 52 gal. 3 qts. 1 pt. 

13. 12 hhds. 31 gal. 1 qt. — 3 hhds. 47 g^. 2 qts. 1^ pt. 

14. 17 bar. 1 firk. 3 gal. — 15 bar. 1 firk. 7 gal. 3 qts. 

1 5. 67 bar. 2 firk. 2 gal. — 26 bar. 2 firk. 6 ^. 2 qts. 

16. 13 bu. 1 pec. 1 gal. — 6 bu. 3 pec. 1 gal. 2 qts. 

17. 14 qrs. 6 bu. 2 pec. — 18 qrs. 7 bu. 3 pec. 1 gal. 

18. 274 d. 16 h. 17. m. - 168 d. 18 h. 47 m. 

19. 163 d. - 27 d. 17 h. 19 m. 27 sec. 
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COMPOUND DIVISION. 



1. Compound Division is the separating of a given 
quantity, consisting of several denominations, into any 
proposed number of equal parts, in order to find the mag- 
nitude of each part. 

2. In Compound Division there will be always as many 
separate dividends as there may be different denomina- 
tions in the quantity to be divided, each of which is 
divided exactly as in Simple Division ; hence Compoimd 
Division is only a repetition of the same process as in 
Simple Division. 

3. There is, however, this difference, that we cannot, as 
in Simple Division, by placing on the right hand of the 
last remainder, as many of the next lower figures as may 
be requisite, form a new dividend in which that remainder 
will by position justly express its true local value. 

4. We must, therefore, make the last remainder from 
every higher dividend as many times greater by Multi- 
plication as a unit in the next lower denomination is less 
than a unit in the dividend of which it is a part ; and 
then adding to it the number in that denomination, we 
shall have the next lower dividend, with which we proceed 
exactly as in Simple Division. (See Division.) 

Ex.— To divide £1357 16^. Hid. by 37. 

Here, dividing the highest dividend, £1357 exactly as 
in Simple Division, we get the quotient, £36, and the re- 
mainder, £25 ; and making this remainder as many times 
greater as a unit in the next lower (denomination, shillings, 
is less than a pound, by multiplying it by 20, we add to 
the product, 16s., the number in the next lower denomi- 
nation, and get the next lower dividend, 51 6«. 2. Dividing 
this dividend in the same manner, we get the quotient, 1 39., 
and the remainder, 35^. ; and multiplying this remainder 
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by 12, and adding to £. s, d. £. *. (L 

the product, 11, the 37) 1357 16 11 J ( 36 13 11^ if 
number in the next 111 

lower denomination, "^TTZ 

247 

pence, we get the ^^' 
next lower dividend, 

431d., which we di- 25 

vide as before, and 20 

get the quotient, 017^177/10. 
lid, and the re- 37)516(13^. 

mainder, 2id. , which _. 

we multiply by 4; 146 

and adding to the 111 

product, 2, the num- "TT 

ber in the next lower ^ ^ 

denomination, far- 

things, get the next 37 ) 431 ( Ud. 

lower dividend, 98 37 

farthings, which, di- "^rr 

viding as before, we 5i 

get the quotient, 2 _ 

farthings, and the re- 24 

mainder, 24 ; which, 4 

as there is no lower 07 \ ^ / o 

denomination in the iJ/ ; ^o C ^ 

given quantity, we !1 

annex to the quo- 24 

tient as -ff of ano- r= 

ther farthing. Lastly, 

taking all these several quotients togettter, we get the 

whole quotient of the whold dividend, 2?36 IBs, lljd ff. 

EXAMPLES FOR PRACTICE. 

1. 326204516 17 6 -^ 2 

2. 217673764 16 lli-r-3 

3. 420534760 7^^-7-4 

4. 410636140 17 IH -f- 5 

5. 320136140 7^-^-6 

6. 469027604 18 Hi -^ 7 

7. 609836785 17 5 -r- 8 
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8. 402612671 17 

9. 504061674 16 

10. 420141764 16 

11. 640244167 13 



d, 
H 

H 

5 



9 
10 
11 
12 



By the Component Parts of the Divisor. 

£, s, d, 

12. 509146757 17 6* -J- 16 
13- 7.50146174 6J -4- 36 

14. 426023476 4 -2- 63 

15. 430261517 16 Hi t- 125 

16. 990446176 13 8i -r 216 

17. 543266475 10 10 -f- 504 

18. 670596476 15 4 -^ 729 



In Long 

£, 

19. 16746 

20. 6466471 

21. 2674763 

22. 451780645 

23. 3056745416 

24. 21914760953 

25. 74214164741 

26. 50726164716 

27. 32131126471 



Division. 

s. d. 

17 6 -f- 

15 6t-f- 

16 7i-i- 

16 ni-^ 

16 5i^ 
15 li-i- 
13 2 -T- 

17 6i-f- 
15 3i-f- 



23 
98 

163 

365 

7897 

10626 

781365 

8943254 

97894076 



WEIGHTS AND MEASURES. 

1. 31641b. 11 oz. 17dwts. ISgrs. H- H 

2. 3712 cwt. 3qrs. 17lbs. 14 oz. -4- 12 

3. 127 lb. 9 3 7 3 2 9 -f- 42 

4. 3161b. 11 S 6 3 19 -7-63 

5. 3276 5'ds. 3qrs. 2n. -f- 72 

6. 3767 E. ells. 2qrs. 3n. -^ 16. 

7. 1675 Fl. ells. 1 qr. 2 n. -^ 64 

8. 347 mi. 7 fur. 38 po. 4 yds. 2 ft. -i- 126 

9. 734 po. 4 vds. 2 ft. 9 in. 2 bar. -r 216 

10. 371 hhda.'49 gal. aqts. 1 pt. -f- 99 

11. 2716 chal. 28 bu. 2 pec. -^ 729 

12. 3764 d. 17h. 37 m. -h 63 
18. 1276 h. 124 m. 57 sec. -f- 125 
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REDUCTION. 



1. Reduction is the changing of a given number or 
quantity of any one name or denomination, into an eqai- 
valent number or quantity of any other name or denomi- 
nation required. 

2. In reducing quantities of one denomination into 
equivalent quantities of another, it is essential that a cer- 
tain number of units of the one, be equal to a imit of the 
other denomination ; otherwise the reduction cannot take 
place. 

Thus, we may reduce any number of guineas into an 
equivalent number of shillings, because 21 shillings are 
equal to 1 guinea ; but we cannot reduce bushels into 
miles ; for it is evident that no number of miles can be 
equal to a bushel, nor any number of bushels be equal to 
a mile. 

3. A rule for Reduction may easily be deduced from 
the obvious principle, that the original value of the given 
quantity must be always the same in all the various de- 
nominations into which it may be reduced. 

Now, it is evident that the same number cannot retain 
the same value under two different denominations, in one 
of which the value of a unit may be greater or less than 
the value of a unit in the other. 

4. Consequently whenever the name of the given quan- 
tity is to be changed, it is evident that the number repre- 
senting it must also be changed. 

5. If a quantity be reduced from a higher name into a 
lower ,^ its original value will, by the change of the name, 
be decreased as many times as the lower name is less 
valuable than the higher ; consequently, to counteract this 
decrease, the given number must be made as many times 
greater as the name is made less valuable. 

6. If a quantity be reduced from a lower name into a 
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higher, its original value will, by the change of the name, 
be increased as many times as the higher name is more 
valuable than the lower ; consequently, to counteract this 
increase, the given number must be made as many times 
less as the name is made more valuable. 

7. It is obvious that in the one case we obtain a greater 
number of units, each of which is just so many times less 
valuable; and in the other case, a smaller number of 
units, each of which is just so many times more valuable 
than a unit of the given quantity ; and, consequently, in 
both denominations, the original value of the given 
quantity is the same. 

Ex. — To reduce 5 crowns into an equivalent number 
of shillings. 

Here, as a unit of the required name, a shilling, is five 
times less valuable than a imit of the given name, we 
make the given number 5 five times greater, and obtain 
5x5=: 25, the equivalent number of shillings. 

Ex. 2. — ^To reduce 25 shillings into an equivalent num- 
ber of crowns. 

Here, as a unit of the required name, crowns, is five 
times more valuable than a unit of the given name, we 
make the given number 25 five times less, and obtain 
25 -r 5 = 5, the equivalent number of crowns. 

RULE. 

1st. Make the given number as many times greater 
as the value of a unit of the required name is le^, 
or as many times less as the value of a unit of the 
required name is greater, than the value of a unit of 
the given name. 

2nd. If the given quantity consist of several denomi- 
nations, begin with the highest, and reduce the 
number of that denomination into the next lower, 
adding to the product, the number of that name 
which is found in the given quantity. 

3rd. Proceed in this manner through all the several 
denominations from the highest to the lowest, 
adding always to every inferior denomination the 
number of that name in the g^ven quantity. 
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Ex. — To reduce £37 „ lbs. „ 6d, into pence. £. «. rf. 

Here we first reduce the i&37 into 37„15„6 
diillings ; and as a shilling is 20 times less x 20 
valuable than a pound, we make the 
given number, 37, 20 times as great, and 
obtain 37 x 20 » 740, the equivalent 
number of shillings ; to which we add the 755 shillings 
15 shillings of the given quantity, and x 12 
obtain 740 + 15—755, the whole number rrrr 
of shillings in the given quantity. We _7^ 
next reduce these 755 shillings into pence ; "*" 
and as a penny is 12 times less valuable 9066 pence 

than a shilling, we make the number, 755, 

12 times as great, and obtain 9060, the equivalent number 
of pence ; to which we add the 6 pence of the given quan- 
tity, and obtain 9060+6 = 9066, the whole number of 
pence in the whole of the given quantity, £37 „ lbs. „ 6d, 

Ex. 2. — To reduce 9066 pence into pounds. 

Here we first reduce the 9066 12)9066 
pence into shillings; and as a shil- ^^ ^ „.- . 
ling is 12 times a» valuable as a ^^ ) 755 „ 6 pence, 
penny, we make the given number, £37 „ 1 5 „ 6 

9066, 12 times as small, and obtain 

9066-7-12=775, the equivalent number of shillings, with 
6 pence remaining. We next reduce these 755 shillings 
into pounds; and as a pound is 20 times as valuable as a 
shilling, we make the number, 755, 20 times as small, and 
obtain 755-f-20 = 37, the equivalent number of pounds, 
with 15 shillings remaining, which, with the previous 
remainder, 6 pence, give us £37 „ lbs. „ 6c?. = 9066 pence, 
the given quantity. 

8. When a unit of the required name is not an exact 
number of times more or less valuable than a unit of the 
given name, we cannot reduce from the one name into the 
other directly ; we therefore have recourse to an internie- 
diate denomination, of which an exact number is contained 
in a unit of each of the others ; and reducing the given 
number first into this intermediate denomination, after- 
wards reduce the number of this intermediate denominat- 
tion into an equivalent number of the required n^ne. 

Thus to reduce guineas into pounds ; as a pound is not at) 

o 
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exact number of times less than a guuiea, we have re- 
course to the intermediate denomination, shillings, of which 
20 are contained in a pound, and 2 J in a guinea; and first 
reducing the guineas into shillings, afterwards reduce these 
shillings mto pounds. 

Ex. — To reduce 80 guineas into pounds. 
Here, reducing the 80 guineas first 80 guineas 

into shillings^ we have 80 X 21 = 1660, 21 

the equivalent number of shillings in 2,0 )i68;o shillings 

80 gumeas; and afterwards reducing ' ' L. 

these shillings into the required name, £84 

pounds, we have 1680:t-20 = 84, the 

equivalent number of pounds in the given quantity, 80 
^ineas. 

Ex. 2. — To reduce i£84 into giiiriei^. £. 

Here, first reducing the ^84 into 84 

shillings, we have 84x20 = 1680 20 

shillings and reducing these shil- gi )I5i5(80 guineas 

lings into the reqmred name, gui- i/jft 

neas, we have l680-r-21 = 80, the * I 

equivalent number of guineas in 
the given quantity, £84. 

9. When a given quantity, consisting of several deno- 
minations, is to be reduced to an equivalent quantity also 
consisting of several denominations, we must reduce the 
given quantity, and also a unit of the required quantity, into 
one common name, and the quotient of the given quantity 
divided by this last number will be the equivalent quan- 
tity required. 

Ex. — To reduce 54 coins, each worth 13f. „ 9^. to an 
equivalent number of coins each worth 6^. „ \^%d. 

Here, reducing 13;. 9^flE. into farthings and multiplying 
by 54, we get 35748, the number of farthings in the given 
qUaAtity ; and reducing 6j. lO-fcf. into farthings, we get 331 
farthings, the number of farthingd contained in a unit of 
the required quantity; and now dividing 35748 by 331, 
we get the quotient 108, which is the ^equivalent number 
of the coins required. 
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Note, In this example it may be remarked, that as the 
value of one of the required coins is just twice as small 
as the value of one of the given coins, the number must 
be just twice as great ; consequently 54 X 2z=108, the same 
answer as before; but as this is merely accidental, the 
general rule given above is requisite. 

BXAMPUtS FOR FRACTICB. 

1. Reduce £357 into shillings. Ans. 7140 sh. 

2. Reduce £357 „ 175. into shillings. Ans. 7157 sh. 

3. Reduce £357 „ 17 s, „ 6d. into pence. 

Jns. 85890 d. 

4. Reduce ^357 „ I7s. „ 6|(2. into farthings. 

Ans. 343563 f. 

5.. Reduce 342720 farthings into pence, shillings, and 
pounds. Ans. 85680(;. 7140;. £357. 

6. Reduce 343536 farthings into poimds. 

Ans. £357 „ lis. 

7. Reduce 343560 farthings into guineas. 

Ans. 340 gui. 17a. „ 6d. 

8. Reduce 345600 farthings int6 threepences, shillings, 
and pounds. Ans. 28800 threep. 7200 sh. £360. 

9. Reduce 45360 farthings into groats, shillings, and 
guineas. Atis. 2835 grts. 945 sh. 45 gui. 

d2 
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10. Reduce 139968 farthings into sixpences, dollars, and 
moidores. Ans. 583*2 sixp. 648 dol. 108 moid. 

11. Reduce 4560 seven-shilling pieces into threepences, 
half-crowns, and pounds. 

Ans. 127680 threp. 12768 hf.cr, ^1596. 

12. Reduce 324 quarter guineas into dollars and moi- 
dores. Ans, 878 dol. 63 moid. 

13. Reduce 12345 English ells into quarters, nails, and 
inches. Ans. 61725 qrs. 246900 na. 555525 in. 

14. Reduce 123456 yards into Flemish ells, French ells, 
and English ells. 

Ans. 164608 Fl. ells, 82304 Fr. ells, 98 : 64 Eng. ells, 4 qrs. 

15. Reduce 175 miles into furlongs, poles, and yards. 

Ans. 1400 fur. 56000 p'o. 308000 yds. 

16. Reduce 75 miles 7 furlongs 5 poles into inches. 

Ans. 4808430 in. 

1 7. Reduce 1 4256000 barleycorns into miles and leagues. 

Ans. 25 lea. 75 mi. 

18. Reduce 11 lb. 9 oz. 15 dwts. 19 grs. troy into 
grains. Ans* 68059 grs, 

19. Reduce 456789 grains into pounds ttoy. 

Ans. 791b. 3oz. 12dwt. 21 grs. 

20. Reduce 5 tons 19 cwts. 3 qrs. 27 lb. 15 oz. 14 drs. 
into drams avoirdupois. Ans. 3440638 dr. 

21. Reduce 2345678 drams into tons. 

^ .. Ans, 4 tons. 1 cwt. Oqrs. 2lb. 12 oz. 14 dr. 

'* 29. How many pdCmds troy are there in 234 lb. avoir- 
dupois, allowing the pound avoirdupois to be equal to 
14 o^. 11 dwt§. 16 grs. troy ? 

Ans. 284 lbs. troy. 4oz. 10 dwts. 

23, In 75 pieces pf cloth, each 25 ells Flemish, how 
many pieces, each containing 15 ells English ? 

Ans. 75 piecep 

24. How many statute miles in 360 geographic miles, 
69j^ statute miles, and 60 geiographic miles, making one 
degree? Ans. 417 stat. miles. 

25, How many pounds avoirdupois in 350 lbs. troy ? 

Ans. 288 lbs. avoird, 

26. Reduce 15 years into seconds. 

Ans. 473040Q00 BQC« 



REDiKnrioN. 53 

27. Reduce 1419120000 seconds into yeafs. 

Am. 45 years. 

28. How many minutes in 27 solar years, consistingr of 
865 days 5 hours 48 minutes 58 seconds ? 

Ans. 14200622 min. 6 sec. 

29. Reduce 417 statute miles into geographic miles. 

Ans, 360 geog. miles. 

30. How many dozens of table-spoons, each spoon 
weighing 6 oz. 11 dwts. 8 grs. may be made from 10 
ingots of silver, weighing each 16 lb. 5 oa? 

Ans. 25 dozen. 

31. How many dozens of salt-spoons, each spoon 
weighing 1 oz. 2 dwts. ; tea-spoons, each 3 oz. 8 dwts. ; and 
table-spoons each 4 oz. 16 dwts. may be made out of 
55 lb. 9 oz. 12 dwts. of silver ? Ans. 6 dozen. 

32. Reduce 36 hhds. of wine into tierces, gallons, and 
pints. Ans. 54 tierces. 2268 gal. 18144 pts. 

33. How many dozens of wine, each bottle containing^ 
one pint and a half, are there in 50 pipes? 

Ans. 2800 dozen. 

34. How many minutes have elapsed since the com- 
mencement of the present century to the present minute, 
allowing the year to be 365 days 6 hours ? 

Ans. Contingent depending on the time of commencing 
the calculation. 

35. How many lunar months, consisting of 29 days 

] 2 hours 44 minutes 3 seconds in^^solar years ? /TKC^ 

Ans. 12lu. mo. 10 days. 21 ho. Omin. 22 sec. 

36. How long would it require to count £150,000000, 
at the rate of i£l50 per minute without intermission? 

Ans. 1 year, 329 days, 10 ho. 40 min. 

37. How many square inches are contained in a square 
mile? Ans. 4014489600 sq. inches. 

38. Reduce 4014489600 square inches into acres. 

Ans. 640 acres, or 1 sq. mile. 

39. How may cubic inches are contained in 127 cubic 
yards? Ans. 5925312 cub. inches, 

40. In 29601560 cubic inches, how many cubic yards? 

Ans. 63cttb. yds.y 12 cub. feet., 96 cub. inches. 
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MAGNITUDE. 



1. Magnitude may be ccmsidered either as positive or 
as relajtive. 

2. Positive magnitude is that intrinsic magnitude which 
a quantity possesses in itself, independently of comparison 
with any other quantity. 

3. Relative magnitude is that incidental magnitude 
which a quantity derives from comparison with another 
quantity df the same kind. 

4. The positive magnitude of a quantity is expressed 
by the number representing it, as the positive magnitude 
of six units is expressed by the number 6. 

5. The relative magnitude of a quantity is expressed by 
the quotient of the number representing it, divided by the 
number representing the quantity with which it is com- 
pared. 

Thus the relative magnitude of the quantity 6, when 
compared with the quantity 3, is expressed by the quotient 
of 6 divided by 3, or 6 -^ 3 = 2. 

6. The positive magnitude of the same quantity is 
always the same; thus, the positive magnitude of the 
quantity six units is always 6. 

7. The relative magnitude of the same quantity, varies 
according to the magnitude of the quantity with which it 
is compared ; becoming great when compared with a 
quantity which is less, and less when compared with a 
quantity which is greater than itself. 

Thus the relative magnitude of 6, when compared with 
3, is 6 -7- 3 =: 2 ; and 3ie relative magnitude of 6, when 
compared with 2, is 6 -f- 2 = 3 ; here it is evident that the 
relative magnitude of 6 is great when compared with 3, 
and greater still when compared with 2. 

Also the relative magnitude of 6, when compared with 
12,1864-12=]^; and the relative magnitude of 6 when 
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compared With IS, is 6-4-18=4-; ^^^^ it is evident that 
the relative magnitude of 6 is small when compared with 
12, and smaller still when compared with 18. 

EXERCISES IN RELATIVE MAGNITUDE. 

1. What is the relative magnitude of 27 when compared 
with 9 ? 

2. What is the relative magnitude of 27 when compared 
with 3 ? 

3. Is the relative magnitude of 27, when compared 
with 9, greater or less thcoi when compared with 3 ? 

4. What is the relative magnitude of 9 when compared 
with 27 ? 

5. What is the relative magnitude of 3 when compared 
with 27 ? 

6. Which is greater, the relative magnitude of 9 when 
compared with 27, or of 3 when compared with 27 ? 

7. Is the relative magnitude of 105 compared with 15 
greater or less than the relative magnitude of 63 compared 
with 9 ? 

8. Which is greater, the relative magnitude of 126 
compared with 21, or the relative magnitude of 27 when 
compared with 9 ? 

9. Which is greater, the relative magnitude of 1 1 when 
compared with 55, or the relative magnitude of 15 com- 
pared with 150? 

10. How many times is the relative magnitude of 132 
compared with IJl greater than the relative magnitude of 
108 compared with 27? 

VARIATION. 

1. Variation is that change in the relative magnitude of 
a quantity, which necessarily results from its connexion 
with or dependence upon another quantity. 

2. MThen two quantities are so mutually connected with 
or dependent upon each other, that a change cannot he 
made in the magnitude of the one without producing a 
change in the magnitude of the other also, these quan- 
tities are said to vary. 
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Thus, if the qaantity of goods purchased depend upon 
the sum of money laid out, it is evident that if the sum of 
money be made either greater or less, the quantity of 
goods must also be made greater or less. 

3. Quantities may vary either directly or inversely^ ac- 
eordingly as the change made in the magnitude of the one, 
may require either a similar or a contrary change to be 
made in the magnitude of the other. 

4. Two quantities are said to vary directly ^ if when one 
of them be made greater, the other niiust also be made 
greater ; or if when one of them be made less, the otht^r 
must also be made less. 

Thus, when the quantity of goods purchased depends 
upon the sum of money laid out, it is evident that if the 
sum of money be made greater, the quantity of goods 
must also be made greater ; or if the sum of money be 
made less, the quantity of goods must also be made less. 

Hence, the quantity of goods varies directly as the sum 
of money ; for the change made in the magnitude of the 
one, necessarily produces a similar change in the magnitude 
of the other ; and for this reason the sum of money will 
also vary directly aS the quantity of goods. 

5. Two quantities are said to vary inversely^ ii when 
one of them be made greater, the other must consequently 
be made less ; or if when one of them be made less, the 
other must consequently be made greater. 

Thus, when the quantity of goods purchased depends 
upon the price, it is evident that if the price be made 
greater, the quantity of goods must consequently be made 
less ; or if the price be made less, the quantity of goods 
must consequently be made greater. 

Hence the quantity of goods varies inversely as the 
price ; for the change made in the magnitude of the one, 
necessarily produces a contrary change in the magnitude 
of die other ; and for this same reason the price will also 
vary inversely as the quantity of goods. 

A very little exercise of the judgment will ascertain in 
what manner dependent quantities will vary ; a child 
scarcely requires to be told that, in buying oranges at one 
penny each, he will get a greater number for sixpence than 
for threepence ; or that for sixpence he will have twice aa 
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many oranges at one penny each, as he will have at two- 
pence each. 

KXBRCISES IN VARIATION. 

1. In purchasing goods, if the price remain always the 
same, will the quantity of goods vary directly or inversely 
as the sum of money ? 

2. If the quantity of goods remain always the same, 
will the sum of money vary directly or inversely as the 
price ? 

3. If the sum of money remain always the same, will 
the quantity of goods vary directly or inversely as the 
price ? 

4. In performing any work, if the time remain always 
the same, will the quantity of work vary directly or in* 
versely as the number of men employed ? 

5. If the number of men remain unaltered, will the 
quantity of work vary directly or inversely as the time ? 

6. If the quantity of work remain unaltered, will the 
time vary directly or inversely as the number of men ? 

7. In travelling any distance, if the time be the same, 
will the distance vary directly or inversely as the speed or 
rate of travelling ? 

S* If the speed remain the same, will the tim% vary 
directly or inversely as the distance ? 

9. If the distance remain the same, will the time vary 
directly or inversely as the speed ? 

' 10. In the Rule of Multiplication, if the multiplicand 
remain the same, will the product vary directly or inversely 
as the multiplier ? 

11. If the product remain the same, will the multiplier 
vary directly or inversely as the multiplicand? 

12. In the Rule of Division, if the dividend remain 
the same, will the quotient vary directly or inversely at 
the divisor? 

o3 
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RATIO. 

1. Ratio is the relative magDitude which one quantity 
K^s in comparison with another of the same kind ; and is 
ascertained by finding how many times the one quantity 
is greater or less than the other. 

Thus we inay compare one weight with another weight, 
or one sum of money with another sum of money, and 
ascertain its relative magnitude by finding how many 
times it is greater or less tihian the other. 

But we can form no idea of the relative magnitude of 
a hundred weight and a mile, or of a bushel and an hour ; 
for we cannot compare things so totally dissimilar, neither 
can we find how many times the one is greater or less 
than the other. 

Hence it is obvious that ratio can subsist only between 
two quantities which are both of the same kind. 

2. The ratio of two quantities is expressed by placing 
two points ( ; ) between them ; thus the ratio of 6 to 3 is 
written 6:3; the former of these quantities is called the 
antecedent of the ratio, and the latter is c^led the conee- 
quent. 

3. Of the two quantities compared, that is always the 
antecedent concerning which something is known, and 
that is the consequent concerning which something is re- 
quired ; and it is only by thus distinguishing the antece- 
dent from the consequent, that the ratio between the two 
quantities is determined. 

Thus, if the value of 6 gallons be known, and the value 
of 3 gallons be required, 6 will be the antecedent, and the 
ratio will be 6 : 3 ; but if the value of 3 gallons be known, 
and the viUue of 6 gallons be required, 3 will be the ante- 
cedent, and the ratio will be 3 : 6. 

4. The antecedent and the consequent must be per- 
feetiy alike in every respect, except in that of magnitude ; 
otherwise the ratio of the numbers, will not express the 
true ratio of the quantities they represent. 

Thus, the relative magnitude of one gallon to one pint 
will not be truly expressed by the ratio 1:1; for one 
gallon is equal to eight pints, consequently the relative 
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magnitude of these quantities can only be properly ex- 
pressed by the ratio 8 t 1 . 

Hence, ivhen the antecedent and consequent, though 
both of the same kind, are of difiereht denominations, 
they must both be reduced into one and the same deno- 
mination. 

5. When the antecedent is equal to its consequent, the 
ratio is called a ratio of equality ; as the ratio 6 I 6, 3 ; 3, &c. 

When the antecedent is greater than, or a multiple of, 
its consequent, the ratio is called a ratio of greater in- 
equality ; as the ratios 6 : 3, 8 : 4, &c ; and 

When the &ntecedent is less than, or a part of its con- 
sequent, the ratio is called a ratio of less inequality ; as the 
ratios 3 : 6, 4 : 8, &c. 

6. The antecedent is said to be a multiple of the con- 
sequent when it contains the consequent any certain 
number of times exactly without a remainder ; as in the 
ratio 6:3, 6 is a multiple of 3, containing it twice. 

' The antecedent is said to be a part of the consequent 
when it is contained in the consequent any certain number 
of times exactly without a remainder ; as in the ratio 3 : 6, 
3 is a part of 6, being contained in it twice. 

7. The measure of a ratio is expressed by the quotient 
of the antecedent, divided by the consequent ; thus, the 
measure of the ratio 6:3 is 6-7-3=2, and the measure 
of the ratio 3 : 6 i^ 3-4-6= J. 

8. Two ratios are equal when the antecedent of the one 
is the same multiple, 6r the same part of its consequent, 
as the antecedent of the other ratio is of its consequent. 

Thus the ratio 6 : 3 is equal to the ratio 8:4; 
for 6-r-3=2, and 8-7-4=2; also the ratio 3 : 6 is 
equal to the ratio 4 : 8, for 3-r-6=i, and 4-7-8=+. 
Of two ratios, that is the greater, of which the antece- 
dent is the greater multiple, or the greater part of its 
consequent: 

Thus, the ratio 6:2 is greater than the ratio 8 : 4, 
for 6-7-2=3, and 8-r4=2; also the ratio 4 : 8 is 
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greater than the ratio 2 : 6, for 4-T-8=i, and 
2-1-6=^. 

9. If the antecedent and consequent of a ratio be both 
multiplied by the same number, the ratio is not altered. ^ 

Thus, if the antecedent and consequen t of t h e ratio 
6 : 8 be both multiplied by 3, then 6 X 3 : 3 X 3» 
or 18 : 9 is the same as the ratio 6:3; for 6-^3=* 2,; 

and 18-7-9=2. 
Also, if the antecedent and consequent of t he ratio 

3 : 6 be both multiplied by 3, then 3 X 3 : 6 X 3> 
or 9 : 18 is the same as the ratio 3 : 6 ; for 3-^6=4> 
and 9-f-l8=i. 

10. If the antecedent and consequent of a ratio be both 
divided by the same number, the ratio is not altered. 

Thus, if the antecedent and consequent of t he ra tio 

6 : 3 be both divided by 3, then 6-r3 : 3-f-3, or 

2 : 1, is the same as the ratio 6 : 3, for 6-r-3=r2, 
and2-f-l=s2. 

Also, if the antecedent and consequent of the ratio 

3 : 6 be both divided by 3, then 3-4*3 : 6-f-3, or 
1 : 2, is the same as the ratio 3 : 6, for 8-7-6 =i« 

and.l-i-2=i. 
Hence any ratio may be expressed in lower terms by 
dividing the antecedent and consequent by any number 
that will divide them both without a remainder. 

11. If the antecedents of several ratios be all multiplied 
together, and also their consequents, the ratio between the 
product of the antecedents and the product of the conse- 
quents, will be a ratio compounded of all the ratios 
between the several antecedents and their respective con- 
sequents. 

Thus, if we multiply together the antecedents of the 
ratios 6 : 3 and 12 : 4, and also their consequents, 
we shall liave 6x12=72, the product of the 
antecedents, and 3x4=12, the product of the 
consequents; and the ratio 72 : 12 will be the ratio 
compounded of the two ratios 6 : 3 and 12:4. 

Also, if we multiply together the antecedents of the 
ratios 3 : 6 and 4 : 12, and also their consequents, 
we shall have 3x4= 12, the product of the ante- 
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cedents^ and 6 x 12=72, the product of the conse- 
quents; and the ratio 12 : 72 will be the ratio 
compounded of the two ratios 8 : 6 and 4 : 12. 
In this compound ratio, the antecedent will always be 
either such a multiple or such a part of the consequent^ 
as is equal to the product of all the multiples or of all the 
parts,. which each of the antecedents is of its consequent 
in the several ratios compoimded. 

Thus, in the ratio 6 ; 3, the antecedent 6 is twice as 
great as its consequent 3, and in the ratio 12 : 4, 
the antecedent 12 is three times as great as its 
consequent 4 ; and the product of these multiples, 
2x3=6, is equal to the multiple, which in the 
compound ratio 72 : 12, the antecedent 72 is of 
the consequent 12, for 72-rl2=6. 
Also, in the ratio 3 : 6, the antecedent 3 is one half 
of its consequent 6, and in the ratio 4 : 12 the an- 
tecedent 4 is one-third part of its consequent 1 2 ; 
and the product of these parts i-X ^=£^9 is equal 
to the part which in the compound ratio 12 : 72, 
the antecedent 12 is of the consequent 72, for 
12-f-72=i. 
If we had reduced each of these ratios into Its lowest 
terms before we compoimded them (Art. 10), we should 
have obtained the compound ratio in its lowest terms. 
Thus, dividing the antecedent and con- 2 : 1 
sequent of the ratio 6 : 3 by 3, we 
should have had the equal ratio 2:1; 
and dividing the antecedent and conse- 
quent of the ratio 12 : 4 by 4, we 
^ould have had the equal ratio 3:1, 
and compounding these quotients, hare obtained 
the compoimd ratio 6:1, which is the same as 
the ratio 72 : 12, for 72-t-12=6, and 6-7-1 = 6. 
Also, in compounding the ratios 3 : 6 and 1 : 2 
4 : 12, dividing as before, we should ^ : ^ 
have had the ratios I : 2 and 1:3 1:3 
respectively equals to the former; and ^ : if 
compounding these, have obtained the T"^ ~1 
compound ratio 1 : 6, which is the 
name as the r«tio 12 : 72, for 12-f-72=i, and 
l-r6=i. 
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In reducing the several ratios to be compounded, we 
may divide any one of the antecedent and any one of the 
consequents whatever ; for as their several products form 
the antecedent and consequent of the compound ratio, if 
both collectively are divided by the same numbers, the 
ratio will be the same. 

Thus, in compounding the ratios 5 : 7 
and 14 : 15, as we cannot divide 5 and 
7 by the same number, we may divide 
the antecedent 5 of that ratio and the 
consequent 15 of the other ratio, both 
by 5 ; and the antecedent 14 and the 
consequent 7 both by 7, and compounding these 
quotients, we shall obtain the compound ratio 
2 : 3, which is the same as the ratio 70 : 105, or 
the compound ratio of the undivided numbers, for 
704-105=4, and 24-3=f 

12. A ratio of greater inequality compounded with 
another is made greater; and a ratio of less inequality 
compounded with another is made less. 

T hus if th e rati o 6 : 3 be compounded with the ratio 8 : 4 

then 6x8 : 3 x 4 or 48 : 12 is greater than the ratio 6 : 3, 
for 48 : 12=48—11 = 4; and 6 : 3=6-7-3=2. 

Also if the ratio 3 : 6 be compounded with the ratio 

4 : 8, then 3x4 : 6x8 or 12 : 48 is less than the ratio 
3:6; for 12 : 48= 124-48= i ; and 3 : 6=34-6=|. 

13. A ratio of greater inequality compounded with a 
ratio of less inequality is made less ; and a ratio of less 
inequality compounded with a ratio of greater inequality 
is made greater. 

Thus, if the ratio 6 : 3 be compoimded with the ratio 

4 : 8, then 6 x 4 : 3 x 8, or 24 : 24 is less than the ratio 
6:3; for 24 : 24=244-24= 1, and 6 ; 3=64-3=2. 
AlsQ if the ratio 3 : 6 be compounded with the ratio 

8 : 4, then 3x8: 6x4, or 24 ; 24 is greater than the ratio 
3:6; for 24 : 24=244-24=1, and 3 : 6=34-6= i- 

14. If several ratios be compounded in which the con 
sequent of the first ratio is equal to the antecedent of the 
second ; the consequent of the second to the antecedent of 
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the third, and so on throughout, the compound ratio will 
be tlie ratio of the first antecedent to the last consequent. 
Thus, if we compound the ratios 3:5, 
5 : 7 and 7 : 21, we shall have the com- 
pound ratio 3 : 21, which is the ratio 
of the first antecedent 3, to the last 
consequent 21. 

15. A ratio is said to he inverted, when the antecedent 
and consequent are mutually interchanged ; thus the ratio 
6 : 3, when inverted, becomes the ratio 3:6; and 4 : 8 is 
the inverted ratio of 8 : 4. 

EXBRCISB8 IN RATIO. 

1. What is the measure of the ratio 45 : 9, and also of 
the ratio 9 : 45 ? 

2. What is the measure of the ratio 81 : 3, and how 
many times is it greater than the ratio 45 : 5 ? 

3. What is the measure of the ratio 3 : 81, and how 
many times is it greater or less than the ratio 5 : 45 ? 

4. How many times is the ratio 132 : 1 1 greater than 
the ratio 54 to 9 ? 

5. How many times is the ratio 35 : 105, greater or 
less than the ratio U : 165? 

6. Compound the ratios 3 : 27 and 5 : 45. 

7. Reduce into their lowest terms, and compound the 
ratios, 132 : 11, and 55 : 660. 

8. Reduce into their lowest terms, and compound the 
ratios, 21 : 11, 11 : 35, 35 : 7, 7 : 28, and 28 : 16. 

9. Compound the ratios 3:5, 5 : 17, 17 : 9, 9 : 25, 
and 25 : 8. 

10. Which is greater, the ratio of 8 : 7 or the ratio 9:8? 

11. How many times is the ratio compounded of the 
ratios 45 : 9 and 24 : 8, greater or less than the ratio coip- 
pounded of the ratios 81 : 27 and 125 : 5? 

12. How many times is the inverted ratio 11 : 165 
compounded with the ratio 27 : 81, greater or less than 
the ratio 11 : 165 compounded with the inverted ratio 
81 : 27. 
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PROPORTION. 

Wlien of four quantities taken in any order, the third 
is as many times greater or as many times less than the 
fourth, as the first is greater or less than the second, the 
third is said to bear to the fourth, the same proportion 
as the first does to the second. 

1^ Proportion, then, is that relaticm in respect of magni- 
tude, which subsists between four quantities, when the 
ratio of the first to the second is the same as the ratio oi 
the third to the fourth. 

Thus, the quantities 6, 3, B, and 4, taken in that order, 
are proportionab ; for the ratio 6 : 3:s2 is the same as 
the ratio 8 : 4=2; also the quantities 3, 6,4 and 6 are 
proportionals ; for the ratio 3 : 6=t, is the same as the 
ratio 4 : 8=|. 

2. The proportion of four quantities is usually expressed 
by placing two points ( : ) between the first and second, 
and also between the third and fourth of the quantities ; 
and four points (: :) between the second and third. 

Thus the proportion of the four quantities 6, 3, 8 and 4, 
is written 6 : 3 : : 8 : 4, denoting that 6 bears to 3 the 
same proportion as 8 does to 4, or that 6 is to 3 as 8 is 
to 4 ; the first and fourth of these quantities are called 
extremes ; and the second and third are called means. 

3. If four quantities are proportionals, the product of the 
extremes will be equal to the product of the means ; thus 
if 6 : 3 :: 8 : 4, 6x4=3x8; for 6x4=24, and 3x8 = 
24; also if 3 : 6 :: 4 : 8, 3x8=6x4; for 3x8=24 and 
6x4=24. 

For it is evident from the definition of proportion that 
if one of the extremes be greater than one of the means, 
the other extreme must be just so many times IcDss than 
the other mean ; or if the one extreme be less than the one 
mean, the other extreme must be just so many times 
greater than the other mean, and consequently their pro* 
ducts must be the same. 

Thus if 6 : 3 :: 8 : 4, then 6x4=3x8; for the first 
extreme 6, which is twice as great as the first mean 3, 
is multiplied by the other extreme 4, which is twice 
as small as the other mean 8 ; also if 3 : 6 ; ; 4 : 8, 
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then 3x8=6x4; for the first extreme 3, which is 
twice as small as the first mean 6, is multiplied by 
the other extreme 8, which is twice as great as the 
other mean 4. 

4. If four quantities are proportionals, the sum of the 
first and second is to the second, as the sum of the third 
and f ourth is to the fourth ; thus, if 6 : 3 : : 8 : 4, then 

6 + 3 : a : : 8+4 : 4, or 9 : 3 : : 12 : 4; for 9-+3=3, and 
12-f-4=s3. 

5. If four quantities are proportionals, the difierence of 
the first and second is to the second, as the difference of 
the t hird a nd fo urth i s to the fourth; thus if 6 : 3 : : 8 : 4, 

then 6—3 : 3 : : 8—4 : 4; or 3 : 3 : : 4 : 4, which requires 
no demonstration. 

6. If four quantities are proportionals, the first is to the 
sum of the first and second as the third is to the sum of 

the t hird a nd fourth; thus if 6 : 3 : : 8 : 4, then 6 : 6+3 
:: 8: 8+4; or 6: 9:: 8: 12; for 64-9=4, and 8+. 12= #. 

7. If four quantities are proportionals, the first is to the 
difierence of the first and second, as the third is to the 
differenc e of the th ird an d fourth; thus if 6 : 3 : ; 8 : 4, 

then 6 : 6-3 : : 8 : 8-4, or 6 : 3 : : 8 : 4 ; for 6^3s2> 
and 8+4=2. 

8. If four quantities are proportionals, the sum of the 
first and second is to their difference, as the sum of the 
third and fourth is to their difference ; thus, if 6 : 3 : : 8 : 4, 

then 6+8 : 6-3 : : 8+4 : 8—4, or 9 : 3 : : 12 : 4, for 
9+.3=3, andl2+-4=3. 

9. From the equality of the products of the extremes 
and means of proportional quantities, is usually derived the 
rule for finding the fourth term of a proportion, when three 
terms only are given; and which is thence called the 
'' Rule of Three.'' 

For of the three given terms, two are always means, 
and the other is an extreme ; and as the product of the 
extremes is always equal to the product of die means, it is 
evident that if this product be divided by the given ex- 
treme, the quotient will be the other extreme or fourth 
term required. 
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10* But independeutly of this property, we may derive 
this same rule from the definition of Proportion alone ; 
for as the ratio of the third term to the fourth, is the same 
as the ratio of the first to the second ; we have only to 
consider the third term as an antecedent, of which the con- 
sequent is to he found in that ratio. 

For this purpose we have only to multiply the third 
term hy the consequent of the ratio, and to divide the 
product by the antecedent ; and the quotient will be the 
consequent required, or the fourth term of the proportion. 

Thus, to find the fourth term of the proportion of 
which the first three terms 6, 3, 8 only are given, 
we have only to find a consequent to the antecedent 

8 in the ratio 6 : 3 ; and 8 X 3-r-6, or 24-^6=4, is 
the consequent required, or the fourth term of the 
proportion ; for 6 : 3 : : 8 : 4. 
Also, to find the fourth term of the proportion of 
which the first three terms, 3, 6, and 4, only are 
given, we have only to find a consequent to the 

antecedent 4 in the ratio 3:6; and 4 x 6-4-3, or 
24-7-3—8, is the consequent required, or the fourth 
term of the proportion ; for 3 : 6 : : 4 : 8. 

Here it is obvious that if the consequent of the given 
ratio be greater than the antecedent, the multiplier will be 
just so many times greater than the divisor, and the fourth 
term consequently so many times greater than the third. 

Or if the consequent of the given ratio be less than the 
antecedent, the multiplier will be just so many times less 
than the divisor, and the fourth term consequently so many 
times less than the third. 

Hence, in every case, the fourth term thus found, will 
be just as many times greater or as many times less than 
the third, as the second term is greater or less than the 
first ; and consequently will be in the same proportion. 

11. These principles are sufficient for the solution of all 
questions in Arithmetic ; for no question c^ be proposed 
which requires anything more than either the increase or. 
the decrease of a given quantity, according to the increase 
or decrease of other quantities in the question, on which 
its required magnitude may be dependent. 

To find the required magnitude of this given quantity. 



PROVORTION. 67 

is to Bnd the answer to the question ; and for this purpose, 
the law of Variation ascertains whether the given quantity 
is to he increased or decreased ; and that of Ratio deter- 
mines precisely to what extent the required increase or 
decrease is to be made. 

Thus, if the quantity £5 be given as the value of 7 
gallons of wine, and the question require the value of 42 
gallons — 

First, it will be evident from tlfe law of Variation that 
the sums of money must vary directly as the quantities of 
wine ; and as the quantity of which the value is required 
is greater than the quantity of which the value is given, it 
is evident that the given sum of money, £5, must be 
increased. 

Secondly, as the relative magnitude of the quantities of 
wine is expressed by the ratio 7 : 42, and as the relative 
magnitude of the sums of money must be the same, it is 
evident that the given quantity, £5, must be increased 
in the ratio 7 ; 42 = 1 : 6, or be increased 6 times. 

In applying these principles to practical use, we regard 
all proportion as founded upon ratio ; for proportion, in 
fact, is only the equality of two ratios, requiring that 
the ratio of the third term to the fourth, shall be equal to 
the ratio of the first term to the second. 

We shall conclude, that what is called the " Single Ride 
of Three Direct " is this same proportion, founded on the 
one ratio only which is given in the question, taken 
directly. 

That what is called the " Rule of Three Inverse,^^ or 
" Inverse Proportions^ is the same proportion, founded on 
the ratio given in the question, taken inversely, or inverted.* 

That what is called the " Rule of Five" or " Double 
Rule of Three^^* is the same proportion, founded on the 
ratio compounded of all the several ratios given in the 
question, taken either directly or inversely, accordingly as 
the required magnitude of the given quantity may vary 
directly or inversely as the quantities of each ratio sepa- 
rately considered. 

And lastly, that the same general rule for finding the 
fourth term of the proportion, by multiplying the second 
and third terms together, and dividing their product by 
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the first term, is, without any deviation, equally applicable 
to all. 

12. Eveiry question will contain, besides the given quan- 
tity to be increased or decreased, as many ratios as it has 
separate conditions ; thus, if it have only one condition, it 
will contain 3 terms ; if two conditions, 5 terms ; if three 
conditions, 7 terms, &c., &c. 

But whatever may be the number of terms contained in 
the question, every tw<f terms which are of the same kind 
will express some particular condition, subject to which 
the given quantity is to be increased or decreased ; and 
the ratio between them. will show the exact amount of the 
increase or decrease required by that particular condition. 

The given quantity which is to be increased or decreased 
may be easily distinguished from all the other terms by its 
having no corresponding number of the same kind in the 
question ; and will always be the third term of the propor- 
tion, or the antecedent to the fourth term or answer 
required. 

The various rules under which questions in Arithmetic 
are usually classed, are only the mere names of the various 
purposes to which these simple principles are indiscrimi- 
nately applicable ; and firom which, for the solution of all 
questions, may be deduced the following 

GENERAL RULE. 

1. Reserve for the third term of the proportion, that 
quantity which has no corresponding number of 
the same kind in the question ; and if there be only 

. three terms, find the given ratio of the other two, 
which are always of the same kind. 

2. If the quantities of which one is required, vary 
directly, as those of the given ratio, write the ratio 
as it is given ; but if they vary inversely, invert 
the given ratio ; and the antecedent and consequent 
will be the first and second terms of the proportion. 

3. If there be several ratios in the question, write 
them all down under each other, either directly or 
inversely, accordingly as the quantities of whidi 
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one is required, may vary directly or inversely, aa 
the quantities of each ratio separately considered. 

4. Reduce into their lowest terms, and compound the 
several ratios ; and the antecedent and consequent of 
the compound ratio, will be the first and second 
terms of the proportion, to which annex with four 
points (: :) the quantity reserved for the third term. 

5. Lastly, multiply together the second and third 
terms, and divide their product by the first term ; 
and the quotient will be the fourth term of the 
proportion, or answer to the question ; and will be 
always of the same denomination as the third term, 
of which it is always either a multiple or a part. 

£x. 1. — ^If 24 ounces of silver cost £6» what must be paid 
for 56 ounces at the same rate ? 
Here, as £6 has no cor- Given ratio £. £. 

responding number of the of silver ^^ : 5*^ : : 6 : 14 
same kind in the question, 3 7 7 

it is reserved for the third S'iTi 

term of the proportion ; and ^ 

as of the two other terms 14 

in the question, we know the 

value of 24 ounces, 24 is the antecedent, and the given 
ratio is 24 : 56. Again, as we know that, according to 
the law of Variation, the sums of money of which one is 
required, must vary directly as the quantities of silver, we 
write down the given ratio of silver, 24 : 56, of which the 
antecedent and consequent are the first and second terms 
of the proportion ; and now annexing with four points, the 
quantity £6, which was reserved for the third term, we 
have the three terms of the proportion properly stated. 
We have here reduced the ratio 24 : 56 into its lowest 
terms 3 : 7, by dividing both the antecedent and conse* 
quent of the given ratio by 8 ; and now multiplying the 
second and third terms, 7 and 6, and dividing their product^ 
42, by the first term, 3, we have the quotient, 14, which is 
the fourth term of the proportion, or the answer to the 
question. 

Ex. 2. — If 24 ounces of silver, at 55. per ounce, may t)e 
bought for £6, how many ounces of silver, at 75. 6d, per 
ounce, can I have for the same money ? 
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Inverted ratio 
of prices 7^. 6d. : 5 
2 2 



QZ. 

24 



oz. 
16 



15 



10 
24 



15 ) 240 ( 16 
15 

"90 
90 



In this question every 
process is the same as 
in the last example, till 
we have ascertained the 
given ratio to be 5 : 
7«.6d*; but as we know 
from the law of Varia- 
tion, that as the sum of 
money remains the same, 
the quantities of silver 
must vary inversely as 
the prices, we write 
down the inverted ratio of prices, 7^. 6rf. : 5, of which 
the antecedent and consequent are the first and second 
terms of the proportion ; but as the first term contains 7 
shillings and sixpence, and the second 5 shillings only, we 
reduce both into sixpences that they may be both of the 
same name ; and now annexing the third term 24 ounces, 
as before, we multiply the second and third terms together, 
and dividing their product, 240, by the first term, 15, we 
get the quotient, 16 ounces, which is the fourth term of 
the proportion, or the answer to the question. 



Ex. 3. — If £120 will supply a family of 6 persons for 
9 months, for how many months will £240 supply a family 
of 18 persons? 

Given ratio of • L 



money . 
Invertedratio' 
of persons . 



3 



2 

3 



In this question 9 
months is the only 
quantity which has 
ito other of the same 

kind given ; we there- ^. „„. 

fore reserve it for the' Qompoand ratio 3:2:: 9 : 6 
third term of the pro- 
portion ; and of the 
other quantities in 
the question, we se- 6 

lect the two, £l20 — 

and £240, which are of the same kind, and find their given 
ratio to be ^120 : 240 ; and as the quantities, months, of 
which one is required, will vary directly as the sums of 
money which are ithe quantities of this ratio, we write 
down the given ratio of money 120 : 240. We next selee^ 



Qompoand ratio 3 : 2 : : 9 

2 

3)18 
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the two quanUties^ 6 persons and 18 persons, which are of 
tKe same kind, and find their ^ven rajtio to be 6 : 18; bat 
as we know ^oin the law of Variation that the months 
must vary inversely as the persons, or the quantities of this 
ratio, we write down the inverted ratio of persons, 18 : 6, 
underneath the ratio of money, and drawing a line under 
them, we reduce these ratios into their lowest terms, 1 : 2 
and 3:1, and compoimding these, obtain the compound 
ratio 3 : 2, of which the antecedent and consequent are the 
first and second terms of the proportion ; and now annex- 
ing the third term, 9 months, which was reserved for that 
purpose, and multiplying the second and third terms to- 
gether, and dividing their product, 18, by the first term, 3, 
we get the quotient, 6 months ; which is the fourth term of 
the proportion, or the answer to the question^ 

BXAMFLES FOR PRACTICE. 

1. If 31b. of tea cost 18«., what will 36 lb. cost at the 
same price? . . Ans. £\0 I6s. 

2. If 36 lb. of tea cost SlO.l^s., how many lbs. can be 
bought for 18*. ? Ans. 3 lb. 

•3. If 36 lb. of tea cost £lO'46f«) what must be paid 
fcr 3 lb..? Ans. ISs. 

4. What is t^e value of 1 cwt. of ^ugar, at lO^d. per lb. ? 

Ans. £4 18*. 

5. What is the value of] cbaldrop, of coals, at Is. 6J<£. 
per bushel? , : AnJ^. £2 15*. 6d. 

6. If a firkin of butter weighing 561b..Qpst £2 9*., what 
must be paid for 1 lb, ? Ans. lO^cL 

7. If 84 lb. of cheese cost' 3 guineaS) what will be the 
value of 2 1 lb. ? Am. lbs. 9d. 

8. If 10]^ lb. of cheese cost 8*. 9d.y what will be the 
value of 2 cwt. 2 qrs. ? Ans. £1 1 13*. 4d. 

9. If 375 men require 3250 rations bf bread per month, 
how many rations will serve 3375 men ? Am. 29250. 

10. If 3250 rations will serve .375 iton' for 1 month, how 
long wiU the same quantity serve 75 men? An». b mo. 
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11. If 365 men dig 2555 yards of earth in 1 day, liow 
many yards will 73 men dig in the same time ? 

Arts. 511 yds. 

12. What is the value of 2^ cwt. of coffee, at 5^c{« 
per oz. ? Ans. £l02 139. 4d 

13. What is the value of 375 yards of cloth, at Ss. 6d, 
per ell Flemish? £87 109. 

14. If 2 cwt. 3 qr. 14 lb. of chocolate cost £53 13^. 4d., 
what must be paid for 3 qr. 14 lb. ? Ans. £l6 ds. Sd, 

15. If 11 yards of cloth cost £2 15^., what must be paid 
for 2 qr. 2 nails? Ans, 3s, lid* 

16. What must be paid for 3 pieces of muslin, each 
containing 35 ells Flemish, at 5^. Bd. per ell English ? 

Ans, £l6l0s.9d. 

17. Bought 4 bales of cloth, each containing 6 pieces, 
and each piece 27 yards, at £l6 4^. per piece; required 
the value of the whole, and the price per yard ? 

Ans. £388 16^. val. of whole ; 12^. per yard. 

18. Bought 5 bales of cloth, each 15 pieces, and each 
piece 25 English ells, for i^546 I7s, 6d. ; what is the vaiue 
of one e]l Flemish ? Ans, 35. 6c/. 

19. If 25 men wfll do a piece of work in 12 days, how 
many will do the same in 4 days ? Ans, 75 men. 

20. If 30 men will do a piece of work in 18 days, in 
what time will 45 men do the same ? Ans. 12 days. 

21. If a journey be performed in 12 days, at the rate 
of 6 miles per hour, in what time might the same be done 
at the rate of 9 miles per hour ? Ans, 8 days. 

22. If a journey be performed in 18 days, at the rate of 
8 miles per hour, at what rate per hour could it be done 
in 12 days ? Ans. 12 miles per hour. 

23. If a yard of stuff cost 35. 4c/., what will be the 
value of 52| English ells ? Ans, £lO 19^. 9^(1. 

24. What will be the tax upon a rental of £745 15^. 64.^ 
at 3s. 6d. in the £. ? Ans. £130 10;. 2^^, ^ 
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25. If apon £1260, an assessment of £105 be made, at 
what rate is that in ^e £. ? Ans* Is. Sd. 

26. How much tea, at 8^. per lb., can I have for 2 cwt. 
of coffee at 2^. 6d. per lb. ? Ans. 70 lb. 

27. How much coffee, at 2s, 6d, per lb., can I have for 
70 lb. of tea at 8*. per lb. ? Am. 2 cwt. 

28. If for 70 lb. of tea, at 8^. per lb., I receive 2 cwt. of 
coffee, what is the price of the coffee per lb. ? 

Ans, 2». 6d. per lb. 

29. If for 2 cwt. of cofiee, at 2s, 6d. per lb., I receive 
70 lb. of tea, what was the price of the tea per lb. ? 

Ans, 8s, per lb. 

30. What is the value of 3 casks of raisins, each weigh- 
ing as follows :--No. 1, 2 cwt 3 qrs. 14 lb. ; No. 2, 3 cwt. -^ 
qrs. 15 lb. ; and No. 3, 1 cwt. 3 qrs. 27 lb., at 5jrf. per lb. ? I p 

Ans, £21 98, 4d. / 

31. What is the value of 15 hhds. of rum, at £28 per 
tierce? Ans, £630. 

32. How much in length, that is 4j^ inches broad, will 
make a square foot, which is 12 in. long and 12 in. broad ? 

Ans, 32 inches. 

33. How much in breadth, that is 16 in. long, will make ^ 
a square foot ? Ans, 9 inches. 

34. How much in length, that is 2i yards wide, will ^ 
make a square pole ? Ans, 1 1 yds. 

35. How much in breadth, that is 11 yards in length, 
Will make a square pole ? Ans, 2f yds. 

36. How many yards of matting, 2 feet 6 in. wide, wi)l 
cover a floor that is 54 feet long and 40 feet wide ? 

Ans, 288 yds. 

37. If 3 yards -f qrs. of cloth ] | yard wide will make a 
dress, how many yards will it require of cloth 1 yard 1 qr. 
wide? Ans, 4 J yds. 

38. How many yards of shalloon, 3 qrs. of a yard wide, 
will line a cloak which is 5 yards in length and 2| yards in ^ 
breadth? Ans, 15 yds, 
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39. If 32 bricks will pftve an «re& 1 yard square, Itow 
many will pave an area 35 feet long, and 27 feet wide ? 

Am. 3360 brks. 

40. If a principal of ^100 gain £5 interest in 1 year, 
at the rate of 5 per cent., what principal will gain £37 10«. 
in the same time ? Am. £750. 

41. If £750 gain £37 10^. interest in 1 year at 5 per 
cent., in what time will it gain £l8 155. ? Ans^ 6 mms. 

42. At what rate per cent, did £250 gain £15 interest 
in 1 year ? Anu, 6 per Cent. 

43. If a family of 15 persons spend ^360 in 8 months, 
how much will supply a family of 24 persons for 5 months ? 

Am, £360. 

44. If £180 will supply a family of 24 persons for 4 
months, how. long will £540 8up|>ly a &mi)y of 16 per- 
sons? Am. 18 mths. 

45. If 30 men build 94 houset in 6 months, working 
12 hours daily, how many men would build 36 houses in 
9 months^ working 15 hours daily ? Am, 24 i^den. 

K 46. If 15 men build 12 houses in#moniths» working 
8 hours daily, how many such houses will 12 men build 
in 10 months, working 12 hours daily ? 4^* ^^ houses. 

47. If 25 men build 36 houses in p months, wioridng 
12 hours daily, how many hours dally did ^5 mea work 
to build 24 houses in 12 months? Am. 10 hrs. daily., 

48. If 25 men build 15 hoiuses in 9 naonths, workiag 9 
hours daily, for 4 days in the week, in how many liooilths 
will 15 men build 25 houses, workkig daily 12 hours, for 
6 days in the week ? Am. 12 J tnths. 

49. If a journey be performed in ^6 weeks, travelling at 
the rate of 9 miles per hour, for labours daily, and for 
5 days in the week, at what i^ate per hour must a person 
travel to perform a journey twice as long in^ jyeeks, 
travelling 8 hours daily, for 6 days in the week? 

Ans. 15 tnls. per hour. 

50l Bought cloth for 14s. per yard, which I sold at 



lis. dd, per eH Flemish ; what did I gain per cent., and 
how many yards did I sell to clear £60 I3s. id. ? 

Ans. 33i per cent. : sold 260 yds. 

51. Bonght cloth at 10^. 6d. per ell Flemish, and sold 
120 yards at 23^. Ad, per yard ; what did I gain by so doing, 
and what was the gain per cent. ? 

Ans. £56 gain, 664- per cent. 

52. Bought 3 tuns of oil for £lb7 lOs., and lost 56 
gallons, at how much per gallon must I sell the remainder 
to retrieye the loss, and also clear £8 15r. ? 

Ans, 49. 9d. per gall. 

53. Bought 3 tuns of oil for £157 10^., and after 
losing a certain number of gallons, sold the remainder at 
4^. 9d, per gallon, by which I cleared £8 15^. ; how many 
gfallons did I lose ? Ans, '56 galls. 

54. If when wheat is 7*. 6d. per bushel, the penny loaf 
weigh 5 oz., what should it weigh when wheat is 6^. 3d, 
per bushel? Ans. 6oz. 

55. If when wheat is bs, 7^1. per bushel, the penny 
loaf weigh 8 oz., what will be the price of wheat per 
bushel when it weighs only 6 oz. ? ^ Ans. Is. Qd. 

56. How many gallons of water must I add to a pipe 
of wine, which cost £91 10^., that I may sell it at 12^^ 
per g^lon, without loss or gain ? Ans. 26i galls, water^ 

57. How many gallons of water must be added to a 
pipe of wine, value .^91 10^., that by selling it at 12^. per 
gallon, I may gain 10 per cent.? Ans. 41f galls, water. 

58. What do I gain or lose, by selling at 12^. per 
gallon a pipe of wine which cost £86 8^., and how much 
is the gain or loss per cent. ? 

Ans. £\0 16j. loss, 124 per cent. 

59. If by selling wine at 12^. per gallon I lose 25 per 
cent., at what must I sell it per gallon to gain 25 per cent. ? 

Ans, 20«. per gall. 

60. If wine, when pure,, can be sold at 16^:., and when 
mixed with water at 12^. per gallon^ how many gallons of 
water were added to the pipe ? Ans. 42 galls, water. 

b2 
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61. If an ounce of silver be worth 5*. 6rf., what will be 
the cost of a service of plate weighing 324 oz. 1 5 dwts. 
18 grs., allowing Is, lOd, per oz. for fa^ion ? 

Ans. £119 Is. Bid. 

62. If a person travel 192 miles in 4 days, travelling 
8 hours daily, in how many days will he travel 108 miles, 
travelling only 6 hours per day ? Arts, 3 days. 

63. If a journey can be performed in 6 days, travelling 
at the rate of 4 miles per hour, for 3 hours every day ; at 
what rate per hour may a journey twice as long be performed 
in 3 days, travelling 4 hours daily ? ^n^. 12 mis. per hr. 

64. If £l50 worth of wine, at 24^. per gallon, will 
supply 12 men for S months; how many men may be 
supplied for 12 months with wine, at 16«. per gallon, for 
£250 ? Ans. 20 men. 

65. If £150 worth of wine, at 24s. per gallon, will serve 
12 persons for 8 months; for what sum of money can 20 
persons be supplied for 12 months, with wine at 16^. per 
gallon? Ans. £250. 

66. If £250 worth of wine, at 16*. per gallon, will serve 
20 persons for 12 months; for how long may 12 persons 
be supplied with £l50 worth of wine at 24^. per gallon ? 

Ans. 8 mths. 

67. If £l50 worth of wine, at 24^. per gallon, serve 12 
persons for 8 months ; what was the price of wine per gal- 
lon, when £250 worth supplied 20 persons for 12 months? 

Ans. Ids. per. gall. 

68. If £432 worth of wine, at 16^. per gallon, will serve 
16 persons for 6 months, each drinking H pints per day ; 
how much may each person drink per day to maJ^e £324 
worth, at 12^. per gallon, serve 9 persons for 8 months ? 

Ans. 2 pts. 

69. A merchant barters 1300 reams of paper, worth 
20s. per ream, for broad cloth at 26*. per yard; what 
number of yards must he receive ? Ans. 1000 yds. 

70. A merchant barters 1300 reams of paper, at 20«. per 
ream, for equal quantities of cambric at 13^., and broad 
cloth at 26^. per yard ; what quantity of each will he re- 
ceive ? V A/is. 666| yds. of each. 
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71. A merchant barters 1300 reams of paper, at 20*. per 
ream,,fbr cambric at 13«.,and cloth at 26«. per yard, but 
wishes to have twice as much cambric as cloth; how 
many yards of each will he receive? 

Ans. 1000 yds. camb., 500 yds cloth. 

72. A merchant barters 1300 reams of paper, at 20«. per 
ream, for Hollands at 26«., and brandy at 39«. per gallon ; 
bow many gallons of each will he receive ? 

Am. 400. galls, of each. 

73. A merchant barters 390 lb. of cinnamon, at 18;. 
per lb., for wool at 13^., cmd tea at 6;. Gd, per lb., but 
wishes to have twice as much tea as wool ; how many lb. 
of each will he receive? Ans* 225 lb. wl., 450 lb. tea. 

74. A merchant barters 23 cwt. Oqrs. 24 lb. of tobacco, 
at 4«. %d, per lb., for muslin at 4f. Ad.^ and velvet at 
6f. M. per yard, wishing to have three times as much 
muslin as velvet ; what quantity of each will he receive ? 

Am, 1800 yds. mus., 600 yds. vel. 

75. How many tierces of wine, at 15j. per gallon, must 
be given in barter for 12hhds. of brandy at 35;. per gal- 
lon? Ans, 42 tierces. 

76. A wall that was to be built to the height of 27 feet, 
was raised 9 feet by 1 2 men in 6 days ; how many men 
must be employed to finish it in 4 days, working at the 
same rate ? Ans* 36 men. 

77. A person employed 36 men to build a wall 1<^ 
yards long in 20 days ; but after they had worked 5 days, 
ne altered the length of the wall to 72 yards, to be com- 
pleted in 15 days from the commencement ; how many meo 
must be discharged ? Ans, 6 men. 

78. Bought 200 Flemish ells of cloth for £bO^ and 100 
English ells of stuff for £20 16^. 8d. ; find, without ascer- 
taining the price of a yard of either, how many times the 
price of the cloth is greater or less than the price of the 
•tuff per yard ? Ans, twice as great 

79. Bought 1501b. of tea for £56 5;, and 2401b. of 
coffee for £30 ; find, without knowing the price of a lb. 
of either, how many times the price of the coffee was greater 
or less than the price of tea per lb.? Ans, 3 times less. 



78 PROPOETION. 

80. Bought 60 Englii^ eiis of stuff at S«. 4d* per yard, 
and 100 Flemish ells of cloth at 6s, S<L per yard ; find^ 
without ascertaining either of the amounts, how many 
times the sum of money paid for stuff was greater or less 
than that paid for the doth ? Ans. twice as small. 

81. Bought 225 ib. of cofiee, at 2s, 6d, per lb., and 
1501b. of tea, at 7s. 6d. per lb.; find, without knowing 
the amount of either, how many times the sum of money 
paid for the tea was greater or less than that paid for the 
cofiee? Ans. twice as great. 

82. If 250 men dig a trench 450 yards long, 15 feet 
wide, and 5 feet deep in 21 days ; how many men will dig a 
trench 360 yards long, 12 feet wide, and 3 feet deep in 14 
days? - Ans, 144 men. 

83. If 125 men dig a trench 225 yards long, 15 feet 
wide, and 5 feet deep in 21 days ; what must be the length 
of a trench 12 feet wide and 3 feet deep, dug by 72 men 
in 15 days? Ans, 180 yds. 

84. If 175 men dig a trench 450 yards long, 10 feet 
wide, and 8 feet deep in 21 days, working 8 hours daily ; 
how many men will dig a trench 360 yards long, 8 feet 
wide, and 6 feet deep in 14 days, working 12 hours daily ; 
the ground of the latter being so much harder that 3 yards 
only can be dug in the same time as 5 of the former ? 

Ans, 140 men. 

85. If 350 men dig a trench 900 yards long, 16 feet 
wide, and 12 feet deq>, in 25 days, working 12 hours daily ; 
in how many days will 175 men dig a trench 720 yards 
long, 12 feet wide, and 8 feet deep, working 8 hours 
daily ; the ground in the latter instance so much easier to 
work that 8 yards may be dug in the same time as 5 of 
the former, and the men so much more skilful as to do in 
4 days as much as the others could in 5 days ? 

Ans, 15 days. 

86. If by selling a pipe of wine for £b2 1 lose 35 per 
cent., what was the prime cost of the pipe ? Ans. £ho. 

87. If I lose 35 per cent, by selling a ppe of wine for 
£52, for what should I sell it to gain 25 per cent. ? 

Ans. £100. 



88. If tb« difieirence bejtweea «elliag a J^ipe of wine at 
3& per cent, loss and 2b per cent gein be £48, for how 
much was the pipe sold to lose 35 per eent ? Aas, £52. 

89. If th^ di^rence between selling a pipe of wine at 
1$ per Cent, loss and 20 plBr cent, gain be .^8, what was 
the prime cost of the pipe ? Jns. £80. 

90. After losing 26 gallons from a pipe of wine, which 
cost £75, at what price per gallon must I sell the remain- 
der, not only to retrie^te the k>ss but also to gain 20 per 
cent, upon tne prime cosl ? Ans, ISs. per galh 

91. After losing 26 gallons fVom a pipe of wine, and 
selling the remainder at 18^. per gallon, I gain 20 per 
cent, upon the prime cost, what was the prime cost ef the 
pipe? Ans, £75. 

92. If, afler losing part of a pipe of wine, which cost 
£75, and selling the remainder at 18^. per gallon, I gain 
20 per oent.» how many gallons were lost ? Am, 26 galls. 

93* If a garrison of 350 men, having provisions ^r 4 
months, at the rate of 24 ounces daily p&r man, send 
away 50 of their men ; to what must they reduce their 
daily allowance to enable them to hold out for 7 months ? 

Ans, 16 oz. 

94. A garrison of 3500 men, provisioned for 4 months at 
the rate of 24 ozs. per day, reduce their daily allowance to 
16 ozs , and send away 50 of their men ; how long will 
they be able to defend the post ? Atis. 7 mths. 

95. A garrison of 350, provisioned for 5 months, at the 
rate of 24 ozs. daily, receive a reinforcement of 150 men, 
and are compelled to hold out for 7 months ; to what must 
they reduce their daily allowance ? Ans, 12 ozs. 

96. A garrison of 540 men, provisioned for 5 months at 
the rate of 24 ozs. per day, are compelled to hold out for 
9 months; if they reduce their daily allowance to 18 ozs., 
how many of their men must they send away ? 

Ans. 140 men. 

97. If 3 lb. of tea be worth 7 lb. of coffee ; 7 lb. of 
cofiee worth 5 lb. of chocolate ; 5 lb. of chocolate worth 
20 lb. of honey ; 20 lb of honey worth 30 lb. of soap ; 
and 30 lb, of soap worth 50 lb. of rice ; how much rice 
can I have for 15 lb. of tea? Ans. 250 lb. rice. 
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98. If 80 hhds. of brandy be worth 20 pipes of port 
wine ; 25 pipes of port worth 24 pipes of claret ; 20 pipes 
of claret worth 18 pipes of Madeira, and 6 pipes of 
Madeira worth 35 hhds. of rum ; how many hhds. of rtlm 
can I have for 25 hhds. of brandy ? Ans. 84 hhds. ruih. 

99. If 30 men will do a piece of work in a certain 
number of weeks, working a certain number of days each 
week, and a certain number of hours daily ; now many 
men will do another piece of work 3 times as large, in 
twice the number of weeks, working half as many more 
days in the week, and for half the number of hours daily ? 

Ans* 60 men. 

100. If 150 cubic yards of rock can be excavated in a 
certain number of days, by a certain number of men, 
working for a certain number of hours daily ; how many 
cubic yards may be excavated in two-thirds of the num- 
ber of days, by three times the number of men, working 
three-fourths the number of hours daily ; supposing the 
rock in the latter instance to be so much harder that 3 
yards only can be done in the same time as 5 of the former, 
and the men so much less skilful as to do only two-thirds 
as much work in the same time as the former ? 

Ans. 90 cub. yds. 
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1. A NUMBER is said to be a measure of another num- 
ber, when it is ccmtained in it any number of times without 
a remainder : thus, 5 is a measure of 15, being contained 
in 15 three times without any remainder; for 15-7-5=3. 

2. If a number measure another number, it will also 
measure any multiple of that number : thus, if 5 measure 
15, it will also measure 15x3=45, or 15X6=90; for 
45-1-5=9, and 90-i-5 = 18. 

The reason of this is obvious ; for it is evident that 5 
must' be contained just 3 times as often in 3 fifleens as in 
1 fifteen, or 6 times as often in 6 fifteens as in 1 fifteen. 

3. When a number is contained in each of two or more 
numbers without a remainder, it is called a common mea- 
sure of those numbers ; and the greatest number that is so 
contsdned in them, is called their greatest common measure. 

Thus, 5 is a common measure of 30 and 45, being con- 
tained in each of those numbers without a remainder ; 
but 15 is also contained in each of them without a re- 
mainder ; and, as no number greater than 15 can be con- 
tained in each of them without a remainder, 15 is their 
greatest common measure, 

4» If a number measure two other numbers, it will also 
measure the sum or the difference of those two numbers : 
thus, if 15 measure 30 and 45, it will also measure 
30 4-45 = 75, or 45-30 = 15; for 75-M5 = 5, and 
15 -r- 15=1. 

The reason of this is also obvious; for as 15 is con- 
tained in 30 twice, and in 45 three times, it must evidently 
be contained five times in both; and as 15 is contained 
just once oflener in 45 than in 30, it is equally evident 
that it must be contained just once in the difference of 
those two numbers. 

Hence, to find the greatest common measure of two or 
more numbers, we have the following 
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RULE. 



1. When there are only two numb^s, divide the 
greater number by the smaller ; and if there be no 
remainder, the divisor is their greatest common 
measure. 

2. If there be a remainder, divide the divisor by this 
remainder, and continue to divide every succeleding 
divisor by the succeeding remainder till nothing 
remains ; and the last divisor will be the greatest 
common measure required. 

3. If there be more than two numbers, find the 
greatest common measure of any two of them, as 
before ; and afterwards find the common measure 
of this common measure and any of the remaining 
numbers. * 

4. Continue this process, always taking the common 
measure last found and any of the remaining num- 
bers, till all have been used ; and the last common 
measure thus found will be the greatest common 
measure of all ihe numbers. 

Ex. 1. — ^To find the greatest common measure of 15 
and 45. 

Here, dividing the greater of the two num- 15)45(3 
bers, 45, by the smaller, 15, we have no re- 45 ' 

mainder; therefore the divisor, 15, is the — 
greatest common measure of the numbers 15 and 45. 

Ex. 2. — To find the greatest common measure of 54 
and 99. 

Here, dividing the greater number, 99, 54)99(1 
by the smaller, 54, we have the remainder 54 
45; and dividing the divisor 54 by this iT\it>i/i 
remainder 45, we get the remainder 9; ^^t 

and now, dividing the last divisor, 45, by _ 

this remainder 9, we have no remainder : 9)45(5 

consequently this last divisor, 9, is the 45 

greatest common measure of ihe two — 

numbers 54 and 99. 
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1 . That 9 is a common measure of 54 and 99 may 
be thus demonstrated: as 9 evidently measures 
itself^ it must also measure any multiple of itself, 
and therefore measures 9 x 5 = 45 ; and since it 
measures itself and 45, it must measure the sura 
of these, 9 + 45 = 54, which is one of the given 
numbers ; again, since 9 measures 45 and 54, it 
must also measure the sum of these, 45^54=99, 
which is the other of the given numl)ers : there- 
fore 9 is a common measure of the numbers 54 
and 99. 

2. That 9 is the greatest common measure of these 
numbers may also be thus demonstrated: as 9 
measures 54 and 99, it must also measure the 
difference of these numbers, 99 — 54 = 45 ; and 

^ since 9 measures 54 and 45, it must also measure 
the difierence of these numbers, 54 — 45:^9; now 
it is evident that no number greater than 9 can 
measure 9; therefore 9 is the greatest common 
measure of the numbers 54 and 99. 

Ex. 3. — Find the greatest common measure of 36, 48, 
and 92. 

Here we first find the greatest common 36)48(1 
measure of the two numbers 36 and 48, 36 
which is 12, and now proceed to find the T^\n^ro 
greatert common measure of thk common 12)36(3 

measure 12, and the remaining number 

92, which is 4; consequently this last loxgo/fl 
comuMHi measure, 4, is the greatest com- ^z.^ 
mon measure of the three numbers 36, _ 
48, and 92; for 36-r4=9; 48-r-4=i2; 8)12(1 

and 92-7-4 =23. 8 

4)8(2 

8 



EXAMPLBS FOR PRACTICE. 

1. Find the greatest common measure of the numbers 
126 and 210. Jns. 42. 
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2. Of 540 and 612. Am. 36. 

3. Of 567 and 945 i and 756 and 1092. 

Ans, 189, and 84. 

4. Of the numbers 54, 99, and 117. Ans, 9. 

5. Of 1134 and 3024. Am. 378. 

6. Of 3768 and 17976. Ans. 24. 

7. Of the numbers 126, 210, and 315. Ans. 21. 

8. Of 6048 and 22176. Ans. 2016. 

9. Of the numbers 540, 612, and 846. Ans. 18. 
10. Of the numbers 945, 1890, 2142, and 3213. Ans. 63. 

COMMON MULTIPLE. 

1. Ip two or more numbers be multiplied together, the 
product is called a common multiple of those numbers ; 
and in this common multiple each of those numbers will 
be contained a certain number of times exactly, without 
any remainder. 

Thus, if the numbers 3, 6, and 18 be multiplied toge- 
ther, 3 X 6x 18=324 is their common multiple : in which 
3 is contained 6 X 18 times, or 108 times exactly ; 6 is 
contained 3x 18 times, or 54 times; and 18. is contained 
3x6 times, or 18 times exactly, without any remainder. 

2. But it may be possible to find a number smaller than 
324, in which each of the numbers 3, 6, and 18 may be 
contained without remainder ; and the smallest number 
in which they can be so contained is called their least 
common multiple. 

Thus, each of the numbers 3, 6, and 18 is contained 
without remainder in the number 1 8 ; and as there is no 
number smaller than 18 in which 18, one of the given 
numbers, can be so contained, 18 is their least common 
multiple. 

3. To find the least common multiple, there are several 
methods ; of which the first and most obvious is, to strike 
out of the series of given numbers, each of those of which 
a multiple can be found in any of the other numbers. 
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Thus, in the series of given ^numbers 3, 6, and 18, a 
multiple of 3 is found in the number 6, which contains 
3 twice ; also a multiple of 6 is found in the number 18, 
which contains 6 three times : consequently we strike out 
from the series the numbers 8 and 6, and the remaining 
number, 18, is their least common multiple. 

This will be obvious ; for as 3 is contained in 6, it must 
be also contained in 18, which is a multiple of 6 ; and for 
the same reason 6 is also contained in 18; and, as 18 is 
evidently contained in itself, it is evident tliat each of the 
g^ven numbers 3, 6, and 18 is contained in 18, 

Ex. — To find the least common mul- >* , « 
tiple of the numbers 3, 6, and 18. ^'^' ^^ ^' ^' *** 

Ex. 2. — To find the least common multiple of the given 
numb^s 2, 4, 8, 16, 32, 64, and 128. 

Here 2 has a multiple in 4 ; j j, a ^a ^j aj ioq 
4has a multiple in 8 ; 8 has f 'f' 9 - ^P ' 2lf -H-^'^^ 

a multiple in 16 ; 16 in 32 ; 32 in 64 ; and 64 in 128 : 
consequently we strike out from the series the numbers 
2, 4, 8, 16, 32, and 64; and the remaining number, 128, is 
the least common multiple of all the given numbers. 

4. Another method of finding the least common mul* 
tiple of several numbers, is to divide any two or more of 
them by their greatest common measure ; and the conti- 
nued product of the common measure and the several 
quotients, will be the least common multiple required. 

Thus, to find the least common multiple of the numbers 
8 and 12 ; dividing both these numbers by their greatest 
common measure, 4, we get the quotients 2 and 3 ; and 
multiplying these quotients togetlier with the common 
measure 4, we have 4 X 2 X 3=24, the least common mul- 
tiple required. • 

5. If there are many numbers we have only to continue 
this process till there are no two numbers left that have a 
common measure ; and multiplying together the common 
measures and the undivided numbers (if any), we shall 
obtain the least common multiple required. 
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Thus, to find the least common multiple of the numbers 
8, 12, 14, and 21; dividing the ..^ 19 14 91 
numbers 8 and 12 by iheir ^^Zl^^JZlZl 
common measure, 4, we get the 7)^ . ^.14.21 
quotients 2 and 3 ; and bring- "t — 3 

ing down in a line with these _L^ 

the undivided numbers 14 and 4 ^ 7 ^ o v q— i fift r n m 
21, we have in the second ^ne ^^^ ^^^^-^^^^'C'^^- 
the numbers 2, 3, 14, and 21 ; but of these, 2 has a mul- 
tiple in 14, and 3 has a multiple in 21 ; we therefore strike 
out the numbers 2 and 3, and dividing 14 and 21 by their 
common measure, 7, we get the quotients 2 and 3 ; and 
as these have no common divisor, we multijdy together the 
divisors 4 and 7 and the undivided numbers 2 and 3, and 
their product, 7x4x2x3 = 168, is^ the least common 
multiple required. 

Here it may be observed that the common multiple of 
the given numbers is 8x12x14x21=28224, and the 
least common multiple of the same numbers is 4x7x2 
X 3=3 168 only; but in this least common multiple each 
of the given numbers 8, 12, 14, and 21 is contained with- 
out any remainder. 

For as4x7x2x3is contained in 168, it is evident that 
4x2 = 8, 4x3=12, 7x2 = 14, and 7x3=21, are also 
contained in 168 exactly, without any remainder; and 
consequently each of the given numbers is contained in 
168, which is therefore their least common multiple. 

Hence, to find the least common multiple of several 
numbers, we have the following 



&ULE. 

1. Write down the given numbers in a line, and 
strike out of the series every number of which a 
multiple can be found in any of the other numbers ; 
and if there be only one number left, that number 
win be the least common multiple required. 

2. If there be several numbers left, divide any two 
or more of them by any number that will divide 
two of them at least without a remainder, and write 
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down the quotients, and also the undivided num- 
bers, in a line below them. 

3. Divide these quotients, and also the undivided 
numbers, by any number that will divide two of 
them at least, as before ; and continue this process 
till there are no two numbers left which can be 
divided by the same number. 

4. Lastly, multiply together all the divisors, the 
several quotients, and undivided numbers in the 
last line ; and their continued product will be the 
least common multiple of all the given numbers. 

EXAMPLES FOR PRACTICE. 

1. Find the least common multiple of the numbers 3, 
4, 6, and 8. Ans. 24. 

2. Of the numbers 3, 4, 5, and 6. Ans, 60. 

3. Of the numbers 2, 3, 5, and 8. Ans, 120. 

4. Of the numbers 7, 14, 28, 56, and 112. Arts. U2. 

5. Of the numbers 15, 27, 90, 108, and 360. 

Ans. 1080. 

6. Of the numbers 1, 2, 3, 4, 5, 6, 7, 8, and 9. 

Ans. 2520. 

7. Of the numbers 2, 4, 6, 8, 10, 12, and 16. Ans. 240. 

8. Of 128, 384, 768, and 2304. Ans, 2304. 

9. Of li, 7, 3, 3i, 8i, and 17. Ans. 357. 
10. Of 3, 9, 27, 81, 243, and 729. Jns. 729. 

FRACTIONS. 

1. A FRACTION is a part or parts of a unit ; and as we 
have no numbers less than 1 to express quantities which 
are less than a unit, the magnitude of a fractional quan- 
tity is expressed by two numbers, of which the one has to 
the other the same ratio as the part or parts contained in 
the fraction, have to the whole unit or integer. 

2. Of these two numbers, one is written above the line 
which separates them, and is called the numerator, because 
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it shows how many parts of the unit or integer are con- 
tained in the fraction ; and the other is written below the 
line, and is called the denominator, because it tells the 
name of the parts, by showing into how many such parts 
the whole unit or integer is divided. 

Thus, if the unit I, representing one entire thing of 
any kind, be divided into eight equal parts, and one of 
these parts be taken as the fraction ; this fraction will be 
expressed by the numerator 1, showing that there is one 
of these parts contained in the fraction ; and by the deno- 
minator 8, showing that the whole unit is divided into 
eight equal parts, and, consequently, that each of these 

parts is one-eighth, written — -. 

Or if five of these parts be taken as the fraction, this frac- 
tion will be expressed by the numerator 5, and the deno- 

minator 8, written -— ; showing that this fraction contains 

five of the eight parts into which the whole unit or integer 
is divided, and is consequently equal to five-eighths of the 

inieger. 

1 6 

3. Hence the quantities — - and — are fractions, and their 

o o 

magnitudes are expressed by the ratios 1 : 8 and 5 : 8 
respectively, or the ratios which their numerators severally 

bear to their respective denominators, and which are also 

1 6 

the ratios that the fractions — and -^ severally bear to the 

whole unit or integer. 

4. From this view of the subject, it is obvious that tlie 
numerator of a fraction is the antecedent, and the deno- 
minator the consequent of the ratio which the fraction 
bears to its integer ; and consequently that the doctrine of 
fractions and of ratio is the same* 

5. If the numerator of a fraction be increased, and the 
denominator remain imaltered, the magnitude of the frac- 
tion will be increased ; or if the numerator be decreased, 
the magnitude of the fraction will be decreased. 

For the numerator shows how many parts of the integer 
are contained in the fraction ; and it is obvious that if the 
number of these parts be increased, the fraction will be 
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Increased; or if the number of the parts be decreased, 
the fraction will be decreased. 

Thus, let the numerator of the fraction — be made twice 
3X2 6 * 

as great, then — ^=-t> which last fraction evidently caa- 

tains just twice as many parts of the same magnitude, as 

the fraction --, and is consequently just twice as great. 

Or let the numerator of the fraction --- be made twice as 

g * o g 4 

small, then — j-=— , which last fraction evidently con- 
tains just half as many parts of the same magnitude, as 
the fraction ---> <ui<l ^ consequently just twice as smaJl. 

Hence, it is evident that fractions vary directly as their 
numerators. 

6. If the denominator of a fraction be increased and 
the numerator remain unaltered, the magnitude of the 
fraction will be decreased ; or if the denominator be de- 
creased, the magnitude of the fraction will be increased. 

For. the denominator shows into how many parts the 
integer is divided ; and it is obvious that the greater the 
number of the parts into which the integer is divided, the 
smaller must be the magnitude ; and the smaller the num- 
ber of the parts, the greater must be the magnitude of 
each part. 

Thus, let the denominator of the fraction — be made 

3d 
twice as great, then j— ^=-r-» which last fraction evidently 

contains the same number of parts, each of which is just 

3 
twice as small as the parts of the fraction — , and is con- 
sequently just twice as small. 

Q 

Or let the denominator of the fraction •-* be made twice 

go 8 

as small, then =»— , which last fraction evidently con- 

' 8-1-2 4 ' 

tains the same number of parts, each of which is just twice 

3 

as great as the parts of the fraction — , and is consequently 
just twice as great. 
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Hence, it is evident that fractions vary inversely as th«ir 
denominators. 

7. If the integer of a fraction be increased, and the 
value remain unaltered, the magnitude of the fraction 
must be decreased; or if the integer be decraased, the 
magnitude of the fraction must be increased. 

For it is evident that any part of a greater integer must 
be greater than the same part of a smaller ; and also that 
any part of a smaller integer must be less than the same 
part of a greater. 

Consequently, that the original value of the fraction 
may remain unaltered, it is evident that the fraction must 
be made as many times less, as the integer is made greater ; 
or as many times greater, as the integer is made less. 

* 3 

llius, to express ~ of a shilling as an equivalent frac- 

tion of a •^. ; as the integer £l is 20 times as great as the 

integer !«., the fraction -- must be made 20 times as small, 

3 3 

and we shall have ■» — £» 

4 X 20 80 

Also, to express — of a £. as an equivalent fraction of a 

shilling; as the integer !«., is 20 times as small as the 

integer £1, the fraction rr most be made 20 times as 

80 3 X 20 60 8 
great, and we shall have £. ~- - = -s. 

Hence it is evident that equivalent fractions vary in- 
versely as their integers. 

From these obvious principles, are derived all the rules 
for the solution of problems in fractional quantities. 

VULGAR FRACTIONS. 

A '* vulgar fraction" is the common appellation of all 
such fractions as ordinarily occur ; without restriction to 
any particular number of parts into which the integer may 
be divided, from which circumstance some of them derive 
particular names* 

Thus, a decimal fraction, is a fraction of which the in - 
teger is divided into ten equal parts ; a duodecimal frac- 
tion, is a fraction of which the integer is divided into twelve 
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equal parts, &c., &c. ; bat a vulgar fraction, is a fraction 
of which the integer may be divided into any number of 
parts whatever. 

Vulgar fractions are either Proper, Improper, Mixed, 
Complex, Simple, or Compound. 

1. A Proper fraction, is a fraction in which the number 
of parts taken, is less than the number of parts into which 
the integer is divided ; and, consequently, of which the 
numerator is less than the denominator. 

tions; but if we take one part more, the quantity, — , will 

be equal to the whole integer, and therefore cannot pro- 
perly be called a fraction. 

2. An Improper fraction, is a fraction in which the 
nu!mber of parts taken, is either equal to, or greater than, 
the number of parts into which the integer is divided ; 
and consequently, of which the numerator is either equal 
to, or greater than, the denominator. 

8 11 * 

Thus -— and — - are improper fractions, because the 

8 ® ' 8 

number of parts in the first ---, is equal to, and in the 

11 ° 

second -r, greater than, the number of parts into which 

a 

the integer is divided ; the latter containing not only the 

8 3 

whole integer — , but also — of another integer, being equal 
to 1 and -^ or 1—, which is a mixed number. 

But as it may be convenient to express either whole or 

mixed numbers in the form of a fraction, such quantities as 

8 11 

— and —- are called fractions, but distinguished from quan- 

tlties which are really such, by the appellation Improper 
fractions. 

3. ' A Mixed number is a quantity consisting of a whole 

number, and also a fraction of another unit, as 1—, which 

11 ' ® 

is equal to the improper fraction — -, the latter being only 

a more oonvenient fractional expression for that quantity. 
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4. A Complex fraction is a fraction of which either the 
numerator or the denominator is itself a fraction, or n 
mixed number ; or of which both the numerator and the 
denominator are themselves fractions or mixed. numbers. 



Thus, 
3 






4 






d" 7 
9 • 8 ' 
•ft 


3i 
5 ' 


5 

71' 


ft 

7 ' 
¥ 


and 


9J 



are all Complex fractions. 

5. A Simple fraction, is a fraction in which the parts 
taken are parts of a unit ; and consequently bear to the 
whole unit or integer, the simple ratio which the nume- 
rator of the fraction bears to its denominator. 

5 

Thus, --- is a simple fraction, because the sixth parts 

which it contains are sixth parts of the unit or integer ; 
and consequently bear to the whole unit, the simple ratio 
which the numerator of the fraction bears to its deno- 
minator, 5:6 = —. 

6 

6. A Compound fraction, is a fraction in which the 
parts taken are not parts of a unit or of the integer, but of 
some parts into which the integer may have been pre- 
viously divided; and, consequently, of which the mag- 
nitude will be expressed by the ratio compounded of the 
various ratios, which its several numerators bear to their 

respective denominators. 

3 5 

Thus -J of — is a compound fraction ; because the 

fourth parts which it contains, are not fourth parts of the 
integer, but of the sixth parts into which the integer has 
been previously divided ; and of which the magnitude is 
expressed by the ratio compounded of the ratios 3 : 4 and 

5 : 6, or 3x5 : Ix^ = 15 : 24 = ^. 

REDUCTION. 

1. Reduction of vulgar fractions is the changing of 
their form or denomination, without altering their value ; 
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mud as the numerator and denominator of a fraction are 
respectively the antecedent and consequent of the ratio 
which the fraction bears to its integer, we have only to 
apply the general properties of ratio to this purpose. 

Thus, if the antecedent and consequent of a ratio be 
both multiplied, or both divided by the same number, 
the ratio is not altered (See Ratio, Arts. 9 and 10) ; con- 
sequently, if the numerator and denominator of a vulgar 
fraction, be both multiplied or both divided by the same 
number, the magnitude of the fraction is not altered. 

From this property of ratio, we obtain a general rule 
for the solution of all the problems in reduction of vulgar 
fractions, with the exception of two only. These excep- 
tions are, 

1. The reduction pf a compound fraction to a simple 
fraction, which is nothing more than the composition of 
the several ratios which the fractions respectively bear to 
their integers (see Ratio, Art. 11); and 

2. The reduction of a fraction having any given integer, 
to an equivalent fraction having any other integer re- 
quired ; for which a rule is obtained from the principle, 
that equivalent fractions vary inversely as their integers. 



PROBLEM I. 

To reduce a whole number to an equivalent vulgar 
fraction, having any denominator required. 

Every whole number is equal to a fraction having that 

number for its numerator, and the imit 1 for its denomi- 

9 
nator ; thus, 9 = -— ; and if we multiply both terms of 

this fraction by the required denominator, we shall have 
the equivalent fraction required. 

Thus, to reduce the whole number 9 into an equivalent 

9 

vulgar fraction, having the denominator 12 ; first 9 = -;-, 

9 9 X 12 108 ^ 

and---=-- — -^ = — , the equivalent fraction required. 

Hence the 
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RULE. 



Make the given whole number the numerator of a 
fraction, having 1 for its denominator ; and mul- 
tiply both terms of this fraction by the denominator 
of Ae fraction required. 

EXAMPLES FOR PRACTtOB. 

1. Reduce the whole number 7 to a vulgar fraction, 
having the denominator 12. ^ ?f 

2. Reduce 17 to a fraction, having the denominatoor 17. 

^ 289 

17 

3. Reduce 25 to a fraction, having the denominator 30. 

, 750 

30 

4. Reduce 9 to a fraction, having the denominator 45. 

, 405 

45 

5. Reduce lt)0 to a fraction, having the denonunator 
100. .^ 10000 

6. Reduce 252 to a fraction, having the denominator 
125. . 31500 

^"'' 125 • 

PROBLEM 11. 

To reduce a vulgar fraction into its lowest terms. 

RVLE. 

1. Divide both terms of the given fraction, and also 
the resulting quotients, by any number that will 
divide them both without a remainder. Or, 2- 
Divide both terms of the given fraction, by their 
greatest common measure. 

576 
Ex. — To reduce the vulgar fraction —— into its lowest 

terms. 

667 _^ 6764-12 _ 48 _ 48-^-8 _ 6 _ 6-1-2 _ 3 
"768 "^ 768-1-12 ~ 64."" eJ^T "" T "" 8-1-2 "" T* 

lowest term. 
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95 



^.Or,fiadiiigthe 

greatest common ^^^ ) ^^^ 

measure of the . 

numbers 576 and 192)576(3 

768 to be 192, we _^ 

divide both terms * ' ' , « o 

of the erivtti frae- i!?- = i!?±l??. = 1, lowest term, 

tion by this com- 768 768 -f 192 4 

mon measure 192, 

and obtain the quotient of the numerator =3, and the 
quotient of the denominator =4, which are the nume- 
rator and denominator of the g^ven fraction in its lowest 

3 
terms, — . 

4 

EXAMPLES FOR PRACTICE. 

540 

1. Reduce the vukar fraction ---r- into its lowest 

612 15 

terms. Ans. ~. 

2. Reduce rrrr to its lowest terms. Ans, -— 

15o4 «^ 

« , 1134 . , .3 

3. Reduce -^r— to Us iowest ftercas. Ans. -r- 

3024 o 

4512 94 

4. Reduce ,,^ ^ to its lowest terms. Ans, 



14256 297 

„ ^ 18900 .- ^135 

d* Reouoe ■■■■ ■ ■■ to its lowest terms. Ans, 



35560 254 

6. Reduce — r — r- to ita lowest terms. Ans. 



2395008 297 

PRiOiBLAll til. 
To reduce a mixed number ^0 an equi^aleAt improper 
fraction. 

RULE. 

Make the given mixed number the numerator of a 
fraction having 1 for its denominator ; andmultiply 
both terms of this fraction by the denominator of 
the fractional part of the mixed number. 

Ex. — To reduce the mixed number 12f to an equivalent 
Improper fraction. 
,«. 12» 12f 12| X 7 89 

12J = --— , and — ~- = — --^^ — -=-=*=-> the improper iractioa. 
1 1 1X77 ^ 
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Or, for practical use, multiply the whole number by 
the denominator of the fractional part of the mixed number, 

and add the numerator to the product, writing the deno 

■ gg 

minator under their sum, thus 12f = 12 x 7 + 5 = y. 

EXAMPLES FOR PRACTICE. 

1. Reduce the mixed number 5f to an equivalent im^ 
proper fraction. Ans* -z . 

2. Reduce 9^ and 12tV ^ improper fractions. 

J02 J 149 
Jns. -rr- and — . 

3. Reduce 17-{> and 18|- to improper fractions. 

143 , 170 
Ans, — and — . 

4. Reduce 25iV <^d S^tt ^ improper fractions* 

259 , 463 
Ans. — and — ^ 
10 15 

5. Reduce 125f{^. and 37-^{- to improper fractions. 

15109 , 1129 
^ns. -TTT- and -—-. 
120 30 

6. Reduce 120Tf and 904^ to improper fractions. 

11533 ,11637 
-»***. -~— and -rrr-. 
96 128 

PROBLEM IV. 

To reduce an improper fraction to an equivalent whole 
or mixed number. 

RULE. 

Divide both terms of the improper fraction by its 
denominator, or divide the numerator by the deno- 
minator ; and if there be no remainder the quotient 
will be the whole number, or if there be a re- 
mainder, the mixed number required. 



^ 84 



Ex. 1. — To reduce — to an equivalent whole or mixed 

84 84+7 12 
number. -- = -=~nr =-r = 12. 

7 7 + 7 1 

89 
Ex. 2 — To reduce — to an equivalent whole or mixed 

89 89+7 12f 

number, y = yvy = -y = 12|. 
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EXAMPLES FOR PRACTICE. 

132 
1. Reduce the improper fraction — — , to an equivalent 

whole or mixed number. Jna, 12. 

150 
"12" 



2. Reduce -7^ to a whole or mixed number. Ans. 12^. 



_ J 125' ^ 120 

3. Reduce --— and — rr- to whole or mixed numbers. 

15 21 

Am» 8-r and 5{. 

. « J ^275 ,1234 

4. Reduce -—— and --— to whole or mixed numbers. 

25 96 

Ans, 211 and 12^. 

r « J 3456 ,4567 , , . , 

5. Reduce — — - and — — - to whole or mixed numbers. 

156 234 

Am. 22tV and 19i4|. 

^ _ , 70956 , 170356 , , , 

o. Reduce — r— r- and — - — to whole or mixed num- 
729 936 

bers. Ans, 97-J- and 182ytt' 

PROBLEM v. 

To reduce a complex fraction to an equivalent simple 
fraction, 

RULE. 

If the fraction be complex in one* of its terms only, 
multiply both terms of the fraction by the deno- 
minator of the fraction in the complex term ; or if 
it be complex in both terms, multiply both the 
terms by the least common multiple of the deno>- 
minators of the fractions in those terms. 



Ex. 1. — To reduce the complex fraction 5 to an equi- 

3 3^ — 

valent simple fraction. 5 5 ^ 3 

T" ^ 7x5 ^ 35. 

Ex. 2. — To reduce the complex fraction — to an equi-* 

val«it simple fraction. ^ = —j = ^. 
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7 



Ex. 3, — To reduce the complex fraction to an 

equivalent simple fraction. _ 

12 

Here the least common multiple of the denominators 

7 7 

8 ~S 21 
8 and 12 is 24, and -77- =: — = ^.- 

_ _X24 ^^ 
12 12 

4| 
Ex. 4. — To reduce the complex fraction —- to an equiva- 
lent simple fraction. 

Here the least common multiple of the denominators 

^ J ^. ,« .^ 44X18 87 

6 and 9 IS 18, and -^ = 7——- = —— . 

5J 6JX18 104 

EXAMPLES FOR PRACTICE. 

1. Reduce the complex fraction — to an equivalent 

3 5 

simple fraction. Ans, -7. 

6 
4 5^ 

2. Reduce — and — to simple fractions. 

^1 ^ ^ 12 3 ^ 21 

^"'•16=4"'''°^ 28- 
3} 74 

3. Reduce — and — to simple fractions. 

'4 . 9ft *^ , 15 1 ^ 72 

5 ^'•*- ?0 = 2" '^^ 9l- 

4. Reduce -—^ — and 7=^ to simple fractions. 

-id l76f *" ,« 



5. Reduce 



6. Reduce 



34 




15 


I 


Ans, 


23 


1 


m 


and 


90 


^ to simpli 


i fractions. 




163} 




35 






1 


1 






70 




Ans, 


m and 
7 


3"- 


27 






• ' 








81 
123 


-and 


39f 
500 


to simple ) 


fractions. 

18 


1 


162 








ns. 


— and 
41 


14' 
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PROBLEM VI. 

To reduce a compound fraction to an equivalent simple 
fraction. 

Note. — ^A compound fraction bears to the integer a ratio 
compounded of all the ratios which its several numerators 
bear to their respective denominators (see Ratio, Art. 11) : 
hence the 

RULE. 

Multiply all the numerators together, and also all 
the denominators ; and the product of the nume- 
rators will be the numerator, and the product of 
the denominators will be the denominator of the 
simple fraction. 

3 6 7 
Ex.-— To reduce -r^^T' ^^"^ ^^^ simple fraction equi- 
valent. 

4 6^8 4xj?X8 64' 

2 

3 4 5 

Ex. 2.* — To redtice — of -~ of -— to an equivalent simple 

4 5 o 

fraction. 

4- of 4- of I- = ^^i^ = I-. (See Ratio, Art. 1 1 .) 

4 6 8 j^XgXS 8 ^ ' ^ 

EXAMPLES FOR PRACTICE. ' 

2 3 4 6 

1. Reduce the compound fraction — of -- of -— of -- to 

3 4 .6 6 

a simple fraction. j 1 

Ans. y. 

2. Reduce "^ of ■— of -r, and — of 4i to simple frac- 
tions. J '^ t ^ 

11 14 3 4| 

3. Reduce -r of—, and -- of ^ to simple fractions. 

21 88' 17 9 *^ I 2 

Ans, — and --. 
3 6 7 11 12 21 

4. Reduce -— of —- of — of — of 15 to a simple fraction* 

5 17 9 42 *^ 11 

Ans. — . 
17 

f2 
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5. Reduce |- of 1^ of |, and -^ of ^ to simple frac- 

tions. Am. — and ---. 

^ D J 35J .27fx . 1 «132 . r . i? 

6. Reduce --— of — ^ of — of — — to a simple fraction. 

176| 109^ 11 12 ^ I 

PROBLEM VII. 

To reduce several fractions having different denomi- 
nators to equivalent fractions, all having the same or one 
common denominator. 

RULE. 

Take the least common multiple of all the denomi- 
nators for the common denominator of all the given 
fractions ; and multiply both terms of each fraction, 
by such a number as will make its denominator 
equal to the common denominator. Note. — This 
multiplier may be found by dividing the common 
denominator by the denominator of the fraction. 

Note, — The rule generally given for the solution of this 
problem is to multiply the numerator of each of the frac- 
tions by all the denominators, except its own, for a new 
numerator, and to multiply all the denominators together 
for a common denominator. Thus, to reduce the fractions 

Q R 7 

— , — , — to equivalent fractions haying a common deno- 
minator. 
3X6X8—144 ^^ ^® ^^^^ ^^^^ *^® process, we shall find 

^^f ^S=J$« tliat the numerator 3 of the fraction — is 
7x4X6=168 4 

; — Z~q7 multiplied by the denominators 6 and 8; 

4x(5X8— ^^^ ^ ^YiQ line of denominators we find its 

denominator 4 also multiplied by the same numbers 6 

144 
and 8 ; consequently the resulting fraction —— is equal 

3 19<6 

to the given fraction ■— , and so of all the other frac- 

tions : therefore the rule is true. But it is objectionable, 
first, as not bringing out the required fractions in their 
lowest terms; secondly, as not exhibiting the fractions 
distinctly ; and thirdly, because the intricacy of the ar- 
rangement conceals the principle on which the rule is 
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founded. On the contrary, the rule given above always 
brii^ out the required fractions in the lowest terms in 
which they can be expressed, subject to the condition of 
their all having a common denominator ; and from the 
simplicity of the arrangement, while it distinctly exhibits 
each of the required factions, it clearly demonstrates the 
principle on which the process is founded. 

3 5 7 

Ex. — To reduce the fractions — , — , — to equivalent 

4 «6 8 

fractions having all one common denominator. 

Here the least common multiple of the denominators 4, 
6, and 8, is 24, and multiplying both 3 3^5 ig 

terms of the fraction -- by 24 4- 4 = 6, T " 4X6 " 24 

we get the equivalent fraction -- : also = -^— = — 

^ , 24' 5 6 6X4 24 

n\ultiplying both terms of the fraction -— ^ j ^ 21 

by 24 -7- 6=4, we get the equivalent frac- Y "~ 8x3 ~ 24 

20 
tion — - ; and, lastly, multiplying both terms of the fraction 

7 21 

-g- by 24 -r 8 = 3, we get the equivalent fraction — ; all 

which fractions are respectively equal to the given frac- 
tions, and have the common denominator 24. 

EXAMPLES FOR PRACTICE. 

1. Reduce the fractions — , — , — ,and — to equivalent 

fractions, all having one common denominator. 

6 8 9 10 

^^- 12' 12' T^' ^^ Ti' 
3 5 9 11 

2. Reduce --, -—, — -, and — to a common denominator. 

^ ^ ^^ i6 60 50 72 ^ 55 

^^'- 85' 85' 80' ^"^ 85- 
« « 1 6 9 11 15 

3. Reduce — , --, — , and — to a common denominator. 

b lb d2 64 40 36 22 15 

^^- 6i' 65' S' ^^^ 64- 
7 5 2 11 _. 

4. Reduce r^of —,-— oi — , and 2'nr, to a common de- 

^^ ® ^ • *^ , 35 55 , 272 

nominator. Ans. — , ~, and — -. 
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15 23 11 37 

5. Reduce —, — , — , and — to a common denominator. 

16 24 12 48 45 45 44 37 

^'"^ 48' 48' 48' ^^ 4S- 

2 7 5 11 3 19 

6. Reduce *^ of — , — of —, and -— of—, to a common 

denominator. Ans, — -, 7-;, and — . 

84 84' 84 

7. Reduce — 01 and — of — of — to a common 

4 13i 17 21 18 

denominator. Ans, —— - and -jTrr' 

216 216 

8. Reduce — of — of - , — of —- of -— , and 77 of — 
41, 11 63 9' 24 156 9|' 15 42 

of —— to a common denominator. qq ^05 125 

324 ' 324 ' 324 



Problem viii. 

To reduce a series of vulgar fractions to a series of the 
^mallest possible whole numbers, which shall have to each 
other the same ratio as the given fractions. 

Note, — This problem may be applied to the clearing of 
an algebraic equation from fractions. 

RULE. 

Find the least common multiple of all the denomi- 
nators of the given fractions, and multiply each of 
the fractions by that number. 

Ex. — To reduce the vulgar fractions — , — , — , and --, to 

the least possible whole numbers, having to each other the 
same ratio as the given fractions. 4 n v a g 22 
Here we find the least com- — 

mon multiple of the denomi- 2 3 

uators 4, 6, 8, and 12, to be 24 ; 
and multiplying each of the frac- 
tions by this number 24, we g^t 
the whole numbers 18, 20, 21, 
and 22, which are the least that 



4x 


2X3 = 
6 


24 


L. C. 


M. 


3 


.^^ 


^^^ 


18 




J 


\ 
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can be obtained, and which also 4 

have to each other the same ratio ^ ^ H on 

3 5 ^ ~i~ ~ 

as the given fractions : for - : — y * 

° 4 6 



3 20 60 



3 



:: 18 : 20;since---x~=-r-=:15, ' ^H «, 

4 1 4 'Z' ^ ~T ~ 

, 5 18 90 ^^ _ ^ ? * 

and ~ X -- = -— = 15 ; and so ot 2 

all the other fractions in the given _ x — == 22 

series. jtf, 1 

EXAMPLES FOR PRACTICE. 

Reduce the following fractions to a series of whole num- 
bers, the smallest possible, that shall have to each other 
the same ratio as the fractions. 

1. Reduce --, -—, ■--, and —. Am. 12, 8, 6, and 3. 

« 3 4 8 



^57 51 

2. Reduce — , --, y, and — . Ans. 18, 20, 21, and 22. 

« ^ , 7 11 2 ,15 ^ «o'^« ,.. J ,. 

3. Reduce —-, — , — , and — . Ans, 28, 22, 16, and 15, 

18' 36 9 ' 72 > » > 

5 21 15 ' 9 

4. Reduce -~ of—, — , and -— . Ans, 21, 15, and 18. 

PROBLEM IX. 

To reduce a vulgar fraction, having an integer of one 
denomination, into an equivalent fraction having an integer 
of any other denomination Required. 

1. As the original yalue of the given fraction must be 
invariably the same, whatever may be the integer of which 
it is to be a part, a^d as equivalent fhictions Vary inversely 
as their integers, it is evident that the given fraction must 
be made as many times greater as the required integer is 
less, or as inany times less as the required integer is 
greater than its own. 

2. And 88 factions vary directly as their numerators, 
and inversely as their denominators, it is equally evident 
that a fraction is made. greater by multiplying its nume- 
rator, and less by multiplying its denominator. 
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Thus to reduce t^: of a £. to an equivalent fraction of a 

shilling ; as the integer of the required fraction, 1 shilling, is 
20 times less than the integer of the given fraction, it is evi- 
dent that the fraction — must be made 20 times greater ; 
we therefore multiply the numerator of the fraction ■—■ by 
20, and get £ ~ 2o ^ 2~* ^^® equivalent fraction 

of a shilling. 

Also, to reduce -r- of a shilling to an equivalent fraction 

of a £. ; — as the integer of the required fraction, £l, is 20 
times as great as the integer of the given fraction, it is 

evident that the fraction -t~ must be made 20 times less ; 
we therefore multiply the denominator of the given frac- 
tion -— by 20, and get s,- — 5J5==tj;» *^c equivalent fraction 

of a £. 

The required integer may not always be an exact num- 
ber of times greater or less than the integer of the given 
fraction, as in the reduction of a fraction of a £. to an 
equivalent fraction of a guinea. 

In this case it is usual to take an intermediate integer 
between the two, and of which an exact number of units 
is contained in each of the other integers ; and first to 
reduce the given fraction to a fraction of this intermediate 
integer, and afterwards to reduce this fraction to the equi- 
valent fraction of the required integer. 

Thus, to reduce -- of a £. to the fraction of a guinea, we 

take the integer 1 shilling, of which 20 make a £. and 21 

a guinea ; and reducing the given fraction, — of a £., to the 

fraction of a shilling, £ — __£?=— of a shilling, we then 

reduce this fraction, -— j., to the fraction of a guinea, 

^•riiT = i "'■ * 1^^^ 

But without having recourse to this circuitous method 
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of reduction, we may derive a rule from the nature of 
fractional quantities, for the direct reduction of the given 
fraction from its own integer into an equivalent fraction of 
any other integer whatever. 

For although, in whole numbers, it would he absurd to 
ask how many guineas are contained in a £. ; yet there is 
always a fractional quantity of any integer, however great, 
contained in any other integer, however small. 

Thus, as a £. is equal to 20 shillings, and each of these 

shillings is the one-and-twentieth part of a guinea, it is 

20 . 

evident that ^of a, guinea are contained in a £. ; conse- 
quently £^X^ = — ofa guinea. 

2 

Also, as a guinea is equal to 21 shillings, and each of 

these shillings is the twentieth part of a £., it is evident 

21 

— of a £. are contained in a guinea; consequently 

Here it is obvious that by multiplying the given fraction 
by such a fractional quantity of the required integer as is 
contained in its own integer, we make the given fraction 
either as many times greater as the required integer is 
less, or as many times less as the reqtiired integer is greater 
than its own ; and in either case obtain the equivalent frac- 
tion required. Hence the following 



GENERAL RULE. 

Multiply the given fraction by such a fractional quan- 
tity pf the required integer as is contained in its 
own integer, and the product will be the equivalent 
fraction required. 

Ex. 1. — To reduce— - of a moidore to an equivalent frac- 
tion of a guinea. 

Here a moidore is equal to 27 shillings, and a shilling 
is the one-and-twentieth part of a guinea ; consequently, 

f3 
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6 27 ^ iff 

multiplyincr the ffiven fraction — by -ri we have —xtSLzz. 
\^ 9 -^ 21' ^ 21 

— , the equivalent fraction of a guinea. 

15 

Ex. 2.-*-To reduce TT of a guinea to an equivalent frac- 
tion of a moidor^. 

Here a guinea is equal to 21 shillings, and a shilling is 
the twenty -seventh part of a moidore; consequently, mul- 

15 21 ti it 5 

tiplying the given fractibn — by — , we have :3^ x ^j^ = ""» 

21 27 fjt fTl 9 

the equivalent fraction of a moidore. 9 

EXAMPLES FOR PRACTICE. 
3 

1. Reduce -r- of a £. to an equivalent fraction of a 

crown. ^_. *^«««™„ 

Ans, — ■ crown. 

5 
2 5 

2. Reduce -7 of — guinea to the fraction of a shilling. 

Ans, — shilling. 

9 

3. Reduce t^ of a penny to the fraction of a dollar. 

Ans. — dollar. 
96 

4. Reduce 7s. 6d, to an equivalent fraction of 6s, Sd. 

, 90 9 

3 

5. Reduce -- of 6*. Sd, to an equivalent fraction of 7s, 6d, 

Ans, -5-. 

3 

6. Reduce — of 17^. 6d, to an equivalent fraction of 

I3s.4d. ^ .63 

Ans, —-. 
7 80 

7. Reduce ^rrr of a lb. troy to the fraction of a dwt. 

Ans. jT dwt. 

3 

8. Reduce -- of an ell Flem. to the fraction of an ell 

^«- Ans. ^ ell Eng. 
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16 

9. Reduce — of a Fr. ell to the fraction of a yard. 

54 -^ 4 

Ans, -T- yard. 

10. Reduce 6 fur. 24 po. to the fraction of a mile. 

Ans. -— mile. 

40 
7 

1 1 . Reduce t^ of a moidore to the fraction of a guinea. 

16 27 

Ans, — moidore. 

48 

12. Reduce — - of a tierce to the fraction of a hhd. 

^ 16 

Ans» ~ hhd. 
27 

13. Reduce ~ of a pipe to the fraction of a tierce. 

27 8 

Ans, ~ tierce. 

17 

14. Reduce — of a statute mile to the fraction of a 

24 35 

geographical mile. Ans. tzi geo. mile. 

45 

15. Reduce ~ of a crown to the fraction of a dollar. 

80 5 

' Ans. -r- dollar. 

4 

16. Reduce — of an ell Eng. to the fraction of an inch. 

Ans. — inch. 

5 

go 

17. Reduce -— of an inch to the fraction of a Flem. ell. 

81 7 

Ans. — . Flem. ell. 

2 

18. Reduce — of a geographical mile to the fraction of 

a statute mile.- j ^^^ 

^'"- iio- 

3 

19. Reduce -- of 3«. 9|rf. to the fraction of lis. 5W. 

Ans, --. 

PROBLEM X. 

To find the integral value of a fraction in the several 
inferior denominations of its integer. 
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A fraction may be so small as to have no integral value, 
even in the lowest denomination into which its integer 
can be reduced. 

Thus. of a £. : for = — of a shillimr, — rrr^ss 

' 1440 * 1440 72 *"*""I59 ^4 — 

2 6 

--• of a peimy, and --^ r= -— of a farthing ; and as there 

is no denomination of the integer £l. less than a farthing, 

the fraction — — - of a £, has no integral value. 
1440 ° 

If the given fraction have an integral value, the fraction 
of the inferior denomination into which it is reduced will 
be always an improper fraction, and this improper fraction 
will always be equal to a whole or mixed number. 

Consequently, to find the integral value, we have only 
to reduce the given fraction to an equivalent fraction of 
the next inferior denomination, by Prob. 9, and then 
to reduce this fraction to an equivalent whole or mixed 
number, by Prob. 4. 

If the improper fraction be equal to a whole number, 
the integral value of the given fraction is fully determined ; 
but if it be equal to a mixed number, there will still re- 
main the fractional part of the mixed number, of which 
the integral value must be found in the next lower deno- 1 

mination of the integer, as before. 

4 I 

Thus, to find the integral value of the fraction — of a | 

£. ; reducing this fraction to the fraction of a shilling, we 

4 

have ^ =~r — 1^ shillings, the entire integral value 

required. g 

But to find the integral value of the fraction -— of a £., 

.5 o 

-2^5 = — = 12 J shillings, a mixed number, of which the 

2 1 

fractional part — must be reduced to an equivalent fraction 

2 1X12 

of the next lower denomination, a penny ; thus, — - — = 

12 ^ 

-— = 6 pence. 
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Hence, 12 shillings, the integral value of the given 

fraction £.-— in the denomination shillings, and 6 pence, 

its integral value in the denomination pence, taken together 
give its full integral value, 129. 6d* Hence the 

RULE. 

1. Reduce the given fraction to an equivalent fraction 
of the next lower denomination of the integer ; and 
reduce this fraction to an equivalent whole or 
mixed number. 

2. If the result be a whole number, the integral value 
is found ; but if it be a mixed number, reduce the 
fractional part of the mixed number to a fraction 
of the next lower denomination, and find its inte^ 
gral value as before. 

3. Continue this process till you have reduced in\o 
the lowest denomination of the integer, and the 
several integral values in the severed denomina- 
tions will be the integral value required. 

Ex, — To find the integral value of the fraction — of 
a £. 7 

„ , . ^ 5 ^ 5x20 100 

Here, reducmg£.y to — — =^— - - 14| shillings. 

the fraction of the next 2x^l2__^24_^ 

lower denomination, a shil- ~Y~ — J - ^T Pence. 

ling, we get the improper 3x4 12 _ i-o^i,;„_ 
100 /^ -y- = y = If farthings. 

fraction, — r-: and reduc- ' _, ' 
7 Hence, 

ing this improper fraction -.5 . , 6 

to an equivalent whole or ^'~J "" '*'^* "i f' 

mixed number, we get 14 

2 
shillings and -7 of a shilling ; and now reducing the frac- 

2 ' 
tional part, --9 ^^ ^he mixed number, 14f , to the fraction 

of the next lower denomination, a penny, we get the im- 

24 * 3 

proper fraction, — - =s 3 pence, and — • of a penny ; and 

lastly, reducing the fractional part — , of the mixed number, 
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3f, to the fraction of the next lower denomination, a &r- 

12 5 

thing, we get the improper fraction, y = 1 farthing, and — 

of a farthing; and taking the integral raluiss, 13 shillings, 

3 pence, and 1 farthing, we have the whole integral value, 

5 
I2s. 6id.<f to which the remaining fraction,-—, is annexed, 

as there is no lower denomination of the integer into which 

it can be reduced. 

For merely practical use, we may reduce the numerator 

of the given fraction into the next lower denomination 

of the integer, and divide this number by the denominator 

of the given fraction, reducing every succeeding remainder 

into the next lower denomination, and dividing by the 

denominator as before, till we have reduced into the 

lowest ; and the several quotients taken together will be 

the integral value required. 

• 5 

Thus, to find the integral value of the fraction, — of 

a£. ^ 

Here, reducing the numerator 5 £5 
into shillings, and dividing by the ^ 

denominator, 7, we get the quotient, 7 ) 100 { 14 shillings, 
14 shillings ; and reducing the re- ^ 

mainder, 2 shillings, into pence, and 30 

* dividing by the denominator, 7, as ^ 

before, we get the quotient, 3 pence ; 2 

and lastly, reducing the remainder, 12 

3 pence, into fiurthings, and dividing 7 ) 24 ( 3 pence, 
by the denominator, 7, we get the 21 

quotient, 1 farthing; and these several 3 

quotients, 14 shillings, 3 pence, and _4 

1 fartldng, are together the integral 7 ) 12 ( 1 farthing, 
value, 12». 3j<i. But it is evident _7 

that this process is nothing more 5 

than Compound Division of whole -j 

numbers. 

EXAMPLES FOR PRACTICB. 

3 , . 

1. Find the integral values of the fractions --- of a i.. 
and — of a guinea. Ans. I2s. and 15*. 
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7 11 

2. Find the integral values of — of a moidore, and — 

of a crown. Ans» lOs. 6d., and 3^. 5jrf. 

6 9 

3. Find the integral values of -;r of -- of a cwt., and 
5 4 7 16 

— of -- of a lb. Ans. 1 qr. 26 lb., and 1 oz. 12^ dr. 

lis 

4. Find the integral values of -- of a hhd., and --- of 
8 21 4 

--- of a tierce. Ans. 33 gal., and 28 gal. 

7 4 

5. Find the integral values of — of 1-^ lb. troy, and — 

of an oz. Ans, 7oz. 9dwts. 8grs., and 4dwt, 164-fgr9. 

13 13 

6. Find the integral values of — - of a week, and —- of 

SL day. Ans, 3 da. 23 ho. 4 min., and 20 ho. 48 min. 



ADDITION. 

1. Addition of vulgar fractions differs in no respect 
from addition of whole numbers ; for in neither can quan- 
tities which are not of the same kind be added into one 
sum ; consequently, the fractional quantities to be added 
must all be made similar. 

2. Hence mixed numbers must be reduced to improper 
fractions ; complex and compound fractions to simple frac- 
tions ; fractions having different integers, to fractions 
having one all the same integer; and lastly, fractions 
having different denominators, to fractions having one 
common denominator. 

3. When all these requisite reductions have been made, 
the fractional quantities' are duly prepared for addition, 
and their sum is obtained by adding together their several 
numerators, just like so many quantities in simple addition 
of whole numbers. 

Thus, to add the fractional quantities, 3{- of a £., 

6 

3 5 

7 of a guinea; and — of — of a moidore. 
— 4 6 

First, Ve reduce the given quantities into simple frac- 



112 ADDITION. 

.1. o. ^X4 15 - 7=7^ 6 

tions ; thus, S^- = r=-r *• ; -7- -n — r = a;; ff- » 

' '* 1x4 4 '4 7x7 28® 

3 6 9x6 5 

and -r of -- = f — - =: — m. Thus we have now the 

4 6 4x^ 8 

« K e ft 

rimple fractions, -j £., ~ g., and -— moidore. 

Secondly. As these fractions have different integers, we 
reduce them to fractions having all the same integer, £1 ; 

and as the fraction — £. has already the required integer, 
we have only to reduce the two other fractions : thus, 
5 if ii 3 ^ ,6 r/ 27 27 . 

15 3 

We have now the simple fractions, — £., — £., and 
27 4 16 

— £., all having the same integer, £l ; but as these 

fractions have different denominators, we lastly reduce 
them to fractions having one common denominator ; and 
as the denominators 4 and 16 have each a multiple in 32, 
32 is their least common multiple, and consequently the 
common denominator of all the fractions. 

„ 15 15x8 120 3 3X2 6 ,27 

Hence -7- =r — — — = -—- ; — = — — - = — ; and —-, 
4 4X8 32 ' 16 16X2 82' 32' 

having already the denominator required, needs no re- 
duction. 

We have now the fractions -— - £,—£., and — £. ; 

32 '32 32 ' 

all simple fractions, all having the same integer £l, and 

all having one common denominator, 32. They are all, 

therefore, duly prepared for addition. 

We have now only to find their sum by adding together 

^, . , . ., 120 6 27 120+6 + 27 

their several numerators; thus, 1 h^= — 

153 ' ' 32 ^32^32 32 

= -^r- £., the sum of the given fractions of which the 

integral value may be found by Prob. 10. 
Hence the 
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RULE. 



I, Prepare the given fractions for addition, as directed 
above (see Art. 2), and the sum of the numerators, 
written over the common denominator, will be the 
sum of the given fractions. 

Note. — If there be whole numbers among the quantities 
to be added, or if the integral parts of the mixed numbers 
be large, they may be rejected during the operation, and 
subsequently added to the sum of the fractions. 

Ex. — ^To add 9, 5|, and 1 1 4- we may reject the whole 
number 9, and the integral parts of the mixed numbers 

5 and 11; and adding only the fractions — and — = — 
16 16+16 31 ^ ^ . , , ^ .4 5 20 

"^ 20 ~ 20 ~ 20 "^ ^^' ^^ ^^^ *^® '®" 

jected numbers, 9, 5, and 11, and get 14^ + 9 + 5+11 
= 26tt9 ^^^ entire sum. 

EXAMPLES FOR PRACTICE. 

Add together the following fractions : — 

., X 2 . 3 . 6 ,3 6 7 

(l\ L _ + — and — +— + --. 

^ ^ 3 ^ 4 ^ 6' 4 ^ 8 ^ 12 

Am, 2i and 1|4. 
7 13 25 45 3 5 2 

Ans, a^ and 12^. 

(3.) 7* + b^ + ^, and -^ + 7^ + -J of ^ of 19^ 

Ans. 13f J and 18i. 
^^^ m 14 121 , 3 «15 7 ^^^^ 

Ans. 2i and 5|^f . 
3 7 5 

(5.) "7 ^^ * shilling + ~ crown + — of a guinea. 

Ans. I2s. 7jrf. 

(6.) J of £15 + 3f £. + -i of y of j£. + I of y 
shillings. Ans, £7 17^. bd.j. 
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(7.) rr of a dollar + -— -- guinea + — moidore. 

27 189 64 2 

Arts. £l „ 4^. 6id, — . 

3 45 45 7 

(8.) 16 1^- + gj ^' + 48 dwis.y and ^ oz. + 3i dwts. 

+ 17i grs. Ans. 3 oz., and 12 dwt. 14 gr. — . 

(9.) — Flem. ell + — yd. + ~ Eng. ell-f — Fr. ell, and 

7 ^ 23 15 "* ^ ^ 7 

-- in. + — na. + — qrs. Arts. 3^ yds., and 1 qr. 1 na. -— . 

3 7 5 17 37 

^\^- 64 **"» + 16 *^^'- + T •!'•' *"^ 32 '*'• + 42 *«• 

4- — dr. -4n«. 1 cwt. 2 qr. 3 lb. 8 oz., and 9 oz. 6^ dr. 
63 ' . 7 

U 7 8' 28 38 

(11.) :f2 ™^^^ + 15 ^"'^- + a P^ ' ^^^ 33 P^' "^ 54 y^- 
Ans, 7 fur. 32 po. 4 yds. 2 ft. 8 in., and 5 yds. l-i-ii. 

5 8 11 3 6 

(12.) y tun + — pipe + — hhd., and y tier. + — 

gal. +j^ pint. 

Ans. 1 tun 25^- gal., and 18 gal. 2 qt. l^ pts. 
„«x 26 16 , 35, ,7 

^ ^^ "2I9 ^^"^ + 27 ^^ ■*■ 54 '15 ^®' "*■ ^* ^^ 

i4n^. 42 da. 6 ho. 52min. 134^sec., and 7 da. 21 ho. 20min. 

7 12 *1 25 

^^^•^ 2i ""^ 66 "^^y +15 ""^ ^^^ ^''- + 36 ""^ ^^* ""'"• 

Ans. 3 ho. 3 min. 34f sec. 

SUBTRACTION. 

1. Subtraction of Vulgar Fractions differs in no respect 
from subtraction of whole numbers. Having therefore 
prepared the fractional quantities as in Addition (see 
Add., Art. 2), we have only to subtract the numerator of 
the smaller fraction from the numerator of the greater, 
and the remainder written over the common denominator 

will be the difference of the given fractions. 

3 5 4 5 

Thus, to subtract -j of — of a guinea from -— of -=- of 

a moidore. 
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First. Reducing the compound fractions to simple 

fractions, we have -^ of — = 4^ = — ; and — of-— = 
' 4 6 4x^ 8 * 5 7 

A 2 

-^ = ~; hence we have the simple fractions of— g*. 

and -— m. 

7 

Secondly. Reducing these fractions which have dif- 
ferent integers to fractions having both the same integer, 

1 shilling, we have — g. :=:— - x — = -r- s, and — m. =: 

8 8 18 7 

--- X — = --- s, ; hence we have the fractions — s, and 
7 17 8 

108 

— s, both having the same integer, 1 shilling. 

Thirdly. Reducing these fractions which have different 
denominators to fractions having one common denomina- 

105 105x7 735 . 108 108X8 

tor, we have— =: -^^ = — ; and - = -^^ ^ 

; both having one common denominator, 56. 

^ , ^ 735 864 

We have now the nractions -— - s, and -— - »., both 

DO 56 

simple fractions, both having the same integer, 1 shilling, 
and both having one common denominator, 56. 

And now, as the given fractions are duly prepared for 
subtraction, we have only to subtract the numerator of 
the smaller, 735, from the numerator of the greater, 864 ; 
and the remainder, 129, written over the common denomi- 
nator, is the difference of the given fractions. 

_ 864 735 864-735 129 , ,.^ 

^^' -^6" - ^ = -^f- = 15"' the difference of 
the given fractions, of which the integral value may be 
found by Problem 10. 

No further Rule is requisite. 

EXAMPLES FOR PRACTICE. 

Find the difference of the following Fractions : — 
^3 25 3 11 10 4 3 

^^•>T-^y' T"T' 12- n' *^^T-T 

A 14 1 ,1 

^^"- 12' 3^' ISJ-' ^^ 20- 
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(2.)_.of~--of-, and -Of-- -Of-. 

8 25 

Ans, ;— and — -. 
35 96 

(3.) I- of 17t - 4- o^ 1^» a»<l X of ^ of- — 4- of 

o 9 ■ 6/3 

-J of—. ^715. 9f and --. 

i4nf. 1{- and 5^. 

^ris. — and l^f. 

(6.) — guin. — ig £.» ^^ 16 ^* "" 15 ^"^o^^- 

^TU. 65. Icf. and 2^. 5(2. 

(7.) — moidore — — guin., and — of 7^. 6d, — — 

of 6f. 8d. Ans. Is, and 4s, Sd, 

3 7 5 9 13 15 

(8.) rr of — lb. troy — — of — oz., and — dwt. ■— — gr. 
^ -^ 16 9 "^ 12 10 96 16* 

Am. 1 oz. 7 dwt. 12 gr., and 2^gr. 

12 8 5 

(9.) — Hlids. — — tierce, and — pipe — 75 gal. 
27 15 6 

Ans. 5 gal. 2-|- qt., and 30 gall. 
3-7 5 . 34 62 

9^> 14^^ To *^" - 17 °^ 35 ^''*" ^"^ 7 °^ ¥ ^^'• 

*~ 16 of 4i lb. 

Ans, 2 cwt. 2 qrs. 24 lb., and 3 lb. 4 oz. 14- drs. 

/n x *^ r ® 1 3 3J 17 . 24 

(11.) — of — leafiTue of -^ mile, and — mi. 

-^ 15 21 ^=> 8 4J 24 75 

of 28^ po. Ans. 6 fiir. 8 po., and 5 fur. 17 po. 3 yds. 2 ft. 

17 37 7 8 

(^^•^ 219 y®*' ■" 42 ^^ ^® ^^y? ^^ 24 °^°- ■" 15 ^^• 
^n«. 3 days. 16 hrs., and 5 days hrs. 24 min. 
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MULTIPLICATION. 

1 . As fractions vary directly as their numerators, and 
inversely as their denominators, it is evident that if the 
numerator only be multiplied, the fraction will be made 
greater; or if the denominator only be multiplied, the 
fraction will be made less. 

2. It is also evident, from the nature of multiplication, 
that the product must be either as many times greater or 
as many times less than the multiplicand, as the multi- 
plier is greater or less than a unit. 

Hence, if the numerator and denominator of the multi- 
plicand be multiplied respectively by the numerator and 
denominator of the multiplier, the product will be either 
as many times greater, or as many times less than the 
multiplicand, as the multiplier is greater or less than a 
unit. 

Thus, to multiply 1 by|; | x |= ^^ = 1 

. * 7 
which product is twice as small as the multiplicand -— ; for 

7 ° 

in obtaining it we made tjie fraction — twice as great by 

multiplying its numerator by 2, and also four times as 

small by multiplying its denominator by 4. 

Consequently, as the decrease is just twice as great as 

7 
the increase, it is evident that the product -- is just twice 

7 14 ^? 
as small as the multiplicand --- = — ; or just as many 

2 8 16 

times less as the multiplier -r- is less than a unit. 
Also, to multiply | by i-; | X | = gi = -^, 

which product is twice as great as the multiplicand ; for 

7 
in obtaining it, we made the fraction --- four times as great 

by multiplying its numerator by 4, and also twice as small 
by multiplying its denominator by 2. 

Consequently, as the increase is just twice as great 

as the decrease, it is evident that the product — - = g-. 
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7 
is just twice as great as the multiplicand — -, or just as 

4 ° 

many times greater as the multiplier -r- is greater than a 

unit. - 2 

Thus it is evident that in the first example — x — = 
7sci 7 *^ 8 4 

, ^ = — , in which the multiplier is twice as small as a 

^x4 16' ^ 

2 7 

unit, the product — is just twice as sniall as the multipli^ 
7 14 ^^ 

^^^^ J = re; 

And also in the second examine — - x — = -2iz. =ss — 

2 

in which the multiplier is twice as great as a unit, the 

7 14 
product — x= — is just tw)ce as great as the multipli- 

748 

cand — . 

Consequently, in both, the product is just as many times 
greater or as many times less than the multiplicand, as the 
multiplier is greater or less than a unit, and is therefore 
the true product. 

Hence the 



RULE. 

Reduce mixed numbers and complex fractions to 
simple fractions, and the product of the numerators 
written over the product of the denominators, will 
be the product of the given fractions. 

Ex.— To multiply 3^, y, and -^ of -^. 

_ ^3§X2 7 q 4iX3 14 ,3^4. 

Here 3J=-r s^TT* ^ =-?^~s-=:r^» a^d — of -- is 

■ lx22'7 7x3 21* 4 5 

7 14 3 
sufficiently prepared for multiplication ; hence -r X rr X — 

2 21 4 

* 

of--=r? — 4^ — -^—i = -—, the product of the ffiven frao- 
tions. 2f 
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EXAMPLES FOR PRACTICE. 

Find the products of the following fractions :— 
3 7 5 11 84 18 17 15 

^^'^1^1' 7^15' 90^42' ^^^^s&^m' 

21 U 2 ,3 

-^^w. —;, — -, — , and --. 
32' 21' 5 28 

r«N 5 ir 7 7 .15 , 13 _ 9 16 ^32 

(^•>T^^16^y^^28' ^"^2?^^26^l6^'^7S- 

35 1 

Ans. 2-J6 and ~. 

(3.) yof|-of3|x|-of-iof7i, and 17ixl8i. 

Ans. 34- and 319|. 

(^•> IsT^'-iHl' ""^28^^30 >^ 12^ ^^^57°^^^^- 

Ans. - and - . 

(5.) lof^of-oflOOxl-of ^of ^, and^x ^^ 



4 9 8 '3 10 50' 12 ISJ 

9 

Jns, 114^ J and --. 
r^x 27| 18 , 2 -22 -,^, 3 .24 

3 2 

-^TW. -r- and -— , 

o 11 

/«^ 4 1.^^ f24 9 .10 .11 .^^ 

(^•^ T^^ 12 ^^25 ^^^^10 ^^11^^ 12^^^- 

Ans. 21|. 

/o^ 7 1-34 12 . .27 ^9 .26 .11 ... 

Ans. 2^. 



DIVISION. 

1. As Division is just the reverse of Multiplication, it 
will be evident from what has been said on Multiplication 
of Vulgar Fractions, that if the numerator only be di- 
vided, the fraction will be made less ; or if the denomina- 
tor only be divided the fraction will be made greater. 
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2. It is also evident, from the nature of Division, that 
the quotient must be either as many times greater than 
the dividend as the divisor is less, or as many times less 
than the dividend as the divisor is greater than a single 
unit. 

3. Hence, if the numerator and also the denominator of 
the dividend be divided by the numerator and denomina- 
tor of the divisor respectively, the quotient of the nume- 
rator written over the quotient of the denominator will be 

the true quotient of the fraction. 

8 2 8 

Thus, to divide the fraction — by the fraction —- ; — ^ 
2 8-:l2 4 16 ^'^ 4 ' 12 • 

--=:-——=—=—; which is just twice as great as the 

• g 

dividend, --, or just as many times greater as the divisor, 
2 i2 

— , is less than a unit, and is consequently the true quo- 
tient. 

Q A. ft A. 

Also, to divide the fraction — by the fraction —- ; r^-r-;^ 

8^4 2 4 
— TT-rT*=-r=T:; ; which is just twice as small as the divi- 
12-r2 6 12 •* 

8 4 

dend, — , or just as many times less as the divisor, -T-,is 

greater than a unit, and is consequently the true quotient. 

4. When the numerator and denominator of the divi- 
dend can both be divided by the numerator and denomi- 
nator of the divisor without any remainder, this is de- 
cidedly the best rule for the division of vulgar fractions, as 
it gives the quotient in lower terms than any other. 

5. But if there be any remainder from either of the 
terms of the dividend, the quotient will be a complex 

n . 8 3 84-3' 21 , 

fraction : as - — l — = =:— ^— ; hence a more cceneral 

* 12 • 4 12-r4 3 ' ^ 

rule is requisite, which will in every case give a simple 

fraction for the quotient. 

Such a rule may be easily deduced from the following 

considerations : — 

2 

6. If the divisor be a proper fraction, as -— , which is 

just twice as small as a unit, it is evident that if this divisor 
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4 
be inverted we shall have the improper fraction, -^, which 

is just twice as great as a unit : 

Consequently, if we multiply the dividend by this in- 

verted divisor, — , the product will be just twice as great 

as the dividend, or just as many times greater as the 

divisor, — , is less than a unit. 

- 8 2 

Thus, to divide the fraction, — -, by the fraction, — . 

4 12 "^ ' 4 » 

8.2 84 Jxjf 4 16 ,.,.., 

12-^T=12^Y = Tf^i = -3=12' ^^^^ '« J^^^ 

twice as great as the dividend, — ; or just as many times 

greater as the divisor, — , is less than a unit ; and is con-* 

sequently the true quotient. 

4 
7. If the divisor be an improper fraction, as -r-y which 

is just twice as great as a unit, it is evident that if we in* 

2 
vert this divisor we shall have the proper fraction, — , 

which is just twice as small as a unit : 

Consequently, if we multiply the dividend by this in- 
verted divisor, — , the product will be just twice as small 
as the dividend, or just as many times less as the divisor, 

4 

— , is greater than a unit. 

8 4 

Thus, to divide the fraction, --, by the fraction, -~ ; 

2 * * 

twice as small as the dividend, — ; or just as many times 
less as the divisor, — , is gpreater than a unit ; and is con- 

sequently the true quotient. 

Hence, it is evident that if we multiply the dividend by 
the inverted divisor, the product will, in every case, be 
either as many times greater than the dividend as th^ 

G 
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diyifior is less, or just as ma;ny times less than the dividend 
as the divisor is greater than a unit, and will consequently 
be the true quotient. Hence, the 

RULE. 

1. Divide the numerator and denominator of the 
dividend respectively by the numerator and deno- 
minator of the divisor ; and the quotient of the 
numerator written over the quotient of the denomi- 
nator will be the quotient required. 

2. Or, if the numerator and denominator of the 
dividend cannot both be divided without a re- 
mainder, multiply the dividend by the inverted 
divisor, and the product will be the quotient re- 
quired. 

BXAMPLBS FOR PRACTICE. 

Find the quotients of the following : •*- 

,. , 14 ^24 6 9 3 ^12 3 

^*-^ 26 • '' 35 • 7' 16 • 4' *"° 49^ 7' 

^'^' S' y 4"' """^ 7* 

, ^ 4 16 7 2 35 7 ,76 4 

^ ^ 6 '20' 12 • 6' 36 • 8' 171 ' 19 

Am. 1, Ijj, ly, and 2y. 

^w*. y, ly, and 9-. 
Ans. 1750 and 4 
Ans. 2y and 49. 

(^•>24^^Tri-^2r^^ir' *"^ is ^^95-^41 ^^si- 

Am. 4 and 14. 
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^ •' 17 • 1700' 1700 • 17' 50 ' 250000* "=^ 125* 

Arts. 100 ; — , 2500, and 125. 
^«x 3i 21 J a ^231 1 „ 111 

-^TW. 1 T-, and 7 — . 
5 10 

PROPORTION. 

1. Proportion of Vulgar Fractions differs in no re- 
spect from proportion of whole numbers, except that the 
quantities concerned are fractional. 

2. We have, therefore, only to reduce the fractional 
quantities into their simplest form ; to reduce those 
of which the ratio is given in the question, to fractions 
of the same integer ; and to write down the three given 
terms of the proportion thus prepared, exactly as in pro- 
portion of whole numbers. 

8. Having thus ** stated the question," we have only to 
multiply together the second and third terms of the propor- 
tion; andtl^ quotient of their product divided by the 
first term, will be the fourth term of the proportion. 

4. As in division of fractions, i^re hftve shown that the 
quotient is more conveniently obtained by multiplying by 
me inverte4 divisor, we have only to invert the first term, 
and the product of the three terms will be tbe fourth term 
required. 

3 5 5 9 

Ex. — If — of —- of an ounce troy, cost y of — of a gui- 
nea ; what will be Jhe v^ue of -r- of b^ of a pennyweight ? 
Here, reducing the fractional quantities to their simplest 

form, we have —- of — = ?2i- — -r- oz, ; -— of — ±= ^^^ 

4 ^ 4y^ ^ 7 10 7^^^ 

6 * 75 

Secondly, reducing the fractions — oz. and -- dwt^ of 

o 16 

02 
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which the ratio is given in the question, to fractions having^ 
the same mteger, we have -— oz. = — ~— = — dwt. 

Lastly, writing down the three terms of the proportion 

thus prepared, exactly ajs in proportion of whole numbers, 

25 75 9 

we have the given ratio of weights, ■— ' — I ! — g« 

And now, inverting the first term and multiplying the 

3 

three terms together, we have J— X ^ X — = sr.. 

' ii ^f ^* 112^* 

the fourth term required^ and finding the integral value by 

27 
Problem 10, we have — — g. = 5*. Ofd, 



EXAMPLES FOR PRACTICE. 
3 11 

1. If — of a, yard cost -- of a £., what will be the 
value of ^ of a yard, at the same rate ? ^^ ,4, 3^^ 

3 3 3 

2. If — of an oimce cost -rz^^^ guinea, what will -- of 

2| dwts. cost ? Am. 6«. %\d.\ 

4 

3. If — of 2h cwt. cost £2}, what must be paid for 

2 3 1^ 

—-of -7 toll. . Ans, £11. 

3 . 11 

5 5 

4. If — of«i imllon cost — £., what will be the value of 

-ofa^unofwine? ^n^. £140. 

5. How much in length that is 3)- inches broad wil 
make a square foot ? An$, 40 inches. 

11 

6. If, when flour is — £. per peck, the penny loaf weigh 

6-iV of an. ounce, what will it weigh when flour is ~£. per 
~>ok ? Axis, 5 oz. %\ dra. 
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7. If ^ of an £ng. ell cost Bf of a ahilling, what will be 
theyalueof|of3iofaFl.ell? ^^^ ^^ 

8. If, when the day is l'2f hours lon^, a house may be 
built in 174- days; in what time can it be built when the 
day is 13^ hours long ? Ans. 16H days. 

9. How much m breadth that is 17j- inches long will 
make a square foot ? Ans. S\ inches. 

10. Bought 3^ pieces o( cloth, each piece 24t Eng. ells 

7 
long, at --£. per ell FL, what is the value of the whole ? 

Atu.£IS,,B8. bid. 

11. If 24 men will reap a field when the day is Idi^ 
hours long, how many men will do the same when the day 
18 18 hours long? Ans, 18 men. 

12. How much in length that is 3^ yards wide will 
make a square pole ? Ans. 13i yards* 

3 
18. If 3f yards of cloth — yard wide will make a dress, 

how many yards 1^ yard wide will be sufficient for the 
purpose ? Ans. 2 yds. 1 qr« 

3 3 

14. A person, having -r of a coal mine, sells -- of his 

3 ^ 16 

share for -j of £288, what is the whole mine worth ? 

Ans. £1920. 

15. If— of --of 7i yards cost -- of — of a crown, 

7 9*'' 8 15 ' 

what wUl I of i- of 8 1 Eng. ells cost ? j^^^ ^ 

16. How much in width that is 64 yards long ifill make 
a w^uare pole? Ans* 4|^ yatds. 

17. A person completes a journey in 21-1 days at the 
rate of 3} miles per hour, in what time will he travel 

2 3 

--- of •-- of the same journey at the rate of bi miles per 

hour? Ans. 67 days. 
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18. Bi)Ught 3f pieces of silk, each 144- yards loi^, for 

8 2 

-^ of 100 moidoresyhow many Eng. ells can 1 buy for --- of 

5 
~ of 100 guineas? 

^ Arts. I8i Eng. ells« 

^ 19. A. can do a piece of work in 10 days and B. in 15 
days, in how many days will hoth do the same, working 
together ? Ans, 6 days. 

5 9 3 5 

20. Bought -^of — of a pipe of wine for ~'of-^of 

O 10 Q Q 5 a 

£120, what must I pay for -- c^ -^ of a tierce ? 

^ ^ Ans:£\S,,6s.Sd. 

21. A. did a piece of work by himself in 10 days, and 
with the assistance of B. in 6 days ; what part of the work 
was done by each? ^^. ^ ^^ « ^^ 3 2 ^ 

5 5 ' 

3 2 

22. A person after losing t- ^^^ estate, sold ~ of the 
remainder fbr -— of £500 ; what was the value of the whole 

5 

estate? J m. £12.75. 

23. A. can do a piece of work in 1 daya, B. in 12 days; 
and C. in 15 days ; in what time will they do it all working 
together ? Ans, 4 days. 

24. A. can do a piece of work in 10 days, and with the 
assistance of B. in 5-|V days ; and A. and B. with the assist- 
ance of C. can do the same in 4 days ; what part of the 

work was done by each in the four days ? 

2 1 4 

Am* A. did ~, B. — , and C. — . 

d 3 15 



DECIMAL FRACTIONS. 

1. A decimal fi'action is a fraction of which the integer 
is divided into ten equal parts or tenths, which tenths may 
be subdivided into tendis of tenths or hundredths, and 
these hundredths in like manner into tenths of hundredths 
or thousandths, &c. &c. &c. 

2. A decimal fraction is expressed by its numerator 
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only, written on the right hand of the place of units, from 

which it is separated by a point ( * ), and the denominator 

will be always the unit 1 with as many ciphers on the 

right hand, as there are places in the numerator. 

Thus, the decimal fraction three-tenths is expressed by 

the numerator 3, written in the first place to the right hand 

of the point ; as, *3, which is the place of tenths, and shows 

that the denominator consists of the unit 1 and one cipher 

3 
on the right hand ; hence, '3 = — . 

The decimal fraction four himdredths is expressed by 

the numerator 4, written in the second place to the right 

hand of the point ; as, *04, which is the place of hundredths, 

and shows that the denominator consists of the unit 1 and 

4 
two ciphers on the right hand; hence, '04 = -t^. 

And the decimal fraction five thousandths is expressed 
by the numerator 5, written in the third place to the right 
hand of the point; as, *0Q5, which is the place of thou- 
sandths, and shows that the denominator consists of the 
unit 1 and three ciphers on the right hand ; hence, *005 

~ 1000' 

3 4 

3. Henite, it is evident that '3 = -^, "04 a: rr;,, and 

5 10 100' 

•005 j= — —- : in each of which fractions, the denominator 

consists of the unit 1 with just as many ciphers on the 
right hand, as there are places in the numerator. 

4. Consifequently, the denominator of a decimal fhtction 
is not written ; for the numerator alone shows not only the 
number of parts contained in the fraction, but also, by the 
place in which it is written, the exact magnitude of each 
of these parts. 

5« Ciphers annexed to tho right hand of the numerator 
of a decimal fraction, make no alteration in its magnitude ; 
for they do not alter the situati^m of the figures with 
respect to the decimal point or place of units, by their dis- 
tance from which, their local values are determined* 

'DiU8» the decimals *5, *50, *&00) have all the same 
magnitude ; for in all the figure 5 is still in the first place 
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to the right hand of the decimal point: consequently, 

10 100 1000' 

6. But the placing of ciphers on the left hand of the 
numerator of a decimal fraction, by removing the figures 
farther from the decimal point or place of units towards 

the right hand, decreases their magnitude ten times for 

5 5 

crery cipher so placed: thus, . '5 = — , '05 = — -, and 

•005 = ——. 
1000 

7. When there are several figures in the numerator of a de- 
cimal fraction, each of them has a different local value, and 
consequently a different denominator; as in the decimal 

fraction ' 345, the 3 in the first place are —, the 4 in the 

4 d 

second place are -r— , and the 5 in the third place are 



100 ' " 1000' 

But these three fractions may be all regarded as one 

n . n 3 800 ,4 40 ^ . , , , , 

fraction : for — =: --— , and ----■ = r~-, which have both 
' 10 1000 100 1000' 5 

the same denominator as the fraction r— — ; conse- 

300 40 6 _ 300+40+5 845 __ 

^^^""y* 1000 + 1000 + loOO "" 1000 " 1000 "" " ^^^' 
which is one firaction, having the numerator 345, and the 
denominator 1000, in which there are just as many ciphers 
as there are places in the numerates. 

8. Hence, by taking all the figures in the numerator 
of a decimal fraction, and reading them as one number 
according to their several local values, as in numeration 
of whole numbers, the several parts of the decimal frac- 
tion are all made similar to those of the lowest rank. 

For the figure 3, when read in combination with the 
figures 4 and 5, will be 300, and the figure 4, in com- 
bination with the figure 5, will be 40 ; consequently each 
of them, when taken collectively, will be just as many 
times greater than when taken singly, as the denomi- 
nator of the lowest fraction is greater than its own 
denominator. 

Thus by the mere act of enumeration the several firac- 
Uons are reduced to equivalent fractions, all having one 
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6ommon denominator, a process which in vulgar fractions 
is comparatively tedious ; and in this facility of reduction 
to a common denominator, consists the principal advantage 
of decimal fractions. 

9. If we begin at any place above the place of uhitd, 
and continue the numeration table in a descending series 
to any place below it, we shall have a series of local values 
corresponding exactly to the severed denominators of. de- 
cimal fractions. 

^ 1000 100 10 

Thus, 1000, 100, 10, 1, -1, -01, 001, or—-,-—,—, 
1111 111 

-r> tzj TTjr^ i-rrr. Here we find that throughout the whole 
I'lO' 100' 1000 ^ 

series, both fractional and integral, ten in any lower place 

are equal to one in the next higher place. 

10. Hence it is evident, that all the decimal parts of the 
integer have to each other the same ratio as the several 
local Values in whole numbers ; and consequently that the 
several rules of addition, subtraction, multiplication, and 
division of decimal fractions, depend on the same prin- 
ciple, and may be performed in the same manner, as in 

whole numbers. 

* 

ADDITION. 

RULE. 

Place the quantities to be added, in such order, that 
all that have the same local value may be directly 
under each other, and proceed exactly as in addi- 
tion of whole numbers, separating the fractional 
from the integral part of their sum, by writing a 
decimal point between the place of tenths and the 
place of units. 

Ex.— To add the quantities *6Sb + 25-037 + -85 + 
3*25+ -0045. 

Here, placing the quantities as directed, we '685 
begin at the lowest place, writing under each ^.2?^ 
column, the units in its amoimt, and adding the 3.25 
tens as so many units to the quantities in the «0045 
next higher place; and finding the amount of ~29^8266 
the column of tenths to be 18, we write the 8- 
tenths under the column of tenths^ and add the 10*tenths 

G 3 
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M 1 unit to the units of the whole numbers, frdm which 
we sepamte the fractional part of the amount by writing 
the decimal point between the 8 in the place of the 
tenths and the 9 in the place of unitB, and obtain the 
true sum, 29*8265. 

EXAMPLES FOR PRACTICB. 

1. Add 2d8*5-^12-12& + 9'3456+ '05+ 0025 + 
1 00075. Ans, 276 • 02385, 

2. Add 17543-54 + 543-175 + 43-17543 + 3-756+ 
•00007+25-875. Ans. 18159-5215- 

3. Add •875+90875+8-00875+1234-525+ -00026 
+ 75864-34567. Am. 77116-84217. 

4. Add -012+ -00123+ •5678+250065 + 125-08765 
+ 1 756. Ans, 1906 * 6251 8. 

5. Add -123456 + 1*23456 + 12*3456 + 123-456 + 
1234-56+12345-6+128456. Aru. 137173-319616. 

6. Add 34567+ 3456-7+ 345*67+ 34-567+ S-4567 
+ - 34567. Ans, 38407 • 73937. 

SUBTRACTION. 

RULE. 

Place the smaller quantity under the greater, in the 
same order as in addition, and proceed exactly as 
in subtraction of whole numbers, separating the 
fractional from the integral part of the remainder, 
by writing a decimal point between the place ot 
. tenths and the place of units. 

Ex.— To subtract 1-785 from 25-0374. 

Here, beginning at the lowest place, and 25 •0374 
subtracting every figure in the lower line from ^'"^^^ 
that of the same local value in the upper, we 23*2524 
find a cipher in the place of tenths in the upper 
line; we therefore take one of the five units, and ex- 
pressing its value as 10 -tenths in that place, make the 
subtraction and get the remainder, 2 ; and separating the 
fractional from the integral part of the remainder, by 
writing the decimal point between the 2 in the place of 
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tttiths) and the 3 in the place of units, We obtain the true 
remainder, 23 * 2524. 

BXAMPLBS FOR PRACTICE. 

(1.) Frotti 12*5 take 5-7, and 123-456 - 75-98745. 

Ans. 6-8 and 47*46855. 

(2.) 957-999 - 578-125, and 25 665 -18 -76985. 

Ans. 379 '874 and 6-89515. 

(3.) 17 -1234- -789789, and 135-00075-5-000075. 

Ans. 16-333611 and 130-000675. 

(4.) 1- -876543211, and 1--012345679. 

Ans. -123456789 and '987654321. 

(5.) 345— -999345 and -000675— -00056789. 

Ans. 344*000655 and -00010711. 

(6.) 100 -001 -99 -999 and 1000—99-999999. 

Ans. -002 and 900-000001. 

MULTIPLICATION. 

1. Multiplication of decimal fractions is performed exactly 
ki the some manner as multiplication of whole numbers ; 
but as in decimal fractions the numerators only are written, 
the product thus obtained, will be the product of the 
numerators only. 

2. Consequently, that this product of the numerators 
may express the product of the fractions, it must be made 
to consist of as many decimal places as there would be 
ciphers in the product of the denominators if they had 
been actually multiplied together. 

3. Now, as the denominator of a decimal fraction is 
always the unit I with ciphers on its right hand, it is evi- 
dent that the product of the denominators, will always con- 
tain just as many ciphers as are contained in both the 
denominators. 

4. And as the numerator of a decimal fraction must 
always consist of as inany places as there are ciphers in its 
denominator, it is equally evident that the product of the 
numerators, will always consist of as many places as are 
contained in both the numerators. 
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5. Hence we have only to multiply tlie numerators of the 
decimal fraction as if they were whole numbers, and to 
mark off from the right hand of the product, as many 
places as are contained in the multiplicand and in the mul- 
tiplier together, and we shall obtain the true product of 
the fractions. 

Thus to multiply '7 by '5; 7 x 5 = 35, is the product 
of the numerators, and 10 x 10= 100, is the product of 
the denominators ^' and marking off two places from the 

right hand of the product of the numerators, 35, we have 

35 
•35 = -rrjT, the true product of the fractions. 

This may appear more clearly if we multiply the quan- 

7 
tities after the manner of vulgur fractions ; thus, * 7 r= -~, 

^ r ^ , 7 5 7 X 6 35 *» 

and • 5 = -r ; and — x — =- — — = -— = 85. 
10' 10 10 10x10 100 

Also to multiply '07 by '05 ; 7 x 5 = 35, the product 
of the numerators, and 100 x 100 = 10000, the product of 
the denominators ; consequently the product of the nume- 
rators mus»t consist of four places ; but as there are only 
two figures in this product, we add two ciphers to the left 

35 
hand, and thus obtain '0035 =: -jr^^^y the true product of 

the fractions. 

For '07 =r — — , and '05 = -— -, and --- x --^ 
100' 100 ' 100 100 

y X 5 _ 35 _ 
" 100 xlOO ^ 10000 -^ '^"3^5 
It 18 evident that if the figures 35 were written imme- 

35 
diately af\er the point, they would express , which is 

] 00 times greater than the true product ; but by placing 
two ciphers on the lefl hand, they are removed two places 

farther to the right hand, and thus made 100 times less, 

35 
and consequently express - --, which is the true pro- 
duct. 

6. If the quantities to be multiplied are partly integral 
and partly fractional, as in the mixed number 7*25, we 
multiply exactly in the same manner as before without 
regarding the decimal point, and marking off from the right 
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hand of the product, as' many decimal places as are con* 
tamed both in the multiplicand and in the multiplier 
together, we obtain the true value of the fractional part, 
and also separate it from the integral part of the product. 

Thus to multiply 7*25 by 3-5 :— 
Here, multiplying exactly as in whole numbers, 7'25 

we obtain the product 25375; which contains the ?2 

product of the whole numbers, and also of the 3625 
fractions indiscriminately mixed ; but by marking _?1Z^ 
off from the right hand three places of decimals, 25*375 
the number contained in the multiplicand and mul- ' 
tiplier together, we get the true product 25*375 = 25 units 
and 375 thousandths. Hence the 

RULE. 

1. Place the multiplier under the multiplicand in the 
same order, and proceed exactly as in multiplication 
of whole numbers, without regarding either the 
decimal point or the particular local value of the 
quantities. 

2. Mark off from the right hand of the product as 
many places of decimals as are equal to the number 
contained both in the multiplicand and in the mul- 
tiplier. 

3. If there be not so many figures in the product as 
the number of places to be marked off, place on the 
left hand of thie product as many ciphers as will 
supply the deficiency. 

EXAMPLBB FOR PRACTICE. 

Find the products of the following quantities : — 

(1). • 2345 X -0025; •123x -00005; and 23*35x7 -36. 
Am. -00058265, -00000615, and 171-856. 

(-2). 5763 X -0075 ; 120075 x 9 -345 ; and 785 x 23456. 
Ans. 42-5475, 112-2100875, and 18-41296. 

<3). -17505X325; 1 23*999 x 25-6; and 31 5-45 x 666. 
Ans. 56-89125, 3174-3744, and 210 0897. 

(4). 19-0007 X 3005; and -00700125 x -009005. 

Am, 57-0971035, and -00006304625625. 
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(5). 128*456789 x -45; and '5676 x -08765. 

Am. 55*55555505, and -04976767. 

(6). 5-00012305 X 125; and -0000075 x 1*025. 

Ans. 62501538125, and -0000076875. 

DIVISION. 

L Divis&on of decimal fractions is performed exactly in 
the same manner as division of whole numbers ; but as in 
decimal fractions the numerators only are written, the quo- 
tient thus found will be the quotient of the numerators 
only. 

2. Consequently, that this quotient of the numerators 
may express the true quotient of the fractions, it must be 
made to consist of so many decimal places only, as there 
would be ciphers in the quotient of the denominators, if 
they had been actually divided. 

3. Now as the denominator of a decimal fraction is 
always the unit 1 with ciphers on the right hand, it is evi- 
dent that the quotient of the denominators will contain only 
as many ciphers as the denominator of the dividend has 
more than the denominator of the divisor. 

4. And as the numerator of a decimal fraction must 
always consist of as many decimal places as there are 
ciphers in its denominator, it is equally evident that the 
quotient of the numerators must always consist of as many 
decimal places only, as the numerator of the dividend has 
more than the numerator of the divisor. 

5. Hence we have only to divide the numerator of the 
dividend by the numerator of the divisor exactly as if they 
were whole numbers, and mark off in the quotient just as 
many decimal places as the dividend has more than the 
divisor, and we shall obtain the true quotient of the frac- 
tions. 

Thus, to divide '15875 by '05 ; here 1 5875 -?- 5 = 3175. 
is the quotient of the numerators, and 100000 -f- 100 = 
1000, is the quotient of the denominators ; and as in this 
quotient there are three ciphers, We mark off three decimal 
places in the quotient of the numerators 3175, and obtain 
3* 175 the true quotient of the fractions. 

Here it maybe observed, that in the quotient 3*175 



thef^ Ate ju6t as many deeiniAl )]IEvee^ £ia the^e are ciphers 
in it$ denominator 1000, sead ateo juist as many decimal 
places as the dividend * 15876 fassinore tlian the divifior 
'05. . . 

That this is the true quotient of the fractions, wiil be 
more evident if we divide these quantities in the manner 

15875 5 

efvttlgai" fractions; thfts • 15875 £= — rrrr, and '05 = - — ; 

^ 15875 a 3175 ^^^^^^^ ^^ 

*^^ ,^^^n -7" -r::^ = T:nr- = 3*175, the same quotient as 
100000 • 100 1000 ^ 

before. 

6. If there are not so many decimal places in the divi- 
dend as diere are in the divisor, ciphers may be annexed to 
the right hand of the dividend without making any alteration 
hi its magnitude, till the number of places is at least equal 
to the ftumber in the divisor ; for we have shown that 

5 50 

• 5| '50^ '500; aUe all equal quantities, fiwr '5 :;= — = t^ 
500 1^ 100 

ss , &Cm &£. 

1000 • 

Thus to divide '75 by '0005; here '75 = '7500, and 
7500 -1- 5 = 1500, the quotient of the numerators ; and as 
the dividend has just as many decimal places as the divisor, 
we mark off no decimal places in the quotient of the nume- 
rators 1500, which is d^refore a Whole number and the 

true quotient of the fractions : for -7500 -r '0005 = -rrrv- 
5 1500 10000 

-10000=— =1^^^' 

7. If a whole number be divided by a decimal fraction, 
it is evident from the definition of division (see p. 29} that 
the quotient will be just as many times greater than the 
dividend as the divisor is le&s than a unit. 

8. Consequently, if without annexing ciphers to the 
dividend with a decimal point, we obtain the quotient 
exactly without a remainder, we must, to get the true 
quotient, annex to the right hand of the quotient thus 
found, just as many ciphers as there are decimal places in 
the divisor. 

Thus, to divide the whole number, 75, by the decimal 

75 1 76 1000 

fraction '001 ; here 75-i- '001 =: -- ^ — — = — x --- =s 
75000 1 *000 I 1 

— - — =; 75000 the true quotient, which consists of the 
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original dividend, 75, with three ciphers on the right hand, 
or just as many ciphers as there are decimal places in the 
divisor * 001, and is consequently 1000 times as great as 
the dividend, 75, or just as many times greater as the divi- 
sor is less than a unit. 

9. When there are not so many figures in the quotient 
of the numerators as there should be decimal places in the 
quotient of the fractions, we must place as many ciphers 
on the left hand of the figures in the quotient as will 
make up the requisite number, before we write the de- 
cimal point. 

Thus, to divide -00375 by '75. Here, 375-2-75=5, 
the quotient of the numerators; but as the dividend, 

* 00375, has three decimal places more than the divisor, 

* 75, there must be three decimal places in the quotient, 5. 
Therefore, to make up that number, we place two ciphers 
on the left hand of the figure 5, and obtain *005, the true 

375 

quotient of the fi*actions; for '00375 -j-' 75 = — rr J- 

75 5 lOOOOO 

-rrTT = r;:::;: = '005. Hence the 
100 1000 

RULE. 

1. Place the dividend and divisor, and proceed ex- 
actly as in division of whole numbers, not regarding 
the decimal point during the division ; and mark 
off firom the right hand of the quotient, just as many 
decimal places as the dividend has more than the 
divisor. 

2. If there are not so many decimal places, or so 
many figures in the dividend as there are in the 
divisor, annex as many ciphers to the right hand 
as may be requisite, writing a decimal point if there 
be none already in the dividend. 

3. If, after all the figures or places in the dividend 
have been divided, there be a remainder, more 
ciphers may be annexed, and the division continued 

. to any extent. 

4. If there are not so many figures in the quotient 
as may be sufficient to mark off the requisite 

' number of decimal places, place as many ciphers 
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on the left hand of it as will make up the requisite 
number, before you write the decimal point. 

Note. — In marking off the decimal places in the quo- 
tient, every cipher that has been used must be counted as 
a decimal place in the dividend ; and every cipher that 
has not been used must be cancelled. 

Ex. 1.— To divide 4 -1875 by 1-25. 

Here, dividing exactly as in division 1 '25 ) 4*1875 ( 3»35 

of whole numbers, we get the quotient, ^^^ 

885 ; and as there are in the dividend, 437 

4 • 1875, two decimal places more than 375 

in the divisor, 1 * 25, we mark off two 625 

decimal places from the right hand of 625 
the quotient, 335, and obtain 3*35, 
the true quotient. 

Ex. 2.— To divide 352-5 by 46-875. 

Here, annexing two ciphers to 46-875) 352-500 (7-52 
the right hand of the dividend, to 328125^ 

make the number of decimal places 243750 

equal to the number in the divisor, 284375 

we get the quotient, 7 ; but as there 93750 

is a remainder, 24375, we annex 93750 

another cipher, and, continuing the "^ 

division, get the quotient, 5; and as we have still a 
remainder, 9875, we annex another, and get the quotient, 
2, making the whole quotient 752, from which, counting all 
the ciphers used, we mark off two decimal places, and get 
7*52, the true quotient. 

Ex. 3— To divide 4*84875 by 387-5. 

Here, dividing exactly as in divi- 387-5 ) 4 84375 ( -0125 
sion of whole numbers, we get the 3 875 

quotient, 125 ; and as there are five 9687 

decimal places in the dividend, and ^750 

only one in the divisor, there must 19375 

be four decimal places in the quo- 19375 

tient ; but as there are only three 

figures in the quotient, 125, we place a cipher on the lefl 
hand of the quotient, 125, to make up the requisite num- 
ber, and obtain -0125, the true quotient. 
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EXA.MPLKS FOR PRACTICB. 

Find the quotients of the following fhuctkmd :— 
(L) 234 -70525 4- 64* 85, aad * 34 5678 h- -002. 

^i|«. 8*688 and 172*839. 
(2.) • 1886 -5- -25, and -75445 -^ •00iS25. 

Am, -7544 and 120-712. 

(8.) 225 -^ -00025, Und -0025 4- '0000025. 

Am. 900000 and 1000. 

(4.) 675 -rr -00027, and -00027 ^ 675. 

An$. 2500000 and -0000004. 

(5.) 1-000875 4- -125, and 125-4375 4- -75. 

Am. 8-007 and 167-25. 

(6.) 0004375 ^- 85, and 35 -^ -0004735. 

Ans. -0000125 and 80000. 

REDUCTION. 

1. Reduction of Decimals is either the radudng of a 
vulgar fraction to an equivalent decimal fraction ; or the 
reducing of a whole number of a lower denomination, to 
an equivalent decimal fraction of a higher integer. 

2. But this last is precisely the same thing ; for every 

whole number of a lower denomination, is a vulgar frac- 

3 
tion of the next higher integer ; as 3 &rth1ngs are -- oT 

a penny ; 5 pence r^ of a shilling ; and 7 shillings — 

of a £. 

PROBLElif I. 

To reduce a vulgar fraction to an equivalent decimal 
fraction. 

1. As the denominator of every decimal fraction con- 
sists of the unit 1, with ciphers on the right hand, it is 
evident that if we multiply both terms of the vulgar 
fraction by such a number as will make its denominator 
either 10, or 100, or 1000, &c., we shall have the equiva- 
lent decimal fraction required. 

13 5 

Thus, to reduce the vulgar fractions -— , --> *"*d -^ ^ 
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equivalent decimal fractions : — = - — = — = • 5 ; — 
_ 3 X 25 _ 73 _ ^_*^^^_*25_ 

~4X25- 100 - '^^» *""* T-8XT25-T00d^'^^^* 
which are respectively the equivalent decimal fractions 
required. 

' 2. But 10, or 100, or 1000, &c., may not always be an 
exact multiple of the denominator of the given vulgar 
fraction, and consequently this method will not always 
apply ; but as the numerators and denominators of equal 
fhuztions are always proportional quantities, the numerator 
of the decimal iractiou may be always found by proportion 
in the given ratio of the denominators. 

Thus, to reduce the same vulccar fractions - , — , and 
5 ' ** 2' 4' 

-— , to equivalent decimal fractions, we have in the first 

° 1 

fraction, -^, the given ratio of the denominators, 2 : 10 ; 

hence 2 : 10 : : 1 : 5, th^ numerator of the equivalent de- 
cimal fraction, — = • 5. 

10 3 

In the second fraction, -r, we have the t&tio of the deno-^ 

4 

minators, 4 : 100 ; hence 4 : 100 : : 3 : 75, the numerator of 

76 
the equivalent decimal fraction, -— - = •75. ^ 

And in the third fraction, — , we have the ratio of the 

o 

denominators, 8 : 1000 ; hence 8 : 1000 : : 5 : 625, the nu- 
merator of the equivalent decimal fraction, —r :si *625. 
Hence the 

Annex tHth a decimal point as many ciphers as may 
be requisite, to the right hand of the numerator of 
the given vulgar fraction ; and divide by its deno- 
minator, and the quotient will be the equivalent 
decimal fraction required. 

Ex, — To reduce the vulgar fraction, -— - to an equiva- 
valcnt decimal fraction. 
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Here, annexing three ciphers to the 125 ) 6*000 ( •04$ 

right liond of the numerator, 6, and ^^ 

dividing by the denominator, 125, we 1000 

get the quotient, 48 ; to which, prefixing 10^ 
a cipher on the left hand to mark off 
the requi^te number of decimal places, we obtain ' 048^ 

the required decimal fraction, equal to the given vulgar 

fraction, -r;.—* 

5 
Ex. 2. — To reduce ^ to an equivalent decimal frac- 
tion. ^ 

Here, placing two ciphers on the right 36 ) 5*00 ( -138 
hand of the numerator, 5, and dividing ^^ 

by the denominator, 86, we get the quo- 140 

tient, 13; but as we have the remainder, 108 

32, we annex another cipher, and, con- 3.0 

tinuing the division, get the quotient, 8, 288 

making the whole quotient 138, with the "32* 

remainder 32. 

But as this remainder, 82, is the same as the preceding 
remainder, to whatever extent the division may be con-> 

tinned, the same remainder will perpetually recur; and 

32 8 
its value, — = —, must be added to the figures, 138, 

06 9 Q 

making the entire quotient * 188— , which is not a decimal 
fraction. 

Hence it b evident that the magnitude of the vulgar 

6 
fracticm, --, cannot be expressed by a decimal fraction ; 

for the decimal, '138, wants — of another thousanddi 

' ' 9 

part; and if, by continuing the division, we get*^ the 

8 
quotient, * 138888, this last decimal woul€ want -^ of 

another millionth part to express the true magnitude of 

the vulgar firaction, --. 

When the same figure, as in this instance, or the same 
series of figures, as in other instances, perpetually recurs, 
these quantities are called repeating or circulating de- 
cimals ; and they are expressed by writing a point over 
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the recurring figure, as 8, or over the first and last figures 
of the recurring series, as * 1-25. 

A due investigation of this subject belongs rather to 
algebra than to arithmetic ; therefore, when such repeating 
or circulating decimals occur, it will be necessary in all cases 
in which perfect accuracy is required, to substitute vulgar 
firactions in place of these quantities, which are only 
approximations. 

EXAMPLES FOR PRACTICE. 

11 3 

1. Reduce the vulgar fractions, — , — , and — , to equi^ 

valent decimal fractions. Ans. *5, *25, and '75. 

3 4 7 

2. Reduce -—, --, and --, to equivalent decimal frac- 
tions. ^ 2^ *® ^w«. -375, -16, and -4375. 

_ 5 676 

3. Reduce -- and — —- to equivalent decimal fractions. 

i« 3U72 - • _ 

Am, -416 and '1875. 

4. Reduce ~~ and -— - to equivalent decimal frac- 
tions. *®^ '25 ^^^ . ^Q^2b and ' 128. 

6 IS 

5. Reduce ■— — and --— - to equivalent decimal frac- 

384 1536 ^ 

tions. Ans. '015625 and -01171875. 

48 84 

6. Reduce — — and -~- to equivalent decimal frac- 
tions. ^^ ®^® Ans. '0625 and • 09375, 

7 747 

7. Reduce --— and — — - to equivalent decimal frac* 

tions. ^^^* ^^Ans. -00390625 and •778125, 

8- Reduce — of rr, and --- of — of — to decimal frac- 

12 11 8 12 AW . , 

tions. Ans. -30 and '22» 

9. Reduce -—- and —--— of 15 to decimal fractions. 

^ ®'^" Ans. -472 and -001875. 

10.Reduce^ofi^of^,and^ofIofliof2ito 
decimal fractions. Ans. '168 and *305 
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PROBLEM II. 

To reduce a quantity consisting of several denomina- 
tions, to an equivalent decimal fraction of £he highest 
integer. 

1. Every whole number of a lower denomination, n» 
we have already shown, is a vulgar fraction of the nest 
higher integer ; and if there be several denominations ia 
the given quantity, they may be all included in one vulgar 
fraction. 

For if we reduce the given quantity into its lowest de- 
nomination, we shall have the numerator ; and the number 
of this lowest denomination contained in a ^ unit of the 
required integer^ yf\U be the denon^iAator pf a vulgar 
fraction equivalent to the whole of the given quantity. 

Thus, to reduce 15^* 6|rf. to the decimal fraction of a 
£. ; we shall have 15j. 6id. = 747 ferthings, the nume- 
rator ; and 960, the number of farthings contained in a £. 

747 
the denominator of the vulgar fraction — -- = 158. 6id, 

^ 960 * 

Consequently, we have only ^ reduce this vulgar frac- 

747 
tion, ;-— , to an equivalent decimal fraction by Problem 1, 

960 747 

and we shall have -— == •778125, the equivalent decimal 

960 

fraction required. 

2. But if we write the several whole numbers in the 
given quantity under each other, and, beginniog with 
die lowest denominatio]!, divide each of them successively 
by such a number as will make a unit of the next higher 
denomination, placing the quotient on the right hand of 
the next higher whcde number, the quotient of the last will 
be the decimal fraction required. 

Thus, to reduce 1 bs, 6t€2. to the decimal fraction of a £. 

Here placing the 6 pence under the 3 4)3 
farthings, and the 15 shillings under the 12) 6*75 
6 pence, we divide the farthings by 4, 20 ) 16* m^ 
and place the quotient, 75, on the right 1e^78i25 

hand of the 6 pence ; and dividing the 
d p^ence and * 75, or 6 * 75 by 12^ we have the quotient, 5425, 
which we place on the right hand of the 1 5 shillings ; and 
iJastly, dividing 15 * 5625 shillings by 20, we get the quotient, 
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'778125, which Is the decimal fraction of the required 
integer, a £. 

This is evidently nothing more than reduction of whole 
numbers ; for as 4 farthings make 1 penny, 4-tenths of a 
farthing must make 1 -tenth of a penny ; and as 12 pence 
make 1 shilling, so 12-tenths of a penny must make l-terith 
of a shilling, &c. Hence the 

1. Reduce the given quantity into its lowest denomi- 
nation, and annexing ciphers, divide by the number 
eontaiiied in a unit of the required integer, and the 
quotient will be the equivalent decimal fraction, or, 

2. Write the several whole numbers in the given 
quantity under each other, beginning with the 
lowest denomination; and divide each of them 
successively by sudi a number as will make a 
unit- of the next higher denomination, placing ea^ 
quotient on the right hand of the next higher 
whole number, with a decimal point before it; and 
the last quotient will be the decimal fraction re- 
quired. 

EXAMPLES FOR PRACTICE. 

1. Reduce I7s, and 17 s. 6(2. to equivalent decimal 
fractions of a £. Ans, 'SSf., and •875£. 

2. Reduce 4f. &id. and 3^. lO^d. to decimal fraction? 
of a crown, ^it^. »fl25 cr., and '775 cr, 

3. Reduce 2 qrs. 14 lb. and 9qrs. 21 lb. to the decimal 
of a cwt. Ans. -625 cwt., and "9375 cwt. 

4. Reduce 1 yd. 1 qr, I na* and 4 qrs, 2 ua. to the de- 
cimal of a French ell. Am. * 875 Fr. dl, wd • 75 Fr. eU. 

5. Reduce 3 for. 3& po. 22 yds. to the decimal of a 
nwle. Ans. '485625. 

6. Reduce 9 oz. 15 dwt. 18 grs. to the decimal of a lb. 
troy. Ans, -815625. 

7. Reduce 36 ga|. 3 qt- 1 pt. to the decimal of a bhd. 

Ans. '585317 bhd. 

S. Reduce 21 dyi 18 hrs. to i^e decimal of a month. 

Ans, '725. 



144 REDUCTION. 

2 

9. Reduce — of a guinea to the decimal of a moidore. 

Arts, ' 103703 moid. 

10. Reduce 3 ro. 14 po. to die decimal of an acre. 

Ans. '8375. 

2 5 

11. Reduce -r- of — of 7 s. 6rf. to the decimal of a £. 

^ * Ans. • 15625 £. 

12. Reduce 12 hrs. 30 min. SO sec. to the decimal of a 
week. Ans. '074454365 we. 

PROBLEM III. 

To find the integral value of a decimal fraction in the 
several inferior denominations of its integer. 

1. As fractions vary inversely as their integers, it is 
evident that in reducing the given decimal into its inferior 
denominations, the fraction will be made as many times 
greater as its integer is made less; and consequently in 
each of them will become an improper fraction. 

We have, therefore, only to reduce these improper frac- 
tions into whole or mixed numbers, by marking off in each 
product the right number of decimal places, and we shall 
obtain the integral value of the given decimal fraction of 
all the inferior denominations of its integer. 

Thus, to find the integral value of the decimal fraction 
•778125J5. 

Here, reducing the parts of a £. into •778125£. 

parts of a shilling, we get the product 20 

15562500 parts of a shilling, from which, «. 15 •562500 
marking off 6 places of decimals, we get ]2 

the integral value, 15*. 2nd. Reducing . — 6 •750000 
the remaining decimal, *562500, into pence, * ^ 

we get the product, 6750000 parts of a 

penny, from which, marking off 6 places •'• 3*000000 
of decimals, we get the integral value, 6 pence ; and lastly, 
reducing the remaining decimal, * 75000, into farthings we 
get the product, 3000000 parts of a farthing ; from which, 
marking off 6 places, we get the integral value, 3 farthings, 
leaving no remainder ; and these together give 15^. 6^2., 
the whole integral value of the decimal fraction * 778125. 

Note. — All the ciphers on the right hand of the several 
products might have been cancelled, as they occurred, 
without making any alteration in their value* 
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RULB. 



Reduce the given decimal fraction successively into 
all the inferior denominations of its integer, and 
mark off in each of the products the proper number 
of decimal places. 



EXAMPLES FOR PRACTICE. 

1 . Find the integral values of * 875£. and * 37 of a crown. 

Ans, lis. M. and Is, lOd, 

2. Find the integral values of *425 guinea, and *8785 
moidore. Ans, Ss> llnHr^^^., and lOs. 2id, 

3. Find the value of '76 cwt. and '125 ton. 

Ans. 3 qrs. 1 lb. I oz. 14 drs., and 2 cwt 2 qrs. 

4. Find the value of *9875 English ell and 'STd of a 
French ell. Ans, 4 qrs. 3 na. and 2 qrs. 1 na. 

5. Find the value of '7895 mile. 

, Ans. 6 fur. 12 po. 3 yd. 1 fit. 6 in. 2 tar. 

6. Find the value of * 3657 of an acre* 

Ans, I r. 18 po. 15 yd. 4 fl. 56 in. 

7. Find the value of '3785 of 12^. 6d. 

Ans, 4s, 8|rf.To. 

8. Find the value of • 078654 of a year. 

Ans. 28 da. 17 ho. mi. 32 sec. 

9. Find the value of * 12345 of a deg^ree in geographical 
and in stat. miles. Ans, 7iV geo. mi., and 8^^ stat. mi. 

10. Find the value of *7985 of a lb. troy. 

Ans. 9 oz. 11 dwt 15 grs. 

PROPORTION. 

Proportion in decimals is precisely the same as in whole 
numbers, except that when the terms consist of several 
denominations, instead of reducing them into their lowest 
denomination, we reduce them to decimal fractions of their 
highest integer. 
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Ex. — If 2 qrs. 14 lb. of sugar cost £l ,, 17$, 6(i., what 
must be paid for 1 cwt. 3 qrs. 21 lb. ?. 

28)14 28)21 12) 6 

4) 2-5 4) 3-75 20)17-5 ^ 

G. R. 8iigar"^5 : ^9375 : : T^&75 .: 5«8125 = £6„ 16*. 3^1. 

1»875 20 



96375 ^ U'25ff0 
135625 12 

155000 ^ -- 

19375 A 3-<HI 



>625)3-6328l25(5-8125 
3125 



5078 
5000 



781 
625 

1562 
1250 

3125 
3125 



Here, instead of reducing the 2 qrs. 14 lb. of the first term 
into pounds, we reduce them to the decimal fraction of a 
cwt. = '625 ; also the 3 qrs. 21 lb. of the second term into 
the decimal of a cwt. = * 9375 ; and in the third term we 
reduce the 17^. and 6d. to the decimal of a £. r= *875. 
No further rule is necessary. 

Examples for Pr/lctice. 

1. If 3 qrs. 3 na: of cloth cost 2^. 6(1^ what will 15 
English ells 3 qrs..cost at the same rate? 

Ans. £2„l2s. 

2. If 1 lb. 12 oz. of tea cost 8^. 9(2., what will be the 
value of 3 cwt. 2 qrs. 14 lb. ? Ans, £l01 „ IOj. 

3. If when wheat is 6*. 3d. per bushel, the penny loaf 
weighs 8 oz. 7 drs., what will it, weigh when wheat is 
7s, 6d, per bushel ? Am, 7 oz. OJ drs. 

4. If 1^ ounces of silver cost 8^. 3d, what will be the 
price of a tankard weighing 20 oz.l^ dwt. 18 grs. ? 

Ans. £5 „ \4$. SfcL t^ • 
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5. What will be the yalue of a pack of wool weighing 

2 cwt. 3 qrs. 21 lb., at £l „ 3*. 6d. per tod ? 

Ans. £27 „ 12«. 3d, 

6. What will the tax upon £365 „ 17;. 6d, amount to, 
at 29. 4^. in the £. ? Ans. £43 „ 8;. Hid. 

7. If when the days are I2j hours lon^, a field of 24 ac. 

3 ro. 39 po. can be reaped, how much can be done by the 
same men in the same number of days when they are 
15 ho. 48 mi. long? 

Am. 31 ac. 2 ro. 14 po. 22 yds. 2 ft. 

8. If 3 qrs. 21 lb. of raisins cost 1 guinea, what must 
be paid for 3 casks, each weighing 1 cwt. 3 qrs. 14 lb. ? 

Ans. £6„6*. 

9. An estate of £3500 is assessed at 2s, 9id. in the £. 

4 

upon — of the rental, what will the rate produce ? 

Ans. £393 „ 15;. 

10. What is the value of 3 cwt. 2 qrs. 17 J lb. of lead, 
at £25 „ 12*. 6d, per fother of 19i cwt. ? 

Ans. £4 „ 16;. Id. and ^ fa. 

11. How many hhds. of brandy, at £80 ,, 17«. 6d. per 
hhd., can I have in exchange for 3| pipes of wine, at 
£121 „ 6;. 3d. per pipe? . A/ns. 5-r hhds. 

12. If 51 f Flem. ells coMt 5^ guineas, what must be 
paid for 62^ English ells? Ans. £11 „ 11;. 

DUODECIMALS. 

1. Duodecimals are fractions of which the integer is 
divided into twelve equal parts or twelfths, and these 
twelfths in like manner are subdivided into twelfths of 
twelfths, &c. They are used by various artificers to 
ascertain the superficial contents of their work, which is 
valued by the square foot, square yard, or square rod, 
according to the nature of the work, or the particular 
custom of the trade. 

2. The quantity of the work is measured by yards, 
feet, and inches of length, and also of breadth )- and these 
dimensions being multiplied together, give the number of 

H 2 
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square yards, square feet, square inches, &c., contained in 
the surface or superficial content. 

3. The subdivisions of the inch do not take their name 
from their denominators, but from their relation to the 
inte^r, as first, second, or third subdivisions. Thus, the 
parts of an inch are called primes; parts of a prime, 
seconds ; and the parts of a second, thirds ; marked re- 
spectively (')> C')i ('")» as in the following 

TABLE. 

12 thirds (''0 • • • ^ second or 144 square thirds* . 1 square second. 

12 seconds (Jf) • . 1 prime or 144 square seconds 1 square prime. 

12 primes (0 • • * • ^ inch or 144 square primes . 1 square inch. 

12 inches ...... 1 foot or 144 square inches . 1 square foot. 

3 feet 1 yard or 9 square feet . . • 1 square yard. 

l»f-'- i\l^4V 100 «!-« feet ...{' X^"" "' 

4. Glaziers and masons generally charge for their flat 
work by the square foot; painters, plasterers, and pa- 
viers by the square yard ; carpenters for partitioning 
and flooring, and slaters and tilers for roofing, by the 
sqiiare yard ; and bricklayers by the square rod, allowing 
only one brick and a half in thickness, to which standard 
their work must be reduced before it is valued. 

5. In duodecimals, the only thing requiring notice is 
the method of ascertaining the superficial content, by 
multiplying together or squaring the dimensions of length 
and breadth by what is called ^' Cross Multiplication," 
according to the following 

RULE. 

1. Place the dimensions of length and breadth in 
such order that those which are of the same deno* 
mination may stand under each other-*-feet under 
feet, inches under inches, primes under primes, &c. 

2. Multiply the several denominations of the mul- 
tiplicand, beginning with the lowest, by the highest 
denomination of die multiplier, carrying always 
to the product of the next higher as many units 
as there ar^ twelves in the product of itk^ d^ 
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nomination multiplied, under which write the 
remainder. 

3. In the same manner, multiply the several deno- 
minations of the multiplicand by the next lower 
denomination, and successively by all the inferior 
denominations of the multiplier, observing to place 
the . lowest product in every succeeding line one 
place to the right hand of the lowest product in 
the preceding line ; or as many places to the right 
hand of it as the multiplier you are using, is distant 
from the preceding multiplier. 

4. Continue this process till the whole of the mul- 
tiplier has been used, and the several lines of 
products, added together, will be the whole product 
or superficial content required. 

Ex. — To multiply 16 feet, 7 inches, 9 primes, by 5 feet, 
6 inches, primes, 7 seconds. 

Here, placing the several deno- 
minations of the multiplier under 
those of the same name in the mul- 
tiplicand, and first multiplying the 
9 primes in the multiplicand, by 
the 5 feet in the multiplier, we get 
the product, 45, in which are 3 gj 7 J 2 6 3^ 
twelves, and the remainder, 9. We 
therefore write 9 under the primes in the multiplicand, 
and add the 3 twelves as 3 units to the product of the 
inches, and so on throughout, in the second line, mul- 
tiplying the 9 primes of the multiplicand by the 6 inches 
in the multiplier, we get the product, 54, in which are 
4 twelves, and the remainder, 6 ; but as the multiplier in 
this product is one place to the right hand of the former 
multiplier, 5, we write the remainder, 6, one place to the 
right hand of the lowest product in the line above. In 
the third line, we multiply the 9 primes in the multiplicand 
by the 7 fourths of the multiplier, and obtain the product, 
63, in which are 5 twelves, and the remainder, 3 ; but as 
the multiplier, 7, is two places to the right of the preceding 
multiplier, 6, we place the remainder, 3, two places to the 
right hand of the lowest product in the line above. And, 
lastly, adding together the several lines of products, we 
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get the whole product, or superficial content, of the dimen- 
sions of length and breadth. 

That these several products are justly arranged according 
to their true values, may be thus demonstrated : for as 
a foot is here the integer, in multiplying the 9 primes 

by the 5 feet, we have 9 primes =r — of a foot, and 

5 feet =r — ft. Hence rr: X -r- = "77 of a foot ; but 

1 144 1 144 

45 36 X 9 ,36 3 ^ . , , 9 

rrrr = • ,.. > and —-— = -- ft. = 3 inches ; also, -—-• 
144 144 144 12 144 

teet =: 9 primes : consequently the 9 primes are properly 

written in the place of primes, and the 3 inches added to 

the product of the inches. 

9 

Also, in the secobd line we have the 9 primes = -— — of 

144 

6 9 

a foot, multiplied by 6 inches = — ft. Hence -— X 

12 144 

6 <^4 - _ ^ - ^ 54 48 + 6 ,48 4 ^ 

— = of a TOot« but = , and n — ft. 

12 1728 ' g 1728 1728 ' 1728 144 

= 4 primes ; also, — — = 6 seconds, which are, properly 

written, one place to the right hand of the primes in the 
line above, in which places they have respectively their 
true value, and the same reasoning will apply to all the 
other products. 

EXAMPLES FOR PRACTICE. 

Multiply the following dimensions of length, and breadtb, 
and find the superficial contents : — 

(1.) 9 ft. 5 in. X 6 ft. 7 in. Am, 61 ft. 11 in. 11'. 

(2,) 16 ft. 5 in. S' X 7 ft 5 in. 8'. 

Am, 122 ft. 9 in, 10' 9". 
(3.) 15 ft. 7 in. 5' X 3 ft. in. 9'. 

Jrw. 47 ft. 9 in. 11' 6'' 9^'. 
(4.) 11 in. 8' 9'' X 9 in. 76". 

^n*. 9 ft. 4 in. Icy 8" 7'" 6"". 
(5.) 35 ft, 6 in. 3' x 12 ft. in. 5'. 

Am. 47 yds. 4 ft. 5 in. 9^ 7" 3^. 
(6.) 17ft. in. 6' X 5ft. Din. 7'. 

-4nx. 86fl;.0in. 5'3"6'". 
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7. What will the paving of an area, 88 ft. 9 in. long^ 
and 48 ft. 11 in. broad, cost at 7 Id. per square yard ? 

Ans. £15 „ Us. 6Jrf. ^t^. 

8. What must be paid for the ceiling of a room, 72 ft. 
9 in. in length, and 24 ft. 3 in. in breadth, at 3s. lOd. per 
square yard ? Ans, £41 „ 16^. 7-^ 

9. What will be the cost of a marble slab, 11 ft. 2 in. 
long, and 3ft. 8 in. wide, at 7^. 6d, per foot square? 

Ans. £15 „15f. .5c?. 

10. What will be the cost of wainscoting a room, 24 ft. 

9 in. long> and 19ft. 6 in. wide, at J3«. 4d* per yard 
square ? Ans. £35 „ 1 bs. 

11. What must be paid for th^ slating of a house, 
64 ft.. 6 in. long, 32 ft. Sin. broad on the flat, the roof 
being of a true pitch, or each slant | of the breadth, and the 
eave-board projecting 18 in. on each side, at £l „ 13;. 4d. 
per square of 100 feet ? Ans. £55 „ IS^. 

12. What must be paid for the building of a garden 
wall, 130 yards long, 6 teet high, and 2| bricks thick, at 

10 guineas per square rod ? Ans. £l50 „ Ss. 3iVt^* 

13. What will be the expense of flooring a room which 
is 75 ft. 9 in. long, and 35 ft. 8 in. wide, at 16^^ Sd. per 
square ? . Ansi £22 „ 10*. S^d. 

14. What must be paid for glazing three tiers of 
windows, haying 3 windows in each tier, the windows in 
the first tier 1 2 ft. 6 in. ; in the decond, 9 ft. 4 in. ; and 
the third, 6. ft. 2 in. in height; and the common width of 
all 4 ft. 6 in., at 1 bd. per square foot ? Ans. £28 „ 12£. 6d. 

15. The walls of a rectangular hall, 120 ft. long, 47 ft. 
9 in. wide, and 25 ft.- 6 in. high, are to be stuccoed at 
\bd. per square yard, the ceiling to be plastered at 10^^., 
and afterwards painted in device at 25. 6d. pel* dqua,re 
yard, and a skirting-board of oak, 18 inches deep, ift to be 
placed round the walls at lO^d. per foot. What will the 
whole of this work cost ? An^». £188 ., 17<. 3id. 
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1. This Rule derives its name from its general use as a 
short method of finding the value of any quantity of 
goods or number of articles when the value of one is 
given ; and is only an abridgment of Proportion, in which 
the first term being always 1, the whole process resolves 
itself into a simple act of multiplication. 

2. Its brevity arises chiefly from considering the given 
price as a fraction of a unit of the next higher integer ; 
tor in multiplying by a fraction, we have only to take 
for the product such a part or parts of the multiplicand as 
the multiplier is of a unit, and we obtain the product more 
expeditiously. 

3. If we assume a unit of the next higher integer as 
the price, it is evident that the number of articles vnll 
itself express their value at this assumed price ; and if we 
take such part or parts of this value as the given price is 
of the assumed price, we shall have the true value at the 
given price. 

4. But in taking these parts, it is to be observed that 
if the given price be not itself an exact part of a unit of 
the next higher integer, it must be divided into portions 
which will be exact parts of the integer or of each other ; 
and the several values corresponding to these parts, added 
together, will be the whole value required. 

Thus, to find the value of any number of articles at 

•*. 17^. 6rf. each, 17«. 6d. = — of a£., which is not an exact 

o 7 4a.2-i-l 
part of the next higher integer, £l ; but — = £., 

8 o 

4 1 2 1 

and --- = ---£. = 10^.; also — £. = —£. = 5j., and 

1 o ^ o 4 

--£. =: 2«. 6d, ; consequently, we divide the given price, 

o 

Its. 6d., into the three parts, 10^., 5^., and 28, 6d,, each 
of which is an exact part of a £. 

Hence, if we take — , --, and — - of the given number of 
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articles, which, at the assumed price, £], express their 
own value, and add together these several parts, their sum 
will be the true value of the number of articles at the given 
price, 17 s. 6d. 

Ex. — What is the value of 1234 yards of cambric at 
17*. 6d. per yard? 

Here, the value of the 1234 yards at £. «. 

the assumed price, £l, is £1234 ; ^^^^ ^ 

therefore, for their value at 10*., which #. d, i 

1 10 Os— .» 617 

is just — £., we take one-half this value 2 

2 

and get £617, their value at 10*. ; for 6 = — = 308 10 
their value at 5* , which is — - of a £., 

1 4 1 

we take - of the value of £l, or what 2 6 = — = 154 5 
. 4 1 - 

is the same thing, — of their value at £1079 16 

10*., and get £308 10*., their value at 

5*. ; in the same manner, taking-- of the value of £1, or 

1 ® 

what is the same, -— of their value at 5*., we get £154 „ 5?. 

their value at 2s, 6d. ; and lastly, adding together thei^e 
several values, we get their sum, £1079 „ 15*,, the value 
at 17*. 6d, each. 

5. Had the price been £l „ 17*. 6d, each, the only differ- 
ence would have been, that instead of drawing a line under 
the given number, 1234, we should have added the 
£1234, their value at £l each, with the values obtained 
for the several parts of the integer ; or had the given price 
been £5„ 17*. 6d., we should have multiplied their value 
at £l by 5, and then have added as before. 

6. When there is a fractional part in the given number 
of articles, as, for instance 1234^ ; afler having found, as 
before, the value of the whole number, 1234, we add to it 
such part or parts of the given price as the fractional part 
is of a imit. 

7. When the given number of articles or quantity, ot 
goods consists of several denominations, as, for instance, 
36 cwt. 2 qrs. 17^ lb., we multiply the given price by the 
number of the highest denomination in order to tind their 

H 3 
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▼aliie ; and. to find the values of the several numbers of 
the inferior denominations, we take snch part or parts of 
the given price as each of them are respectively parts of 
an integer in the highest denomination, or of each other, 

£x.— To find the valu€^ of 36 cwt. 2 qrs. 17^ lb. of 
sugar at £1 „ Its. 6d. per cwt 
.. Here, multiplying the given price, 
£l „ I7s, 6d., by 6 X 6 = 36, the 
number in the highest denomination, 
cwts., we get their value, £67 „ 10«. ; 

and as 2 qrs. «el of a cwt., we take 

— of the given price and get their 

value, 18». 9d. Now, separating the 
17^ lb. into the two parts, 14 lb. 
and Si lb., we find the 1^^ lb. ss 

— of a cwt. or -— of 2 qrs., andtaking 3ij|j^ - J. _ j 2 
1 . 4 ~ 

-- of ISs, 9d.f the value of 2 qrs., we -.^ , . ■ ' , 

4 ^ £68 14 7J 

get 4*. 8irf., the value of 14 lb.; 

and lastly, as 3) lb. = -j of 14 lb., we tdse -- of 4«. 8^., 

the value of 14 lb., and get 1^. 2o^., the value of 3^ lb. , 
and now, adding together these several values, we get their 
sum, £68 „ 14j. 7jrf., the value of the whole quantity, 
36 cwt. 2 qrs. 17j lb. 

It will be unnecessary to divide the subject into 
" Cases," and to multiply rules for their particular solu- 
tion ; the student who is well acquainted with proportion 
and with fractions will, by the exercise of his judgment, 
find in every case the readiest method of proceeding. 

By way of proof, and as affording in many instances, a 
shorter solution, he may work the questions by Vulgar or 
Decimal Fractions, by reducing the given price to a firao* 
tion, and multiplying it by the given number of articles; as, 
for instance, the first example, 1234 at 17^. 6d. each: 

io«i 1234 _ . ^^ 171 35. 7^ ^1234 

1234 = — and 17*. 6d. = — ' a ~ = ~£. ; and — 

7 8638 
X y = -^£. = 1079f = £1079} = £1079 „ 15*. 
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EZ&UPLBSyOR PRACnCS. 

(1.) 6142 oz. at -j-d. per oz. ; 1461 at -r-d. ; and 4764 
at-—rf. 

Ans. £6 „ 7*. 1 l|d. ; £3 „ 0$. 10^^. ; and £l4 „ 17*. 9d. 

(-2. 3165 at lid, ; 7630 at 2\d. ; and 5276 at S^d. 
Ans. £17 „ 6*. 4^^. ; £{79%, 9j<.7d. ; and £82 „ 8*. 9rf. 

(3.) 7654 at 4id. ; 8073 at b^d. ; and 2675 at 6}d. 
ilm. £135 ^10*. 9id. ; £185 „ 0«. l^d. ; and £75 „ 4*. Sid. 

(4.) 7462 at 9|d. ; 1264 at lOid. ; and 5176 at llfd. 

Ans. £303 „ 2s. lO^d. ; £55 ,, 6«. ; and £253 „ 8* . 2d. 

(5.) 6241 at 1*. 1^.; 7692 at 1*. 8d.; and 2645 at 
U 9fd. 
Ans. £351 „ la. l^d. ; £480 „ 15*. ; and £239 ,» 149. 0|d. 

(6.) 4286^^ at 3f. Ad. ; '1267 at 4x. b^. ; and 16251 at 
68. Sd. 
Ans. £714 „ 8*. 4d. ; £30? ,» 11*. Oji^. ; and £541 „ 18*. Ad. 

(7.) 6243 at 7*. 91d. ;.1235 at 9*. Hid.; and 1264 
at 11*. Sd. 

Ans. £2438 „ 13*. bid. ; £613 „ 12*. Hd. ; and £737 „ 
6*. Sd. 

(8.) 6476 at 13*. Ad. ; 1678^ at 15*. lOd. ; and 2647 
at 17*. 9|{i. 

Ans. £4317 „ 6*. Sd. ; £1328 „ 16*. 3d. ; and £2357 „ 
9*. Sid. 

(9.) 1234 at 19*. llfd. ; 6274 at £l„10*. 6d.; and 
1687 at £5 „ 13*. 4d. 
Ans. £1 232 „ 14*. 3^d. ; £9567 „ 17*. ; and £9559 „ 13*. Ad. 

10. What is the value of 12 oz. 14 dwts. 16 grs. of gold 
at £3 „ 17*. lyd. i)er punce ? Ans. £49 „ 2*. O^d: 

11. What is the value of 15 oz. 15 dwts. 10 grs. of 
silver at 5*. 7 id. per ounce ? Ans. £4 „ 8*. 8id. if. 

12. What is the value of 5 hhds. 42. gals, of brandy at 
£75 „ 16*. 8d. per hhd. ? Ans. £429 „ 14*. 5id. if. 

13. What is the value of 35 cwt. 2 ars. 10^ lb. of 
tobacco, at £25 „ 12*. 6d. per cwt. ? Ans. X912 „ U. 9id. 

14. What is the value of 16 Fr. ells 4qr8. 3na. of 
velvet, at 17*. 6f d. per ell ? Ans. £14 „ 14*. lOld. 
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1 5. What is the value of 45 qrs. 7 bua« S pecks of wheat, 
at £3 „ 7«. lOd. per qr. ? Ans. £155 „ 18^. 2id. 

16. What is the value of 21 tons 19 cwt. 3 qrs. 21 lb. 
of coal, at £1 „ Its. 9id, per ton ? Awt, £41 „ 1 U. 9^. ^ /. 



TARE AND TRET 

Are certain allowances made to the purchasers of goods 
for packages, waste, &c., either of so much on the whole 
weight, or of so much per cwt., &c., the amount of which 
being deducted from the whole or gross weight, leaves 
the neat weight or quantity charged to the purchaser at 
the given price. 

1. Tare is an allowance for the weight of the package 
containing the goods. 

2. Tret is an allowance for waste or damage of 4 lb. 
in every 1041b., or — th part of the quantity which 

remains after the tare has been deducted. 

3. Cloff is an allowance for loss of weight of 2 lb. in 

every 3 cwt., or — — th part of the quantity that remains 

168 

after the Tare and Tret have been deducted. 

4. Suttle is the quantity that remains after any of these 
allowances have been deducted, and from which some 
ftirther deduction is to be made. 

5. The neat weight, or net, is the quantity that remains 
after all the allowances have been deducted from the gross 
weight. 

6. The method of finding the amounts of these several 
allowances must be left to the discretion of the student ; 
and as there is nothing peculiar either in the principle or 
detail of this rule, it will be sufficient to give only a 
detailed example. 

Ex — What is the neat weight of 7 hhds. of sugar, 
weighing each 3 cwt. 2 qrs. 141b. gross; Tare, 71b. per 
cwt., Tret and Cloff as usual ? 
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Gwt« qr. lb« 

3 2 14 

7 



7 = 1 = 
16 

1 

26 
1 



25 1 14 gross. 
1 2 9 tare. 



23 3 5 Buttle. 
3 18 tret. 



22 



3 15 Buttle. 
15 cloff. 



H^re, multiply the weight of 
1 hhd. by 7 ; we get the whole 
gross weight, 25 cwt. 1 qr. 
14 lb., from which we deduct the 

tare = — of the gross, leaving 

23 cwt. 3 qr. 5 lb., which, being 
subject to further deduction, we 
call suttle. From this we de- . 

1 „ 168 

duct the tret, — r= 3qr, 18 lb., 

and get the remainder, 22 cwt. 3qr. 15 lb., which, being 
still subject to further deduction, we call suttle; and 

lastly, from this we deduct the cloff = --— = 1 5 lb., and 

168 

get the remainder, 22 cwt. 3 qr. lb., which, as nothing 

further is to be deducted from it, is the net, or the neat 

weight of the 7 hhds. 



22 3 nett 



BXAMPLB8 FOR PRACTICE. 

1. What is the neat weight of 36 barrels of potash, 
together weighing 120 cwt. qr. 171b., allowing 2 cwt. 
3qr. 19 lb. tare one the whole? Ans. 117 cwt. Oqr. 261b. 

2. What is the neat weight of 15 lihds. of tobacco, 
weighing each 3 cwt. 2qr. 141b., allowing on the whole 
3 cwt. 1 qr. 11 lb. for tare? j4ns» 51 cwt. qr. 3 lb. 

3. What is the neat weight of 17 bags of pepper, weigh- 
ing each 2 cwt. 1 qr. 9 lb., allowing 14 lb. per bag for tare ? 

Jns. 37 cwt. I qr. 27 lb. 

4. What is the neat weight of 25 boxes of soap, weighing 
each 1 cwt. 3 qrs. 12 lb., allowing tare at the rate of 10 lb. 
per cwt. ? Ans. 42 cwt. 1 qr. 5 lb. 

5. Required, the neat weight of 9 barrels of molasses, 
weighing together 116 cwt. 2qr. 241b. Tare, 17-J-lb. per 
cwt., and tret as usual. Ans. 99 cwt. 1 qr. 25^ lb. 

6. What is the neat weight of 25 hhds. of sugar, weigh- 
ing each 2 cwt. 3qr. 18 lb., allowing 121b. per cwt. for 
tare, and tret and cloff as usual ? Ans, 62 cwt. 1 qr. 26 lb. 

7. What is the neat weight of 3 hhds. of tobacco, 
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weighing as follows: — ^Nol 1, Scwt. 2qri 191b. ; No. 2, 
4cwt. Oqr. 171b.; and No» 3, 5tcwt. 1 qr. Tare, 91b. 
per cwt,, and tret and cloff as usual ? 

Ans, 1 1 ewt 2 qr. 1 lb. 

8. "Wbat is the neat weight of 7 casks of flour, weighing 
each 2cwt. 1 qr. 19 lb. Tare, 12^ lb. per cwt., and tret 
2 lb. per cask ? Am, 14 c^t. 3 qr. 21 lb. 

9. "What is the neat weight of 13 casks of raisins, 
weighing each 34- cwt. Tare, 101b. per cwt., tret, 31b. 
per cask, and cloff as usual ? Ans. 40 cwt. 3qr. 11 lb. 

10. What is the value of the neat weight of 12hhds. of 
sugar, weighing together 3084 lb. Tare, 14 lb. per cwt., 
and tret and cloff as usual, at 7-^. per lb. ? 

Ans. £80 „ 13^. l|rf. 

11. What is the value of the neat weight of 17 bags of 
coffee, weighing each Scwt. 2 qr. 17 J lb. Tare, 161b. 
per cwt., tret as usual, and cloff 3 lb. per bag, at the rate 
of £13 lOs. per cwt. ? Ans. £685 „ 8^. 6rf. 

12. What is the neat weight of 9 hhds. of molasses, 
weighing each 4 cwt. Oqrs. 10 J lb. ; tare, 17-J-lb. per cwt., 
and tret and cloff as usual ; and what is the value of it at 
£3 „ 12;. id. per cwt. ? 

Ans. Neat weight, 30 cwt. 1 qr. 26 lb. ; and value, 
£110 ,,4;. IO|d. 



( 159 ) 



INTEREST. 



1. Interest is an allowance paid for the loan or use of 
a sum of mon^y for any given time, and which by law 
must not exceed £5 for the loan or use of £L00 for one 
year. 

2. When the interest is regularly paid as it becomes 
due, it is called Simple Interest ; but when, instead of 
being paid, it is added to the principal, and with it put to 
interest, it is called Compound Interest. 

At present we confine ourselves to Simple Interest, iu 
treating of which, it may be necessary to observe, that 

The sum of money put out to use is called the prin* 
dpal ; 

The sum paid for the use of the principal, for one year, 
is called the rate per cent. ; 

The number of years, months, or days, for which the 
principal is employed, is called the time ; 

The sum of money paid for the use of the principal, at 
the given rate, and for the given time, is caJled the in* 
terest; and 

The sum arising from the addition of the interest to the 
principal, is called the amount. 

Thus, if £100 be put out to use at 5 per cent for one 
year, £100 is the principal, £5 is the rate per cent., one 
year is the time, £5 is the interest, and £l05 is the 
amount. 

3. If we examine the relation which these several ele* 
ments have to each other, as variable and dependent 
quantities in the questions in which they occur, we shall 
find that — 

1. The principals will always vary directly as the in- 
terests, inversely as the rates per cent., and also inversely 
as the times. 

2. The rates per cent, will vary directly as the interests, 
inversely as the principals, and also inversely as the. times. 

3. The times will vary directly as the interests, inversely 
as the principals, and also inversely as the rates per cent. ; 
and 

4. The interests will vary directly as the principals, 
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directly as the rates per cent., and also directly as the 
times. 

Hence it is obvious that Proportion atfbrds an easy and 
ample solution of all possible questions in Simple In- 
terest. 

The rule usually given, viz., to multiply the principal 
by the rate per cent., and also by the time, and to divide 
their product by 100, is nothing more than finding the 
fourth term of a proportion, of which the first term is 
always 100. 

For as the interest varies directly as the principals, aud 
also as the times, the antecedent of the ratio of principals 
will always be 100, and the antecedent of the ratio of 
times always 1 ; consequently, 100x1 = 100 will always 
be the antecedent of the ratio compounded of these. 

But this rule extends only to the finding of the interest, 
whereas Proportion embraces every possible variety. We 
shall, therefore, subjoin only some detailed examples, and 
leave the student to the exercise of his own judgment. 

It may be well to remind him, that in every question 
in Simple Interest, it is always supposed that £100 in 1 
year, at 5 per cent, gains £5 interest. It may be also well 
to observe, that when there is any number of days that 
make no exact part of a year, the interest for those days 
must be found separately, and added to that for the years 
and months. 

Ex. 1. — ^What principal will gain £35 interest in 5 years, 
at the rate of 4 per cent, per annum ? 

7 
Giv. ra. int. . . jf * Zi 
Inv. ra. time . g : I 
Inv. ra. rates , 4 : g 

Comp. ratio . . 4 : 7 : : £100 : £l75 principal. 

Ex. 2.— At what rate per cent, will £175 g^n £HI 
interest in 5 years ? 

Giv. ra. int. . . g : gg 

5 4 

Inv. ra. prin. . ^:fg : /0^ 
Inv. ra. time - / : 1 

Comp. ratio . . 5 : 4 : : £5 : £4 = rate per cent 
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£x. 8.— In what time will £175 gain £35 interest, at 
the rate of 4 per cent. ? 

Giv. ra. int. . . g : gg 

5 25 
Inv. ra. prin. . /;fg : ^0 
Inv. ra. rates , Ijf : g 

Comp. ratio . . 5 : 25 : : 1 yr. : 5 yrs. = time. 

Ex. 4.— What will be the interest of 175 for 5 years, 
at the rate of 4 per cent. ? 



Giv. ra. prin. . /fifi 
Giv. ra. time . 1 
Giv. ra. rates, g 



4 ■> 



m 

5 



•Comp. ratio . . 1 : 7 : : £5 : £35 = interest. 

EXAMPLES FOR PRACTICE. 

1. What is the interest of £375 „ 7^. 6{i. for 1 year, at 
5 per cent. ? An$. £18 „ 15«. 4i^o^» 

2. What is the interest of 125 guineas for 2j^ years, at 
4 per cent. ? i^^is. £l3 „ 2^. 6(f. 

3. What is the amomit of £350 for 3^ years, at %\ per 
cent. ? Ans, £392 „ 17^. 6(i. 

4. In what time will ] 25 guineas gain 25 guineas, at 
4 per cent. ? Ans. 5 years. 

5. What is the interest of £735 „ 17^. 6ci. for 3 years 
9 months, at 4j^ per cent. ? Amt. £124 „ 3«. 6|d. 

6. What is the amount of £1500 for 2 years and 8 
months, at 5 per cent. ? Am, £1700. 

7. What is the interest of £347 „ 15^. for 3 years and 52 
days, at 4i per cent. ? Ans, £51 „ 18^. 3^(f. 

8. At what rate per cent, will £250 gain £35 interest in 
4 years ? Ans. 3J per cent. 

9. What is the interest due upon an India bond of 
£750, for 75 days, at 3^ per cent. ? Atia, £5 „ Is. lOJcI. i 

10. What is the amount of £l 1 5 for 20 years at the 
rate of 5 percent. ? Ans. £230. 
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11. What will be the interest on an exchequer bill of 
£500, from Sept. 30th, 1843, to June 24th, 1844, at 3f 
per cent. ? Ans, £I3„ 15^. 4cf, 

12. What principal will gain £75 interest in 5 years at 
3 per cent. ? Ans. £500. 

13. A gentleman left his niece, who was 17 years, 9 
months, 15 days old, £3215, to be paid with interest at 
4^ per cent when she came of age ; what will she have to 
receive ? Ans, £6679 „ 3s. 3|d. 

14. A banker advanced £500 on the 1st of Jan., £750 
on the 1st of March, and £1050 on the 20th of June, 1843 ; 
what will be due to him on the 1st of Jan., 1844, allow- 
ing interest at 5 per cent. ? Ans, £2^3 „ 19;. O^e/. 

15. If the interest of £300 at 5 per cent, was £150, for 
what time was it forborne ? Ans. 1 years. 

16. At what rate per cent, will the interest of £750 
amount to £187 „ 1 Of. in 5 years ? Ans. 5 per cent. 

17. In what time will the interest on £250 amount to 
£125 at 4 per cent. ? Ans. 12 J years. 

18. What will be the amount of £300 at 5 per cent., 
£500 at 4 per cent., and £750 at 2^ per cent., in 5 years ? 

Ans. £1818 „15f. 

19. In what time will a sum of money double itself at 
the rate of 4 per cent. ? Ans, 25 years. 

20. At what rate per cent. wiH a sum of money at in- 
terest double itself in 40 years. Ans. 2^ per cent. 
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COMMISSION, BROKERAGE, INSURANCE, 
PURCHASING OF STOCK, &c. 



MwiMMHiaaMiai 



1. All these Rules are merely the names of the various 
purposes to which the principles of Proportion are applied 
to practical use in the transactions of business ; they are 
calculations of certain allowances, of so much per cent., 
and may be obtained by Proportion or by Practice, ac- 
cording to the discretion of the student ; it will therefore 
only be reouisite to give some 

EXAMPLES FOR PRACTICE. 

1. What will the commission upon £250 amount to, 
at 2 J per cent. Ans, £6 „ bs, 

2. What will be the commission on £1750 „ 10«. 6rf. at 
If per cent. ? Ans. £24 „ \s, 4J<i. 

3. What must I allow my agents for selling goods on 
my account to the amount of £315 ,y 17^. 6c/., on commis- 
sion at 2J per cent. ? Ans, £1 „ 2«. \\d. 

4. What will be the commission on £1350,, 15«. at 3^ 

per cent. ? An^. £48 „ 19«. 3id. 

7 

5. If I allow a broker — - per cent., what must I pay 

him for selling £1500 stock? An^, £13„2«. 6rf. 

6. What must I pay for the purchase of £750 stock, at 

75 per cent., allowing the broker — - per cent, for his trou- 
ble? Am. £565„6;. 3(/. 

7. What will the insurance on £1255 amount to at 7f 
percent.? Ans. £97„5«. 3d. 

8. What must I pay my agent for selling goods to the 
amount of £758 „ 17^. 6(/., allowing him a commission of 
3f^ per cent. ? Ans. £26 „ ll9. 2\d. 

9. What will the insurance on £1387 „ 10«. amount to 
at 1 2f per cent. ? Ans, £176 „ 18«. Ijd. 
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10. Bought goods to the amount of £1250,, \7s. 6d^ 

for which I paid commission 2^ per cent., and freight — - 

per cent ; what shall f have to pay in addition to the cost 
of the goods ? Ans. £32 „ 16«. S^cL 

11. What will be the insurance of a ship and car^o, 
value £28757 „ 17^. dd., amount to at the rate of 17-|^ per 
percent.? Ans, £5140„9f. 4f(/. 

12. What will be the purchase of £2000, bank aii'^ 
nuities, at 89} per cent. ? Ans. £1705. 

13. Bought £1500 three per cent, stock, at 85^ per 
cent., and allowed the broker -r- per cent* ; what does the 

purchase amount to? Ans, £1282 „ 109. 

44. Bought an annuity of £50, terminable in 50 years, 
at 19f years' purchase ; what did 1 pay for it ? 

Ans. £968,, lbs, 

15. Bought £500 consols at 87f, and re>soId them at 
89| ; what had I to receive for the difference ? 

Ans. £11 „ 17 s, 6d, 

16. What must be paid for 30 fifty -pound shares bear- 
ing a premium of 7f per cent. ? Ans, £1616 „ bs. 

17. What must be paid for 15 fifty-pound shares that 
have fallen 15 per cent, below par ? Ans, £637 „ lOs. 

18. What number of £50 shares, bearing a premium of 
15 per cent., must be given in exchange for 23 thirty- 
pound shares that have ftillen 12j^ below par. Ans, 10^. 

19. What will the purchase of £2500 consolidated bank 
annuities amount to at 85^^ per cent, allowing -r- per cent. 

for brokerage ? iln^. £2150 

20. What must be paid for the purchase of an annuity 
of £750 at 25| years' purchase ? Ans, £19312 „ 10^. 
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DISCOUNT. 



1. Discount is an allowance, at the usual rates of inte- 
rest, for the payment of a sum of money any time before 
it is due ; and in equity ought to be so calculated that 
neither party may gain or lose by the transaction. 

2. The sum of money paid in advaYice is called the pre- 
sent worth of the sum to be discounted ; and the allowance 
paid for advancing it is called the discount. 

3. The usual practice of deducting for the discount, 
the interest for the time of the sum to be discounted, how- 
ever agreeable to common usage, is notwithstanding in- 
equitable. 

For, if £100 be put to interest for one year at 5 per 
cent., the interest at the end of that time will be £5, and 
the amount £105 ; consequently £100 is the present worth 
of £105 ; and £l05-£100=:£5, is the discount of £105 
for 1 year at 5 per cent. 

Hence it is evident that £5, the discount of £l05, is 
just equal to the interest of its present worth, £lOO ; con- 
sequently, by deducting £5„5«., which is the interest of 
the whole sum to be discounted, the one party receives 5^, 
more than the equitable discount, and the other party 
£99 „ 1 5 J., which is bs. less than the just present worth. 

But as the discount of the sum to be discounted, as we 
have shown above, is just equal to the interest of its pre- 
sent worth for the time, if £5 be deducted for the discount, 
and £ 100 be advanced as the present worth, neither party 
will gain or lose, and consequently the transaction will be 
mutually equal. 

For the discount of £5, if put to interest for 1 year, 
will amount to £5 „ 5^., the exact interest which the one 
party would have received had he kept the £l05 till the 
end of the year ; and the present worth, £100, if put to 
interest for the same time, will amount to £l05, the exact 
sum which the other party would have received had he 
waited for it till the end of the year. 

4. A correct Rule for the calculation of discount may 
be easily derived from the principle of Proportion ; for the 
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sum of money to be discounted may always be considered 
as the amount, and the present worth as the principal put 
to interest for the time at the given rate per cent. 

5. And as the principals and also the interests will always 
vary directly as the amounts, the present worth and also 
the discount of a sum of money to be discounted, will be 
found by Proportion in the given ratio of the amounts* 

Thus, to find the present worth of £52 „ lOs* at 5 per 
cent, discount, we have the giv. ra. amts. 105:52 10 : : 
100 : 50, the present worth of £52 „ lOs- ; and to find the dis- 
count, we have the giv. ra. amts., 105 : 52 10 : : 5 : 2 10^., 
the discount of £52 ,, iOs, Hence, the 

RULE. 

1. Find the amount of £lOO for the given time and 
at the given rate at which the sum is to be dis- 
counted; and to find the present worth, say, as 
the amount of £100 is to the sum to be discounted, 
so is the principal, £100, to the present worth. 

2. To find the discoimt, say, as the amount of £100 
is to the sum to be discounted, so is the interest of 
£ 100 to the discount ; or having found the present 
worth, as before, subtract it from the given sum, 
and the remainder will be the discount. 

Ex. — To find the present worth of £26 „ 5^. for 1 year, 
discounting at 5 per cent. ^ 

Here, adding £5 to £100, we -^qq 
get the amount of £lOO for 1 i^ 
year at 5 per cent. = £105 ; — £ * £ £ 
which is the antecedent in the 105 : 26 5 : : 100 : 25 p. w. 
g^ven ratio of amounts, and obtain the present worth, £25, 
for the 4th term of the proportion. 

Ex. 2. — To find the discount of £26 „ bs, for 1 year at 
5 per cent. ^ 

Here finding, as before, the ^qq 
amount of £100, we have the 5 
given ratio of amounts, in — £ * £ £ • 
which, taking £5, the interest of 105 : 26 5 : : 6 ; 1 5 Di>c 
£100, as the third term, we get the discount, £l ,,5^;, for 
the fourth term of the proportion. 
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EXAMPLBS FOR PRACTICE. 

1. What is the present worth of £350, due 1 year hence, 

discounting at 5 per cent. ? Ans. £333 „ 6^. 8rf. 

3 

2. What is the discount of £715 „ 17^. 6d., due — of a 

year hence, at 5 per cent. ? * Ans, £25 „ 17 s, 6d. 

3. What is the present worth of £l71 „ 13^. 4rf., for 9 
months, discounting at 4 per cent. ? Ans. £l66„l3s.4d. 

4. What is the discount of .^208 „ 15j., for 15 months, at 
3 J per cent. ? Ans. £8 „ 155. 

5. What is the present worth of £79 „ IO5., for H year, 
discounting at 4 per cent. ? Ans. £75. 

6. The discount of a sum of money for 1 year, at 5 per 
cent., was «^15 ; what was the present worth ? Ans. £ 300. 

7. What is the present worth of £821, due 9 months 
hence, discounting at 3^ per cent. ? Ans. .^800. 

8. Discounting at 4^ per cent, a bill due at 18 months, 
I received £500 ; what was the amount of the bill ? 

Ans. £533,, 15^. 

9. Bought goods for £350, ready money, and sold them 
for £380 „ Ss. id., payable in 9 months ; what was the- 
gain ready money, discounting at 5 per cent. ? 

Ans. £ 16 ,,185. Ad. 

10. What is the discount of £63,, 155. for 15 months, 
at . 5 per cent. ? Ans. £3 „ 155. 

11. Discounting at 5 p^ '6ent. a biU of £415, I paid 
£15 for the discount ; at what time was the bill due? 

Ans. 9 months. 

12. What r6ady money will discharge a debt of ^£1658 „ 
135. 4c/., due 11 months hence, discounting at 4 per cent.? 

Ans. £1600: 

13. For a bill of £533,, 15.9., due at IS months, I re- 
ceived £500; at what rate per cent was the bill dis- 
counted ? Ans. 4^ per cent. 

14. If for discounting, at 3^ per cent, a bill due at 16 
months I received £18 „ 135. 4d. ; what was the amount 
of the bill ? Ans. £418 „ 1 35. Ad. 
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15. If the present worth of a sum of money, due at 18 
months, be £500 ; what was the sum, and what will be the 
discount at 4 per cent. ? 

Ans, £530 the sum, and .^30 the discount. 
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Barter is the exchanging of one kind of merchandise 
for an equivalent quantity of another kind, instead of 
buying and selling for money ; and as the value of both 
must be equal, the quantity of goods to be received in ex- 
change will be found by proportion in the inverted ratio 
of the prices. 

Hence all the varieties of Barter come within the range 
of proportion. If the barter be partly for money and 
partly for goods, we must deduct from the whole value of 
the goods, that part of it which is paid for in money, and 
find by proportion what quantity of the other goods will 
be equal in value to the remainder. 

It will only be necessary to give some 

EXAMPLES FOR PRACTICE. 

1. How many yards of silk velvet, at 12;. 6(2. per yard, 
can I have in barter for 750 yds. of narrow cloth, at Ss, &d» 
per yard ? Ans. 510 yds. 

2. What quantity of Irish linen, at 3s. 9d. per yd., can 
I have in exchange for 150 yds. of muslin, at 2; . 6d. per 
yard? iln^. 100 yds. 

3. What number of English ells of cloth * at 5^. 6d. per 
yd., must be given in barter for 350 Flem. ells of siilk, at 
8;. 3(2. per yd.? Ans, 315 £. ells. 

4. If in exchange for 510 yards of silk, at 12^. btt. per 
yd., I receive 750 yds. of cloth ; what was the price of the 
cloth per yd. ? Ans. Ss, 6(2. per yd. 

5. How many tierces of wine, at £125 per pipe, caa 
I have in exchange for 5 hhd& of brandy, at £ 1 00 per 
hhd. ? Ans, 12 tierces. 
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6. Sold 15 cwt. of cofifee, at3«. Ad, per lb., for which I 
received £l50 in money, f^nd the remainder in tea, at 
6s. 6d, per lb. ; how many lb. of tea did I receive ? 

Ans. 400 lb. 

7. What quantity of hops, at £3 „ IQs. per cwt., must 
be given in barter for 20 cwt. of tobacco, at 3s. 6d, per lb. ? 

Ans. 112 cwt 

8. If I receive in barter 100 hhds. of brandy, at 36s, 
per gal., for 120 pipes of port, what was the price of the 
port per gallon? Ans, lbs. per gal. 

9. How many reams of paper, at 13;. Ad, per ream, 
must be given in barter for 80 pieces of Irish linen, at 
£1 „ lis. 6d. per piece ? Ans, 225 reams. 

10. Solc( 1500 reams of paper at 12;. per ream, for 

which I am to receive ~ in money and the remainder in 

equal quantities of wine at 15^, and brandy at 30^. per 
gal. ; how much money, and how many gallons of wine 
and brandy shall I receive. ? 

Ans. £220 money, and 300 gals, of each. 

11. How many hhds. of sugar, weighing each 2 cwt. 
1 qr. 14 lb., at £2 „ 16;. per cwt, can I have in barter for 
30 puncheons of rum at £26 „ 12;. per puncheon? 

Ans, 120 hhds. 

12. If for 112 cwt. of hops, at £3 „ 10;. per cwt., I re- 
ceive 20 cwt. of tobacco ; what was the price of the tobacco 
per lb. ? Ans. 3s. 6d. per lb. 

13. If I give 375 yards of broad cloth at 30;. per yard, 
for silk at 15;., and velvet at 20;. per yard, and takfi twice 
as much silk as velvet ; how many yards of each shall I 
receive ? Ans. 450 yds. silk, and 225 yds. velvet. 

14. Grave 50 bags of pepper, each weighing 32 lb., at 
1;. 6d. per lb., for £50 in money, and the remainder in 
raisins at Sd, per lb. ; what quantity of raisins did I re^ 
ceive ? Ans, 2100 lb. 

15. What quantity of Hollands, at 26;. per gallon, must 
be given in barter for 10 hhds. of brandy, at 39;. per gal, ? 

Ans. 15 hhds. 
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LOfeS AND -gain;., 



ThiS[ Rule(*il^" piil|r an? applicatidoi of >lhe .principles of 
]irerp6rt]bKi, ih order to calculate the loss or gain in buying 
or <^Bf)in^ good??! pr^o?t9 ftdjius^ tl^e iprfce of jgopdp as to 
allow any xiijsc9i:^it.^ which the c^s^^) of the^^ade may 
requir.e, \i:ithout interfering with the proposfed gain. 

Of the former it will be sufficient to give only sqme 
examples for practice; "bui a^ Ihe tatter ik frequently 
misuttdfer^t66d, We shall iW a stlbs^quent fchaptfer examine 
the principles on which it should be established. ' 



EXAHBLES FOR PRAGTIG& • > 



1. If I buy 1 cwt. of sugar for £3 „ 14^. 8rf., and 
retail it at 9d. per lb. ; what shall I gain ? 

Jns. 9s. 4rf. 

2. If I buy tobacco at £12 „ lOs, per cwt., and sell it 
foi* 15 guineas per cWt. ; what will be the gain per cent. ? 

Ana. 26 per cent. 

3. If I gain 1 per cent, by selling cloth at 7s. id. per 
yard, what shall I gain per cent, by advancing the price to 
10^. Gd. per yd. ? Ans. 57 J per cent. 

4. If I pay £lOO for 500 yards of cloth, at what must 
I sell it per yard to gain £10 „ 18«. 9d, by the whole* lot? 
• Ans 4j; 5id. 

.Sj. Bought 3'hhds. of tobacco, weighing each Sj cwti d 
q^. 14 ll>.„^t £l4 „ 10^. per cwt., and sold it at Bs, Ad, 
per lb. • what did I gain ? Ans. £35 „ ISs. 9d. 

; & . Boiight ^ b^les of cloth, each containing 1 5 pieces, 
eapii^p^ece 25 yards, for £1312 „ 10^. ; whatdb I gain 
p4^r,cent« ^y idling the cloth at 17 s, 6d, per yard ? 

Ans, 25 per cent. 

. 7'. Bought goods at £25 per cwt. ; at what must I sell, 
them pejlt^^.^togain 12 per cent, on the prime cost ? 

Ans, 5*. per lb. 
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8* If by selling wine at 14«. per gallon I gain 12 per 
aent,9 what shall I gain per cent, by advancing the priqe 
to 17«, Qd. per gal. ? Am. 40 per cent. 

9. At what price per gallon must I sell a hhd. of wine, 
which cost me £40, and of which 2 pints in every 21 gal- 
lons was lost by leakage, so as to gain 24^ per cent, on the 
prime cost? Arts. 16*. per gal. 

10. Bought goods at 5s. lOd^ per lb., which, being da- 
magefd, I can sell only at 4f. 8<f. per lb. ; what is the loss 
per cent. ? * Ans. 20 per cent. 

11. Bought 150 pieces pf cloth at £5 „ 15^. 6d. per 
piece, sold 60 of the pieces at £5, and 70 at £6 per piece ; 
at what rate per piece must I sell the remainder to gain 
2h per cent, by the whole ? Ans. £18„ 2s, 9idt per piece. 

12. After adding 24 gallons of water to a pipe of 
wine, whidi cost £75, I sold it at 15^. per gallon ; what 
did I gain or lose per cent. ? 

Ans. Gained 50 per cent. 

13. If afler losing 24 gallons from a pipe of wine, 
which cost £112 „ 10;., I sell the remainder at 18;. 9d» 
per gallon ; what do I gain or lose per c^nt. ? 

Ans, I lose 15 per cent. 

14. If afler adding 24 gallons of water to a pipe, and 
pelling the mixture at 17;. 6d. per gallon, I gain 31i ^er 
cent. ; what was the prime cost of the pipe? Ans. i^lOO. 

15. Bought 2 tons of goods at 15 guineas per cwt., and 
paid charges 1 ;. 6d. per cwt. ; sold one-half at prime cost, 
and exported the remainder, on which I paid insurance 
l^ per cent ;'at what rate per lb. must X charge them 
to gain 25 per cent, upon the whole. Ans, is, l^d, yvj^ f. 

PART II. 

On the adjustment of prices with reference to the al- 
lowance of discounts. Where it is the custom for the manu- 
facturer to allow the factor or retailer a discount off the 
gross or invoice price of goods, and especially when from 
great competition in the trade the discount is large in pro* 
portion to the intended gain, the greatest precaution is 
requisite. 

For want of a right principle of calculation in adjusting 

I 2 
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Ih^ gross or invoice price of his goods, it has not uii- 
frequently happened that the manufisusturer has given away 
not only the whole of his intended gain, but dso a con* 
siderable part of his capital. 

Thus, intending to allow a discount of 25 per cent, and 
to reserve a gain of 5 per cent, on goods which coat hini 
£100, he has imagined that by adding to the prime cost, 
£100, £25 for the discount and £5 for the gain, he has 
rightly calculated the gros6 or invoice price at £130. 

But the retailer taking off 25 per cent, from the £130, 
deducts £32 „ 10^. for the discount, and pays the manu* 
facturer £97 „ 10^. as the net price; thus, deducting not 
only the whole of the intended gain, but also £2 „ lOs. 
from the prime cost or capital embarked. 

The cause of this error is obvious : the manufacturer 
calculates the discount on the. prime cost, and the retailer 
calculates it on the gross price ; and as the gross price 
is always greater than the prime cost, the retailer will 
always take off more than the manu&cturer puts on. 

To find correctly the gross or invoice price of the goods 
60 as to allow the discount and reserve the g^in, we have 
only to calculate ^the effects of the discount and the gain ; 
and as the causes will always vary directly as the elfects, 
we shall easily find them by proportion, in the given ratio 
of the effects. 

Now, the effect of allowing a discount of 85 per cent, 
is evidently to diminish £100 to £75 ; and the effect of 
gaining 5 per cent, is obviously to increase £100 to £\0b ; 
henpe to find the true gr oss or in voice price, we have in 

this example, 100-25 ; 100+5, or 75 : 105» the given 
ratio of effects ; and by proportion, as 75 : 105 : : iOO : 1 40£, 
the true gross or invoice price. 

That £140 is the true gross price is evident; for de- 
ducting from £140, the discount at 25 per cent., which is 

just — or £35; we have £l40 — £35=£l05, the net 

price paid to the manufacturer, which includes £100, 
the prime cost, and also £5, his intended gain at 5 per 
cent. 

Or, still more briefly, if afler calculating all his ex- 
penses, and adding to the amount, the gain he intends to 
receive, we call this the net price which the manu&cturer 
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is to receive after the disoount is deducted ; tc find the 
4rue gro^s price, he has only to say as £100 •-'the discount 
is to £100, so is. the net price to the gross price. . 

Thus, if the goods, including all charges, cost the ma- 
nufacturer £150, and he intends to gain 15 per cent, on 
this sum ; then £150 the prime cost, + £22 „ 10^., the 
gain, = £172 „ 10^., the net price; and to find the gross 
price from which he may allow a discount of 2 5 per cent., 

and secure the net price, he has only to say, as £100 — i;25, 
or 75 : 100 : : 172 „ 10 : 230£, the pure gross or invoice 
price of the goods. 

For Sf from £230 we deduct the discount at 25 per 
cent., which amounts to £57 „ 10, we have £230— 
£57 „ 10=£l72 „ 10^., the whole of the net price, which 
Includes £150, the prime cost, and also £22 „ 10^., the in* 
tended gain^ and is therefore the true invoice price of the 
goods. 

BXAMPLRS FOB PRACTICE. 

1. iTie prime cost of goods is £l00 ; at what must they 
be rated to gain 15 per cent, and allow a discount of 25 
per cent.? Ans, £153 „ 6s. 9d. 

2. At what price per dozen must goods be sold which 
cost the manufacturer 24s, per doz., that he may allow 20 
per cent discount, and gain 25 per cent. ? 

Ans, £l „ 17^. 6d, per doz. 

3. If the prime cost of goods be £125 ; at what must 
they be sold to allow a discount of 25 per cent, and se- 
cure a gain 1*7^ per cent. ? Ans, £l95 „ 16«. Sd, 

4. A manufacturer makes goods which cost him £100, 
and wishing to gain 20 per cent, and allow a discount of 
25 per cent., sells them for £145; what does he gain or 
lose ? Ans, He gains 8| per cent. 

5. A manufacturer makes goods at 12^. 6d, per hun- 
dred and sells them at lbs, per hund., subject to a dis- 
count of 30 per cent. ; what does he gain or lose ? 

Ans, He loses 16 per cent. 

6. At what should goods be rated which cost the manu- 
facturer 12;. 6d, per hundred that he may allow 30 per 
cent, discount, without either loss or gain ? 

Ans, 17 s. lOf^f. per hund. 
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7. What discount may be allowed on goods whieli 
cost the manufacturer £17 «, I7s, 6d., and are sold at 
£26 „ 16^. 3d., to secure to him a gain of 35 per cent. ? 

Ans. £lO discount. 

8. If by selling' goods at 25«. 6d. per lb., and allowing 
a discount of 17-^ per cent., I gain 35 per cent., what was 
the prime cost ? Ans,lbs. 7d. 

9. If goods cost the manufacturer 10 guineas per gross, 
at what must they be sold to gain 35 per cent., and allow 
a discount of 25 per cent. ? Ans* 18 guineas. 

10. If upon selling goods at 18 guineas per gross, 
subject to a discount of 25 per cent, there be a gaio 
of 35 per cent., what was the prime cost ? 

Afis. 10 guliueaflL 

11. A person selling goods whidi oOst him £100 for 
£150, subject to a discount of 30 per cent., with one 
year's credit, agrees to allow 5 per eeat. for ready money, 
and accordingly allows the purchaser to ^ednct 85 per 
cent, from the price of the goods ; how much do^ be 
lose by so doing ? Ans, £2 „ iOs, 

12. In the manufacture of articles of silver, weighing 
1 oz. each ; the silver costs 5#. 3d. per oz., the workmen^g 
wages £1 „ 4^. per dozen, and in every dozen 5 dwts. of 
silver are lost : at what rate per gross must the manufac- 
turer charge them to allow a discount of 35 per cent, 
and to secure a gain of 30 per cent. ? 

Ans, £105 „ 195. 6d. per gros8> 
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Ibi tlie luuiie usually given to the rule. for. dividing; the 
proceeds' of -an3f joint concerh among the several partners 
in proportion to their respective interests or shares in the 
common stock. 

This rule is also used to divide a bankrupt's estate 
among his several creditors, or property under a will 
among the several legatees, in proportion to their respective 
claims, when the property may be inadequate to pay 
them in full, aqd to other similax purposes. . 

Fellowship is usually distinguished as *' single " or 
"double." Single fellowship divides, the proceecE of the, 
concern among the partners, in the ^impl^ ratio of their 
shares of the joint stock. ^ X)ouble. Fell9wship divides 
them in the compound ratio of the shat^s of >tock; and also 
of the times for whith they have rcBpectivefy been em- 
ployed in the concern. ",i%7:' 

From this definition it is evident that fellowships whe- 
ther single or double, is nothidg more than an application 
of the principles of proportion to the particular purposes 
for which it is employed. .^. 

We shall thevefDre give only a detailed exai#ple, and 
leave the student to apply these principles according to 
his own Judgment, as the case may require. 
. Ex.— A. B. and C, trading with a joint capital of £ 1 200, 
at the end of one year gain £000 ; A. i^^anced £300, 
B. £400, and C. £500 ; what is each partner's share of 
the gain ? 

Here, adding to- £• 

gether the several g' ^^ 

shares, we have q 5q^ 

£300 + £400 +' : 

£500 = £1200, the Wh. Cap., 1200 : 300 : : 600 : 150, A/s sh. 

whole stock ; and in ll^'fj.'' ®J?j? ' 'i°5» 5''' "''• 

the ratio of the 1200 : 6(W^: 600 : 250, C/s sh. 

whole stock to each , . . 1 300 : 1 50, A.'s sh. 

of the shares, we %^P PP^ • 0400:200, B.'ssh. 

get the shares of ^ : i 1 500 : 250, C.'s sh. 

Sie gain, £150, £200, and £250, respectively ; or we may 
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say, as the whole stock is to the whole gain, so is each 
partner's share of the stock to his share of the gain, as in 
the 2nd example. 

But here it is obvious, that as the whole gain is just one- 
half of the whole stock; so each partner's share of tbe 
gain will be just one^half of his share of the stock. 

'examplbs for paacticb* 

1. A. advances £750, and B. £1270, and, after trading 
in partnership for 6 months, gain £505 ; what is each part- 
ner's share? Jns. A.'s £187 „ 10*., B.'s £817 „ 10#. 

2. B. and C, after trading together for 12 months, gain 
£1000 ; B/s share of stock is £1250, and C/s £2500 ; 

r what is each partner's share of the gain ? 

Ans. B.'s £333 „ 6*. 8rf., C/s £666 „ 13». 4d. 

3. A. and B., trading together with a joint stock of 
£2020, gain £757 „ 10^. ; A. received £281 „ 5^. for his 
share of the gain, and B. £476 „ 5^. ; what was each part- 
ner's share of the stock ? Ans. A.'s £750, B.*s £1270. 

4. Divide £1500 into shares, which shall be to each 
other as 4, 5, and 6. Ans. £400, £500, and £600. 

5. A bankrupt owes A. £700, B. £850, C. £1450; his 
whole estate is worth only «^1200 ; how much will each 
of his creditors receive ? 

Ans. A. will have £280, B. £340, and C. £580. 

6. A person bequeaths £20,000 to be divided among 
his niece, his nephew, and his son : the nephew is to have 
three times as much as the niece, and the son four times as 
much as the nephew ; what is the just share of each ? 

Aris. The niece £1250, the nephew £S750, and the son 
£15,000. 

7. A., B.,and C. freight a ship with 510 tuns of wine, of 
which A. loaded 194 tuns, B. 166* and C. the remainder ; 
the seamen, to save the vessel, were obliged to throw 102 
tuns overboard ; what part of the loss must each sustain ? 

Ans. A. 38^ B. d3|, and C. 30 tuns. 

4 3 

8. A ship, worth £2580^ of which — belonged to A., -r- 

to B., and the rest to C, being entirely lost^ what part of 
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the loss must each sustain, supposing £1100 to have 
been insured ? ' 

Ans. A. £740, B. £555, C. £l85. 

9. A person left by will the following legacies : — to A. 
£1500, to B. £875, to C. £525, and to D. £350, but when 
the property was sold, it produced only £2437 „ 10». ; 
how much will each receive ? 

Ans. A. £1125, B. £656 „ 5^., C. £393 „ 15^., D. 
£262 „ iOs. 

10. Three persons, forming a joint stock of £45,000, 
gain by trading £ 1 5,000 ; of this gain« A. receives for his 
share £7500, B. £5000^ and C, £2500 ; what share of the 
stock did each advance ? 

Ans. A. £22500, B. £15000, C. £7500. 

11. A., with a capital of £5000, induces B. to join him 
with £3000, and C. with £2000 ; after one year the returns 
were just equal to the expenses, and A. retires from the 
concern ; but in consideration of having led B. and C. into 
an unprofitable speculation, draws out only half of his 
capital, leaving the other half to be divided between them 
in the ratio of their shares ; B. and C, after trading an- 
other year with their increased fund, gain £1000 ; what 
share of the gain will each receive ? 

Ans. B. £600, C. £400. 

12. Two partners, adventuring equal sums of money, 
gain £3735 ; A. by agreement was to have 7J per cent, 
more than B. of the whole proceeds, in consideration of 
his taking the whole management of the concern ; what 
Was each person's share ? 

Ans, A.'s £1935, B.'s £1800. 
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This rule divides the whole proceeds of a joint coneem 
among the several partners, not only in proportion to 
their several shares of stock, hut also in proportion to the 
times for which they have heen respectively employed ; 
and consequently, in the compound ratio of the titocks and 
times, as in the following example. 

Ex. — A. andB trading togftthep gain £680'; A. ad- 
vanced £1000 for 8 months, and B. £500 for 6 montli0 ; 
what is each partner's share of the gain ? . 

Here the given ratio of stocks is £1000 : £500, or 2 ; 1 ; 
and the given* ratio of times 8 : 6, or 4 : 3; and com- 
pounding these we have 2x4:1 X3, Qr8:8| the. com» 
pound ratio of the stocks and times, in which the whole 
gain, £880, is to he divided. 

Consequ ently, 8 + 3 : 8, or 11 : 8 : : £880 : £640 A.^ 

share, and 8 + 3 : 3, or 11 : 3 : : £880 : £240, B.'s share 
of the gain, which are to each other in the ratio 8:8, or 
compound ratio of the stocks and times ; for 640 : 240 
: : 8 : 3. Hence the 

RULE. 

Multiply each partner's share of the joint stock hy the 
time for which it has heen employed in the concern ; 
and adding together these several products, say, as 
their sum is to each particular product, so is the 
whole gain or loss to each partner's particular 
share of it. 
Thus, with re- a. 1000 x 8=8000 
ference to the ex- B. 500X6 = 3000 
ample ahove, mul-^ ~ 

tiplyingA.'s stock, , 11/^^: 8000::880:640A.'8 8h. 

£l000;hy his time, ^^ ll,;z^JZ^fZ^:3000: :880:240B.'8 8h. 

8 months, we get the product 8000; also, multiply*^ 
ing B.'s stock, £500, hy his time, 6 months, we get the 
product 3000, and adding these together we get the sum 
11000, which hears to each of the products, the same ratio 
as the whole gain or loss hears to each of the shares ; or 
the ratios 11:8, and 11:3. 
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EXA.MPL£S FOR PRACTICE. , 

1. A. and B. make a joint stock, of which A. advanced 
£1500 for 9 months, and B. £1200 for 6 months; they 
gnaxi £l 150 ; what is each person's share of that gain ? 

Jns. A/b £750, B.'s £400. 

2. A. hegan business with a capital of £l500 on the 
1st of January, and on the 15th of March admitted B. 
with a capital of £1800; th&jr trade together till the 31st 
of December, and gain £877 „ lOs^ ; what is each person's 
shar6? ' Afii. A-'s £450^ B.'s £427 „ 10^^ 

3. A., B., and 0. rent a pasture for £20 „ 10^. ; A. 
sent into it 75 sheep for 3 months, B. 125 for ^ months, 
and C. 150 for 8 montlis; what part of the rent mu^t each 
pay ? Am. A. £2 „ 5*.; B. £6 5j., C. £12. 

4. Three persons enter into pariner^ip for 12 months, 
at the end of which they gain £9100 ; A. advances at first 
£1500, but at the end of 4 moifiths draws out £500 ; B. 
at first advfoieesjl^i^l^^, fUid'at, tke.end' of three months 
£300 more;'t!. at first advances ibdOO, ancl' at the end of 
6 months £600 more ; what is each person's share of the 
gain? ,J^. A;'s £2800, B.'s £3420, C's £2880. 

* 5. Three p^rMns trading with a joint stock, gain 

. • • .1 ^ -1" 

£3650; A. advance's.— of the capital for— of the time, 

B. — of the c^iUl fprv,--. of the time, and C. the re- 

maiader fi>r the'-'v^hul)^ IMie; whlsit is ^ftth /partner's share 
of the gain ? 

Am. A.'s £486 „ 13j.4d., B/s £730, and C:'b £2433 „ 
6s. 8c/. 

6. A. advances towards a joint stock i|£6000 for 5 
months;. B, £50.00 for . 6 months; C. ^1000 for 7i 
naonthsi ;, and D. £2500 for 12 months-; they galii £4760 ; 
what is ieach partner's share ? ' ' ' "AfiSi £^190 each. 

7. Two'. persons advancing. eqoaUisharea o^ a stock of 
£1300^ gc0n £650, of which th^ onfi yeoeives as his share 
£250^ and the.oth0Vf£4OiO'; how^ldDg were thek shares 
employed reageotiyc^j?^ V ... . \^s. 5 mo. and 8 mo. 
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8. A.'s part of a stock of £1300 was employed for 5 
mooths, and B/s part was employed for 8 months ; their 
shares of gain were equal ; what were rei^ctively their 
shares of stock? Am. A.'s share £800, B.'s share £500* 

9. Two persons trading together gain £650 ; A. ad-- 
Vances £800, and B. £500, both employed for the same 
time ; what was each partner's share of the gain ? 

Jns. A/s £400, B.'s £250, 

10. A prize worth £3825 is to he divided among & 
ofiicers, 12 assistants, and 100 men, in proportion to their 
pay and the time of their service ; the officers, who have 
£5 per month, have served 9 months ; the assistants, who 
have £2 „ 10^. per month, have served 6 months ; and the 
men, who have 30^. per month, have served 3 months ; 
what is the share of each individual? 

Ans, The officers £225 each, the assistants £75 eaoh^ 
the men £22 „ lOs. each. 



EQUATION OP PAYMENTS. 



Equation of payments is the finding of a time at which 
several payments due at different times, may be M paid at 
once ; without gain or loss to either party. 

The Rule generally given for this purpose, is founded 
on the supposition, that the interest gained by keeping a 
sum of money for any time after it becomes due, is a just 
equivalent for what is lost by paying an equal sum of 
money, the same time before it becomes due. 

But this supposition is erroneous ; for by paying a sum 
of money before it is due, not the interest, but the discount 
only is lost ^; and as the interest of a sum of money at 5 
per cent, is fV^h part, and the discount ^V^h part only ; . 
it is evident, that by this arrangement, the party making 
the several payments at once, gains more than a just equi- 
valent for his loss. 

The true equated time should be such, that the interest 
of the sums kept after they are due should be exactly 
equal to the discount of the sums paid before they are 
due: in which case neither party would g^n or lose. 
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But the finding of such a time,' especially when there 
are several payments, would be so tedious^ and the true 
time, when found, would differ so little from the time found 
by the general Rule ; that notwithstanding the erroneous 
principle on which it is founded, it will be always pre- 
ferred as sufficiently accurate, and much more easily 
applicable to general use 

According to the hypothesis on which the rule is esta^ 
blishedi it will be obvious, that when two equal sums due 
at different times are to be paid at once, the whole interval 
between the times of the several payments must be divided 
into two equal parts ; and that when the sums are un* 
equal, it must be divided into parts which bear to each 
other the inverted ratio of the sums. 

Thus, if £100 due at 6 months, and £lOO due at 
12 months, are to be both paid at once, the interval 
between the payments, which is 6 months, will be divided 
into two equal portions of 3 mo. each, and the equated 
time will be 9 months ; for just as much is gained by 
keeping £lUO 3 months after, as is lost by paying £100 
3 months before it is due. 

But if £200 due at 6 mo., and £100 due at 12 mo., 
are both to be paid at once, it is obvious, that by keeping 
£200 for any time after it is due, twice as much will be 
gained as is lost by paying £100 the same time before it 
is due ; consequently the time for which the £200 is kept 
after, must be twice as small as the time for which the 
£100 is paid before it is due. 

Thus the interval between the payments, 6 mo., will be 
divided into the portions 2 mo. and 4 mo. ; and the equated 
time will be 8 months, which is just 2 mo. after the first, 
and 4 mo. before the last payment is due ; for by keeping 
£200 for 2 mo. after it is due, just as much is gained as is 
lost by paying £100 4 mo. before it is due. 

Hence, it is evident, that when the sums are unequal, 
the portions into which the interval is divided will also be 
unequal, and that they will vary inversely as the sums. 

Rt7LE. 

Multiply each payment by the time at which it 
becomes due, and divide the sum of the products 
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by the sum of the payments ; the quotient wiU be 
the equated time. 

100 yt G ' *" 800 

£Ix. — ^At what time may £100 due at iooxli^l200 

6 months, and £lOO due at 12 mo. be 

both paid at once, without gs^in or ^^ , ) *^^ 

loss ? "I 

9 mo. 

200 )t fi^zl200 

Ex. 2.—- At what time may £200 due loox 123=1200 

at 6 mo., and £100 due at 12 months, be — ^ 

both paid at once without gain or loss? ^^ ) ^^^^ 
These need no illustration. ~~o 

,8 mo. 
EXAMPLES FOR PRACTICB. 

1. £150 due at 6 months, and £l50 due at 9 mo. are 
to be paid at once ; what is the equated time ? 

Ans* 7^ months. 

2. £50 is due at 6 mo,, £60 at 7 mo., and £80 al 
10 mo. ; at what time may they be all paid at once ? 

Ans. S months. 

3. At what time may £200 due at 3 mo., £300 due at 
8 mo., and £500 due at 12mo., be all paid at once ? 

An9. 9 months. 

4. Of a debt of £1500 due at 15 nonths, £i7dO was 
paid at 6 mo. ; at what time should the romainder be paid ? 

Afu. Ac 24 months. 

5. Of a debt Qf^.£l200 due at I2m6i4t^s, ^£90^0 was 
paid at 9 mo. ; at what time should the remaih^e^ b<^paid ? 

Ans. At ii. mirths. 

6. A debt of £900 due at 6 months, was disdnjirgadi by 
paying a part at 8 mo., and the tenrsinder <at i 9"mont}is ; 
what was the amount of each payment^ " '■ '^ ■ » i " 'f ' 

• '. ' ■ ' \: i :>Ahd4 £4J6t^ffiKih. 

7. A debt of £1200 due at 9 months, was discharged 
by paying a part in 6 mo., and the remainder at 15 mo. ; 
wl\at w^s ^be^an^pi].n4;oCea9h payment ? ' •^.' 

■ 4^4. ; 1st payment £800, the. 2iid £400. 



I 
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8. A. owed B. £750, to be paid in 15 months, but at 
12 mo. paid him £250 ; at what time was the remainder 
due? Jns. 16^ months. 

9. A. owes B. £8000, due at 4 months, £4000 due at 
6 mo., and £5000 due at 12 mo. ; what will be the equated 
time to pay the whole ? Ans. 8 months. 

10. Of a debt of £1200, ^ was due at 3 mo., i at 
4 mo., 4- ^^ ^ °^*t ^^d the remainder at 7 mo. ; at what 
time may the whole be paid at once ? . Ans. 4 months. 

11. Of a debt of £1200 due at 9 months, £800 was 
paid before, and the remainder after the time ; what was 
the time of each payment ? 

Ans. The 1st 4f months, the 2nd 18 months. 

12. Of a debt of £800 due at 15 months, part was paid 
at 7^ mo., and part at 67^ mo. ; what was the amount of 
each payment? Ans. The 1st £700, the 2nd £lOO. 



ALLIGATION. 



1. This is simply an application of the principles of 
proportion, to find either the value of a mixture consist- 
ing of several ingredients of different values ; or the quan- 
tities of the several ingredients which, according to their 
respective values^ must be taken to form a mixture of any 
required value. ' 

2. The former of these is nothing more than finding 
the values of the several Ingredients at their respective 
prices, and dividing the sum of the^ . values by the sum 
of the quantities ; in order to find the price of a lb., an oz., 
or gal,, &c. of the mixture, which is called the mean 
rate. 

Thus, to find the value of I lb., or the mean rate of a 
mixture condsiing of 12 lb; o;f ti^ at 4^ per lb., and 24 
lb. of tea at is. per lb. 
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Here multiplying the 12 lb. of tea 
by the price 4^., we get their value i? 5 1 ^ itg 

48*. ; and multiplying the 24 lb. 

by the price 7*., we get their value 36 ) 216 (6f. per lb. 
1669. Now adding together the 216 

values 48j. and I685., we get 216*., 

the value of the whole mixture ; and lastly, dividing this 
value 216*. by the sum of the quantities, 12^-24=236, the 
number of lb. in the whole mixture, we get the quotient 
6*., which is the price of 1 lb., or the mean rate of the 
mixture. 

3. The latter part of the Rule, from which more es])e* 
cially it takes its name. Alligation, from the linking 01 
connecting together the se^veral ingredients which coun- 
teract each other's influence, we shall examine separately ; 
of the former we shall give only some 

EXAMPLES FOR PRACTICE. 

1. A grocer mixes 24 lb. of sugar at 6c/., 48 lb. at 7(/., 
and 96 lb. at 9d. per lb. ; what is the mean rate of the 
mixture, or the price per lb. ? Ant, Sd, 

2. A grocer mixes 6 lb. of coffee at )*. Sd» per lb. with 
12 lb. at l#. 6c/., and 18 lb. at 1*. 9d, per lb. ; what is the 
price of the mixture per lb. ? Ans, is. Id, per lb. 

8. If three chests of tea of equal weight, respectively 
worth 6*., 9*., and 12«. per lb. be mixed together; 
what will be the value of 1 lb. of the mixture ? 

Ans, 9«> 

4. A vintner mixes 30 gallons of wine at 12*., 40 gal& 
at 18«,, and 50 gals, at 24*. per gal. ; what is one gallon of 
the mixture worth ? Ans, 19*. per gal. 

5. A mealman mixes 120 -.bushels of flour, at 2*. 6(1 
per bushel, with 360 bushels at 3*. 6c/., and 240 bushels 
at 4*. 6c/. per bushel ; what is the mixture worth per 
bushel ? Ans. 3*. 8c/. per bushel. 

6. A goldsmith melts 15 oz. of gold 20 carats fine, 
with 10 oz. 22 carats fine, and 5 ot, of pure gold which 
is 24 carats fine; how many carats fine is the mixture? 

Am, 21 y carats fine. 



7; A viatnei^ mixds 16 gallons oC wine, at }0s. per gal.^ 
with 20 gals, at 15«., 25 gals, at 18^., and 4 gals, of water^ 
at per gal. ; what is a t^lon of this compound worth ? 

Ans. 14^. per gal. 

8. A composition^ consisting of 4 oz. 10 dwts^ofgold, at 
£4 per oz. ; 16 oz. 15 dwts* of silver, at 5#« 6d. per oz« ; 
and 24 oz. 15 dwts. of copper, Id, per oz., is manufac- 
tured into pencil cases, weighing each one oz. ; how 
much more than the value of the metal does the manu* 
facturer charge hy now selling them at I2s, each? 

Ans. 2s. 1 jd. 

PART II. 

To find the quantity of each of the ingredients, which, 
in proportion to its value, must be taken, to form a mix- 
ture of any mean rate required. 

1. It is obvious, that if the ingredients which enter 
into the mixture, are all above or all below the mean 
rate, no possible combination of them can produce a mix- 
ture of the rate required. 

Thus, no possible combination of ingredients at 7^., 8^., 
and 9^. per oz., can produce a mixture worth 6«. per oz. ; 
nor of ingredients at 3i., 4^., and 5^. per oz. produce a 
mixture worth 6». per oz. 

Hence ihe principle of the Rule in every case, requires 
that sonffTof the ingredients be above, and others below 
the mean rate of the mixture ; and the whole of it con- 
sists in so proportioning the quantities of those which are 
above, and of those which are below the mean rate, that 
the joint efiect of the one to increase, may be counteracted 
by the joint effect of the others, to decrease the mean rate, 
and consequently preserve it unaltered. 

For this reason, every ingredient of which the price is 
above, must be linked with one of which the price is below 
the mean rate ; and when the one ingredient is just as much 
above as the other is below the mean rate, the quantities 
of both must be equal. 

Thus, in mixing wine at 6s, with wine at 4s, to make a 
mixture worth 5^. per gallon ; every gal. of the 6^. wine 
will increase the mean rate by 1^., and every gal. of the 
4*. wine will decrease it by Is,; hence, as every gal. of 
the one counteracts the effect of every gal. of the other, it 
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is cfvidett diati th« ^whtitf^ "hdlh ingrodinita- mtut be 
equal. > ■ 

Ex. — 1 gal at 6^., and 1 gal. at 45.^2 gals, worth 10^., 
which is at the fate of 5j. per gal. on the mean rate. 

But when the one iihgredient is awNre above, than the 
other is below the mean rate ; or generally when their 
difierences from the mean rate an umequal, the quantities 
of the ingredients will ftiso be unequal ; and in this case 
will always vary inversely as their differences. 

Thus, in mixing wine at 75. with wine at 4i., to make a 
mixture worth bs. per gallon, every gaL of the 7^. wine 
M ill increase the mean rate by 2ff., while every gal. of the 
4f . wine decreases it by 1^ . only ; hence, as it will require 
2 gals, of the 4^. wine to counteract the effect of every 
gal. of the 7s. wine ; it is evident that the quantities of 
the ingredients will vary inversely as their differences. 

Ex. — 1 gal. at 7s4 and 2 gaU. at4».=^3 gals, worth 15if., 
which is at the rate of 5;. per gal. or the mefin rate. 

For this reason, in writing down the rates of the sevecal 
ingredients, to And their diflferences from the mean rate of 
the mixture, the difference of each ingredient is written, 
not opposite to that whose difference it is, but opposite to 
that ingredient of contrary tendency with which it is linked. 

The Rule is founded entirely on the obvious principle 
4h»t the quant]{ties of the several iagredients^^HU vary 
inversely as their differences; and it is unnecessary to 
subdivide it into '' Cases ;'^ for afler having obtained any 
mixture at the mean rate required^ if we wish to alter 
either the quantity of the whole co^i pound, or of any one 
particular ingredient, we have ou)y to alter aJl the other 
quantities in the same ratio. 

RULE. 

1. Write down under each other the rates of the 
several ingredients, for comparisoi;! with the n^ean 
rate written in a place convenient for the purpose , 
and connect with a link, the rate of every ingredient 
which is above, with one which is below the mean 
rate. 

2. Compare the rate of each ingredient with the 
mean rate, and write its difference opposite to that 



fate with whicli it is litiked ; uid the several differ- 
enoes thus written; will show the quantities of tlie 
several ingredients which miist be taken, to forA 
the mixture. 

3. If there be only one ingredient of which the rate 
is above, or only one of which the rate is .below 
the mean rate, all the others musit be Uhked with 
this one ; and the sum of their several differences. 
Written opposite to it, will be the quantity of that 
ingredient; and the difference of that ingredient 
from the mean rate, being written opposke to each 
of the others, will show the quantity of each of 
them to be taken to form the inixture. 

Ex. 1. — ^What quantity of tea at 3s., 4^., 7^., and 8^. per 
lb., must be taken to make a mixture worth 6s. per lb. ? 

Here, writing down the rates of Proof, 

the several ingredients 3, 4, 7, and 3— 
8, under each other, and placing 6*. It^l 
the mean rate 6s, in a situation gL^ 
convenient for comparison, we , __ 

link the 3^. which is below, with 8 ) 48 

the 8^. which is above, and also — 

the 4 which is below, with the 7s, ^ 

which is above the mean rate. 2nd. Comparing the 3#. 
with the mean ^ate 6«., we Write the difference 3 op- 
posite to the 8.?. with which it is linked ; comparing in 
like manner the 4^. with the mean rate 6*., we write tlie 
difference 2 opposite to the 7^. ; also comparing 7^. with 
the mean rate 6j., we write the difference 1 opposite to the 
4 J. ; atld cbmparing 8; . with the mean rate 6^., we write the 
difference 2 opposite to the 38. with which it is linked ; and 
these differences, as thus written, show respectively the 
quantity of the ingredients against which they stand, which 
must be taken to form the mixltyre;. or that thece must 
be 2 lb. at 3;., lib. at is,, 2Jb* at 7^.,,i^)d 31b. a,t 8^*, 
to make a mixture of the mean rate,' jSf . per lb. . 

That these are thd just proportions, will be evident by 
inspecting the Proof; for the whole mixture is 81b., 
which at their respective priees are together worth 48;., 
which is at the rate of 6s. per lb., or at the mean rate 
required. 



2 lb. at 3i= 6 

1 lb. - 4= 4 

2 lb. - 7=14 
31b. - 8=24 



188 ▲MblOA.TUIN. 

If it had been required. that tliis liiixtiiTe shoitld .eon- 
titin 240 lb. ; having obtained the proportions as abore, 
forming a mixture of 8 lb., we have only to increase the 
quantity of each ingredient in the ratio 8 : 240= I : 30 ; 
or if it had been required, that 21 lb. of the 8«. tea should 
be contained in the mixture, we have only to increase the 
quantity of all the other ingredients in the ratio 3 ; 2 1 =s 
1 : 7, and we shall obtain the mixture required. 

Ex. 2.— What quantities of tea, at 3«., 4^., 5».,. and Ss. 
per lb., will form a mixture worth 78. per lb. 

Here, P«>cf«ding as ,: _ j ^^ f^| 

before, we nnd the only #4 ... 1 -4=4 

ingredient of which the |5— i* J 

rate is above the mean ^ — — 
rate, to be the tea at 
Ss. ; consequently all 



. . . 1 - 5= 5 
4+3+2=9 - 8=72 

12 ) 84 



the other rates are 7«. 

linked with it, and their differences from the mean rate, 4, 3, 
and 2, are all written opposite to it; their sum 4+3+2 
£:9, shows the quantity of that ingredient to be used in 
the mixture ; and the difference of that ingredient from 
the mean rate 7 = 1, is written opposite to each of the 
ingredients which are linked with it, and shows the quan- 
tity of each which must be taken to form the mixture 
required ; thus 9 lb. at 8^., and 1 lb. each at 3^., 4^., and 
5f., together constituting a mixture of 121b. worth 84«., 
or at the mean rate 7^. per lb., as may be seen by inspecting 
the Proof. 

EXAMPLES FOR PRACTICE. 

1. A vintner would mix wines at 14^. and 16.«^ per 
gallon, so as to sell the compound at lbs. per gallon ; 
what quantity of each must he take ? 

Ans, Equal quantities of each. 

2. A distiller mixes spirits at 7.9., 8^., lu^., and 12^. per 
gallon, and sells the mixture at 9^. per gal. ; how many 
gals, of each wine did he use? 

Am. 3 g. at 7^., 1 g. at 8;., 1 g. at 10^., and 2 gs. at I2s. 

3. A mealman mixes ilour at 3s. 4d, 3s. M.^ is., and 
4s. 3d. per bushel ; what quantity of each did he tiJie to 
mdsethe mixture worth 3^. lOd. per bushel ? 

Ans, 6 at 3^ . 4e/., 2 at 3 ;. 8c/., 2 at 4s., and 6 at 4#. 3dL 
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4. A grocer mixes teas at 4«., 4s. 6d., 5«., d#. 6d. and 6f. 
per lb., to sell the mixture at 4s. 9d, per lb. ; how much of 
each did he take ? 

. Ans. 24 lb. at 4j., 8 lb. at 4s. 6(1., 3 lb. at 5j., and 9 lb. 
each at bs. 6d. and 6s. 

5. How many ounces of gold, 17, 18, 29, and 24 carats 
fine, will make a mixture of 20 carats fine ? 

Ans. 4 at 17, 2 at 18, 2 at 22, and 3oz. at 24 carats. 

6. A grocer would mix teas at4f., 6f.,8f., and 10^., so 
as to form a compound of 56 lb., worth 7s. per lb. ; what 
quantity of each will be requisite ? 

Ans. 21 lb. each, at 4«. and 10^., and 7 lb. each, at 
&s. and Ss. 

7. What quantity of flour at 2s. 9rf., 3^. 6rf., and 
4ff. 3(f. must be taken to form a mixture worth 3^. 9d. per 
bushel ? 

Ans. 6 bu. each at 2s. 9d. and 3s. 6d., and 15 bu. at 4^. Sd. 

8. How many lb. of coffee at 2s. 6d., 3^. 4d., and 
38. Sd.y must be mixed with 45 lb. at 4s. 6d. per lb. to 
make a mixture worth 48. per lb. ? 

Ans. 9 lb. of each. 

9. How much water at 0, and wine at 16«., 18^^, and 
20^. per gallon, will form a mixture worth 17^. per gal. ? 

Ans. 3 g. water, 1 ga. ea. of wine at \6s. and 18^., and 
17 gal. at 20s. 

10. How many gallons of wine at 12^., 15^., 17f., and 
24s. must be mixed together, that by selling the compoun4 
at 2bs. per gal., the merchant may gain 25 per cent. ? 

Ans. 14 gal. at 24»., and 4 gal. of each of the others. 

11. A merchant mixing brandies at 25^., 35^., and 
45<. per gal., wishes to make a mixture of 210 gallons, 
worth 2 guineas per gal. ; what quantity of each must he 
take? 

Ans. 168 g^. at 45^., and 21 gal. of each of the others. 

12. A merchant mixing wines at 12^., lbs., I7s., and 
94^., sells the mixture at 17^. 6d. per gallon; how many 
gallons of each did he use ? 

Ans. S^gal. at 24ff., and 6i gal. of each of the others. 

13. What quantity of spirits at 17^., 199., and 9 If. per 



190 AI4.lQi.TiOV. 

gailon« and of water at 0, must be taken to form a mixture 
by the sale of which at 18^. per gal* the merchant may 
gain 20 per cent. ? 

Ans. 15 ga. of each fipirlt, and 12 ga. water. 

14. How many ounces of gold at £4 per oz., silver at 
H* Qd'i and copper at Id. pet oa., will form a metallic 
compound worth 17«. 6d. per oz.? 

Am. 853 oa. gold, 750 os. silyer.and 750 oz. copper. 



EXCHANGES. 

This Rule is merely an application of the principles of 
proportion, to find what qi^tity , of the pixoney of one 
country, will be equal in value to a given quantity of the 
money of any other country, according to the usual rate of 
exchange. 

Many circumstances connected with this subject, do not 
properly come within the province of an elementary trea- 
tise on arithmetic, of which the design is rather to teach a 
right use of them when known, than to anticipate the ra- 
rious usages which can be learned only from actual 
business. 

It win therefore be sufficient to notice only the following, 
which enter more materially into the calculation of ques- 
tions in exchanges. 

1. Agio is an allowance of so mueh per cent, for the 
difference between the value of the money kept in the 
banks, and that which is in circulation ; the former, called 
banco, being more valuable than the latter, which is called 
currency. 

' 2. The exchange is always supposed to be made *iii 
banco, to which, according to the agio, every sum^ of cur- 
rency must be reduced^ before the exchange is made. 
Sterling money is always considered to be equal to banco. 

3. Usance is a certain time allowed for the payment of 
b.iUs of exchange ; and is generally 15 days, or a month, or 
two months from their date, according to the distance of 
the- place ; and has the sanie eJBbot on the sum as the. dis- 
Qountipg of it for the t>iine. 
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4. The Par of exchange is such a mutual adjustment 
of the relative values of the moneys of two countries, as may 
make the rate of exchange, which is subject to fluctuate, 
equally advantageous to both.. 

5. The course of exchange is that fluctuation from par, 
which, according to circumstances, makes the rate of ex- 
change advantageous to the one country, ^nd disadvan- 
tageous to the other. 

In pursumg this subject, it will be requisite to subjoin 
taWeg of the relative values of the diflferent coins ; ai«l, ^fiter 
detailing an example, it will be auJOSciejit to leave the 
ettudent to prp(ieed according to his own discretion. 

ENGLAND, with HOLLAND, FLANDERS, and 

GERMANY. . 

, Accounts are kept in these c6untries 'in guilders; stivers, 
grotes, and pennings ; or in pounds, schillings, and pence 
Flemish. The course of exchange varied jfirom 3&. 6d. 
to 36^. 6rf. Flemish, per £. sterling.; and the agio from 
3 to 6 per cent. ^ ..... i 

TABLE. 

8 Pennings =: I grote or p^nay Finish. 

2 Grotes . ?=*1 Stiver. 

6 Stivers = 1 Schilling. 
20 Stivers = 1 Guilder or Floriq. 
2i Guilders = 1 Rix-Dollar. 

6 Guilders xr 1 Pound Flemish. 

Ex. — How many guilders currency, are equal in value to 
£150 sterling ; exchange at 35^. 6d. Flemish per £. sterling, 
and agio 5 per cent. ? 

Here we find by Practice, that 

the value of £150 sterling, at .^ , " 

35*. 6d. per £., is = £266 „ 5«. ^^ 1 ^ 

Plem. banco ; and as the agio eiLA = 

is 5 per cent., we add — of this £j 

sum to the banco, and find the ^P®*"4*" 

currency = £279 „ 11^. 3d £279 11* 3 Fl. Cur. 
Plem., which we reduce intq ' 6 

guildersby multiplying by 6,aiid ■ ' 
obtain the answer, 1677 guild- Guild. 1677 7^ 

ers, 7 stivers, and tV= 1 grote. ' ' 
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XXAMPLK8 FOR PRACTICR. 

1. In 1677 guilders 7^ stivers currency, how many £. 
sterling, exchange Sbs, 6d. Flem. per £. sterling, and agio 
5 per cent. ? Ans. .^150 sterling. 

2. In £l96 „ 13^. id. sterling, how many guilders 
banco, exchange at 34<. id. Flem. per £. sterling? 

Ans. Guilders 2025 „ 13 st. 5^ pen. 

8. How much sterling is equiyalent to 2345 guilders 
agio, 15 stivers banco, exchange 33s. 9d. Flem. per 
£. sterling? Ans. £231 „ IBs. did. f 

4. How many rix-dollars currency are equivalent 
to £150 „ 10s. 6d» sterling, exchange 36^. 3d. Flem. per 
£, sterling, and agio 5^ per cent. ? 

Ans. 690 r. d. 1 guild. 19 st. 1 gr. 5 pen. 

5. If the exchange be 33^. 6d. Flem. per £. sterling, at 
Ij- month's usance, what should it be at sight, allowing 
interest at 4 per cent. ? Ans. BSs. id. 

6. In £4567 „ lis. &d. Flem. currency, how many £. 
sterling, exchange 35^. 9d. Flem. per £. sterling, and agio 
H per cent. ? Ans. £2436 „ 13«. 4d. 



HAMBURG AND ALTONA. 

They keep accounts here in rix-dollars, marks, schillings 
and fennings, and exchange with London by the pound 
Flemish, which varies from 33 to 36 schillings, Flem. per 
£. sterling; agio for currency, from 18 to 20, and for light 
money from 30 to 35 per cent. 

TABLR. 

6 Fennings = 1 Grote Flemish. 
12 Fennings = 1 Schilling. 
16 Schillings = 1 Mark. 

2 Marks = 1 Hamb. dollar of exchange, 

3 Marks =c 1 Rix-Dollar. 

7j- Marks =: 1 Pound Flemish. 
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EXAMPLES FOR PRACTICE. 

1 . Reduce 357 marks 1 2 shillings banco, into £. 's sterling, 
exchange 33^. 6d. Flem. per £. sterling? 

Ans, £28 „ 9* . C^d f f . 

2. How many marks banco are equivalent to £l75 „ 
12.9. 6d. sterling, exchange at 33^. 4d, Flemish per £. ster- 
Kng? Ans. 2195 marks 5 shil. 

3. How much sterling will purchase .3500 marks cur* 
rency, exchange 35;. Flem. per £. sterling, and agio 20 
per cent ? Ans. £222 „ 4«. bid. 

4. How many rix-dollars currency are equivalent to 
£250 sterling, exchange 34*. 6rf. Flem. per £. sterling, 
and agio 18 per cent. ? Ans. 1272 rix-dol. 9 shil. 

5. How many dollars of exchange currency are 
equivalent to £125 sterling, agio 20 per cent., and ex- 
change 96s, Flem. per £. sterling ? 

Ans, 1012 dol. ex. 8 shil. 

5. In 1720 Hamburg rix-dollars, how mauy £, Flem. ? 

Ans. £688 Flemish. 



SWEDEN. 

Accounts at Stockholm are kept in copper and silver 
dollars, and the exchange varies from 46 to 50 copper 
dollars per £. sterling. 

TABLE* 

2 Fennings = 1 Runstychen. 
6 Runstychens == 1 Skilling. 

14- Skil., or 8 Runstych. =: 1 Mark. 

4 Marks =s 1 copper Dollar. 

3 copper Do]s.,or 16 skils. =: 1 silver Dollar. 
3 silver Dollars = 1 Rix-dollar. 

EXAMPLES FOR PRACTICE. 

1. In 5922 cop. dol. 3 marks 4 runstych., how much 
sterling, exchange 49 cop. dollars per £. sterling ? 

Ans. £120 „ 17*. 6d. 
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2. In £175 „ 15^. 6d. sterling, how many silver dollars, 
exchange 487 cop. dols. per £. sterling ? 

Jns, 2841 siL dol. 2 cop. dol. 2 runstych. 

3. In £375 „ 17 s. 6(2. sterling, how many rix-doUars, 
exchange 50 cop. dollars per £. sterling ? 

Am. 2088 rix-dol. 1 cop. dol. 2 marks 7 runstych. 
1 fen. T«A. 

4. How much sterling is equivalent to 1234 silver dol- 
lars, exchange 49^ cop. dols. per £. sterling ? 

Ant. £74 „ Ihs. 9d. 

5. How many rix-doUars are equivalent to the payment 
of a hill of .£500 sterling, 2 months' usance, exchange at 
48 cop. dols. per £. sterling? 

Am. 2644 rix-dol. 1 sil. dol. 1 cop. doL 

6. What quantity of sterling must I remit to Stockholm 
to pay a bill of 1022 silver dollars, exchange 47^ cop. dol. 
per £. sterling? Am. £64 „ 10«. ll^d. tt* 



RUSSIA. 

They keep accounts at Petersburg in Rubles and Co- 
pecks, and exchange with London direct at from 4^. to 5;. 
sterling per ruble, or by way of Amsterdam at from 48 
to 50 stivers per ruble. 

TABLE. 

10 Copecks = 1 Grieven. 

50 Copecks or 5 Grievens = 1 Politin. 

100 Copecks or 2 Politins =: 1 Ruble. 

2 Rubles = 1 Ducat. 

EXAMPLES FOR PRACTICE. 

1. Reduce 1750 rubles 75 copecks into sterling, ex- 
change at 4^. 9d. sterling per ruble ? 

Am. £ilb „ 168. Old. 

2. How many ducats, &c., are equivalent to i^l8 „ 
16^. 4|(2. sterling, exchange at 4^. 9d. sterling per ruble ? 

Ans. 460 due. 1 rub. 35 copeck^ 
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3. How much sterling* is eqidvalent to 1842 rubles 70 
copecks, exchange at 4^.10^. sterling per ruble ? 

Ans. £449 „ 3». Ijrf. A. 

4. In £137 „ \bs» sterling, how many rubles, &c., ex- 
change 48 stivers of Amsterdam per ruble, and 33^. 4c/. 
Flem. per £, sterling ? Ans. 573 rub. 95 copecks. 

5. How much sterling is equivalent to 2408 rubles, 
exchange 50 stivers per ruble, and 35^. lOd. Flem. per £. 
sterling ? Am. £560. 

6. A merchant at London remits to his correspondent at 
Petersburg £375 „ 17^. 6c^. by way of Amsterdam, ex- 
change 34j. SdL Flem. per £. sterling, and thence to 
Petersburg, at 49 stivers per ruble ; with what sum should 
his account be credited at Petersburg ? 

Ans. 1595 rubles, 55 copecks. 



PRUSSIA. 

They keep accounts at Dantzic in Florini^, Groschens, 
and Fennings, and exchange with London by way of Am- 
sterdam, at from 240 to 290 Groschens per £. Flemish. 

Table. 

18 Fennings = 1 Groschen. 

30 Groschens := 1 Florin. 

3 Florins =: 1 Rix-doUar. 

2 Rix-doIIars = 1 Gold Ducat. 

EXAMPLES FOR PRACTICE. 

1. In £175 sterling, how many Prussian florins, 33«. 

4ci. Flem. per £. sterling, and 240 groschen per £. Flemish ? 

Ans, 2333 flor. 10 gros.. 

2. How many rix-doUars in £478 „ 14^. 9d. sterling, 
exchange at 255 groschen per £. Flemish, and 33^. 6d. 
Flemish per £. sterling ? Ans. 2272 rix-doUars. 

8. In 560 gold ducats, how much sterling, exchange 
280 groschen per £. Flemish, and 34j. 2d, Flemish pec 
£. sterling ? Ans. £210 „ 14;. t^fi. 

k2 
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• 4. How many Prussian florins are equivalent to £546 „ 
17^. f*H. sterling, exchange 275 groschen per £. Flemish, 
and Bhs, lOd, Flemish per £. sterling? 

Aiu^ 6981 flor. 19 gros. 15 fen. 

5. In 1235 gold ducats 1 rix-dol. 2 flor., how much 
sterling, exchange 285 groschen per £. Flemish, 36^. 6d. 
Flemish per £. sterling ? Ans. £427 „ 13;. 8j^ 

6. A merchant remits a bill of £315 sterling at 1 months* 
usance to Dantzic, to pay for the purchase ot' goods; with 
bow many gold ducats will his account be credited, ex- 
change 270 groschen per £. Flemish, and 35^. Flem. per 
£. sterling? Ans, 823 gold due. 1 Rx.-dol. 17 groschen. 



VENICE, 

They keep accounts here in Ducats, Lire, Soldi, and 
Denari, and exchange with London at from b2d. to 54d. 
sterling per ducat, and from 4bd, to bid. sterling per lira 
or piastre of Leghorn, agio from 20 to 30 per cent. 

TABLE. 

12 Denari = 1 Soldi. 

20 Soldi = 1 Lira or Piastre. 

6^ Lire = 1 Ducat current 

JSXAMPLES FOR PRACTICE. 

1. What is the value in sterling of 8456 piastres of 
Leghorn, 15 soldi, and H denari, exchange at 48<i. sterling 
per piastre ? Ans, £691 „ 7*. J|rf. 

2. How many piastres of Leghorn are equivalent to 
£178 „ 17^. 6d, sterling, exchange at 50d. sterling per 
piastre? Atis, 858 piast. 12 soldi. 

3. How many ducats current are equal in vahie to 
£350 „ 1 bs. Sd. sterling, exchange 52(2. sterling per ducat, 
and agio 20 per cent. ? Ans. 1942 due. 16 soldi. 

4. In 1582 ducats current, how much sterling, ex- 
change at b4d. sterling per ducat, and agio 22^ per cent. ? 

Ans. £290 „ Us, bd. 



,\ 



5. Flow many piastres of Leghorn are equivalent to 
£120 sterling, exchange 48c?. sterling per piastre, and agio 
20 per cent. ? A^s. 500 piastres. 

6. How much sterling can I have for 6500 ducats cur- 
rent, exchange 52 J sterling per ducat, and acfio 30 per 
cent? ^n^. £1093 „ 15.?. 



FRANCE. 

They formerly kept their accounts at Paris in Livres, 
Sous, and Deniers, which is still the practice in some parts 
of the country ; but at present accounts are generally kept 
in Francs, Decimes, and Centimes. The exchange with 
London varies from 24 to 25 francs per £. sterling. The 
new franc bears to the old livre the ratio of 81 to 80; 
hence 80 francs are equivalent to 81 livres. 

TABLE. 

12 Deniers = 1 Sou. ." 

20 Sous = 1 Livre.. 

3 I/ivres = 1 Ecu. 

and - 
10 Centimes = 1 Decirae. 

10 Decimes or 100 Cent. = 1 Franc. 

EXAMPLES FOR PRACTICE. 

1. Reduce 3831 livres, 17 sous. 9 deniers into £. ster- 
ling, exchange at Slid, sterling per ecu ? 

i4nj. £162„12^. lOfrf. 

2. How many francs are equivalent to «^125 „ lOs, ster- 
ling, exchange at 23]^ francs per £. sterling ? 

Ans. 2949 francs, 25 centimes. 

3.. How many £, sterling are equivalent to 1785 francs, 
6 decimes, exchange at 24 francs per £. sterling ? 

Jns, £74 ,,85, 

4. Reduce 3456 francs into livres, sous^, and deniers. 

A/IS, 3499 livres, 4 sous. 

5. In 1254 francs, how many £. sterling, exchange at 
3Hcf. pence sterling per eJcu? Ans, £bb,,2s. l|rf. 

6. Reduce 3683^ francs into £. sterling, exchange at 
23^ francs per £. sterling? Arts. £156 „ 15^. 
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SPAIN. 

They keep accounts at Madrid in Piastres, Reals, and 
Maravedis, and exchange with London at from 38 to 42 
pence sterUng per Piastre ; the money of Spain is also dis- 
tinguished as Vellon, which is the Current ; and as Plate, 
which is the Money of Exchange ; Vellon bears to Plate 
the ratio of 1 7 to 32 ; hence 32 Reals Vellon are equivalent 
to 17 Reals Plate. 

TABLE. 

34 Maravedis ' = 1 Real. 
8 Reals = 1 Piastre. 

4 Piastres = 1 Pistole. 

375 Maravedis = 1 Ducat. 

EXAMPLES FOR PRACTICE. 

1. How many £. sterling are equivalent to 1745 reals 
plate, exchange at SSicZ. sterling per piastre ? 

Ans. £35,, 4^. Aid. 

2. Reduce 4352 reals vellon into £. sterling, exchange 
at 42d. sterling per piastre. Ans, £50,, 11^. 6d. 

3. How many piastres are equivalent to £l57„ 13^. 6d. 
sterling, exchange at 42d* sterling per piastre? 

Ans, 901 piastres. 

4. In 8704 reals vellon, how many reals plate? 

Ans* 4624 reals plate. 

5. How many pistoles, &c*, are equivalent to £215 „ 15f. 
6(i. sterling, exchange 40 d. sterling per piastre f 

Ans. 323 pistoles, 2 piastres, 5 reals, 6 maravedis i^^. 

6. How many ducats are equivalent' to £l29 „ 13«. 9d. 
sterling, exchange at Al^d. sterling per piastre ? 

Ans, 544 ducats. 

7. How much sterling must be remitted to pay a debt 
of 8704 reals vellon, exchange at 42c£. sterling per piastre ? 

Ans, £l01,y3«. 
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PORTUGAL. 

They keep their accounts at Lisbon in Milrees, Crusa- 
does and Rees, and exchange with London at from 60d. to 
67 d, sterling per Milree. 

TABLB. 

400 Rees = 1 Crusado. 

1000 Rees,or2-|-Crusadoes= 1 Milree. 

EXAMPLES FOR PRACTICE. 

1. How many milrees are equivalent to •^126,, 13^. 4<f. 
sterling, exchange at 64 pence sterling per milree ? 

Arts, 475 milrees. 

2. How much sterling must I remit to pay a debt of 
525 crusadoes, 375 rees ; exchange at 66d. sterling per 
milree ? Ans. £57 „ 17^. o\d. 

3. In £253,, 6s. Sd, sterling, how many crusadoes ; ex- 
change at 5^. Ad» sterling per milree ? Ans. 2375 crusadoes. 

4. How much sterling must I remit to Lisbon to dis-* 
charge a debt of 750 milrees ; Exchange at 6bd, sterling 
per milree ? Ans. £203 „ 2^. 6d, 

5. How many milrees are there in 12350 crusadoes, 
175 rees? Ans, 4940 milrees, 175 rees. 

6. If I remit to Lisbon £406 „ 5^. to discharge a debt 
of 1500 milrees ; what was the rate of exchange? 

Ans. 65//. sterling per milree. 



THE UNITED STATES OF AMERICA. 

They keep accounts here in Dollars, Dimes, and Cents, 
and exchange with London at the rate of As. 6d. sterling 
per dollar ; they also keep accounts in Pounds, Shillings, 
and Pence currency, the value of which varies greatly in 
different parts of the country, fluctuating from is. Sd. to 
8«. currency per dollar of exchange worth 4;. 6d. sterling, 
consequently subject to an agio varying from 4 to 77 per cent. 

TABLE. 

10 Cents s= 1 Dime. 
10 Dimes &» 1 Dollar. 
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EXAMPLES PUR PRACTICE. 

1. Reduce 750 dollars, 75 cents into sterling, exchange 
4*. 6rf. sterling per dollar. Ans. £168 „ 18*. 4jp. 

2. How many dollars currency are equivalent to £ 120 
sterling, exchange at 7». 6ci. currency per dollar ? 

Ans. 320 dollars. 

3. Reduce 2750 dollars, 25 cents currency into £. 
sterling, exchange 4^. 6d, sterling per dollar, and agio 65 
per cent. Ans. £375 „ 0». 8c/. 

4. How many dollars current, agio 57J per cent., are 
equivalent to £l53 sterling, exchange at 4^. 6rf. sterling 
per dollar ? Am, 1071 dollars. 

5. With how much sterling can I discharge a debt of 
1750 dollars current, agio 75 per cent. ? Arts. £225. 

6. If I remit to Pennsylvania £175 „ 17^. 6rf. sterling", 
with how many dollars current, agio 66^ per cent. ? 

Ans. 1302 dollars, 77 centimes. 



IRELAND AND THE WEST INDIES. 

Accounts are kept here in Pounds, Shillings, and Pence, 
as in England ; but in Ireland, the currency being less 
valuable than sterling, is subject to an agio varying from 
8 to 12 per cent. ; and the Paper Currency of the Colonies 
is also subject to a discount varying from 25 to 50 per 
cent. 

EXAMPLES FOR PRACTICE. 

1. Dublin sends goods to London worth £l25 „ \2s, 6d* 
Irish currency ; with how much sterling must she be cre- 
dited, agio 8^ per cent. ? ^««. £ 115 „ 19 j. 2^d^ 

2. London consigns to Virginia goods to the amount of 
£350 sterling ; with how much currency should she be 
credited, agio 35 per cent. ? Ans, £472,, L0». 

3. Jamaica remits to London £375 „ 17s. M. currency, 
agio 27^ per cent. ; with how much sterling should she be 
credited ? Ans. £294 „ 16*. Of d. 
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4. How much Irish currency will be equivalent to £500 
sterlinar, ^^^ Hi per cent. ? Ans. £bbl „ 10^. currency. 

5. London sends goods to Barbadoes, which are sold 
for £785„15j. currency; how much sterling must the 
factor remit, agio 31 J per cent., to settle the account ? 

Ajis. £597 „ 10*. 6|rf. 

6. If £750 sterling be equivalent to £836 „ 5^. currency, 
what is the agio ? Ans, 11 ^ per cent. 



ARBITRATION OF EXCHANGES. 

Arbitration of exchanges is the method of determining, 
from the known courses of exchange between several 
coimtries, the proportionate rate of exchange between any 
two of them ; and by comparing the rate thus found with 
the actual course of exchange, we may determine, accord- 
ing as it may be greater or less, whether a direct or cir- 
cuitous mode of remittance will be the more advantageous. 

Ex. — ^London is indebted to Paris 3000 «5cus, exchange 
32d. sterling per ecu ; the course of exchange between 
Paris and Amsterdam is 54c/. Flem. per ^cu ; and between 
Amsterdam and London, S6s. Flem. per £. sterling; will 
it be more advantageous for London to remit directly to 
Paris or circuitously by Amsterdam ? 

Here, changing the Flemish s s d d 

money into sterling, we find "^0 • 20 * • jf-^ • 30 
54rf. Flem. = to 30rf. sterling; T ' 3 3 
or the proportionate rate of ex- tt 

change by Amsterdam to be — ^ 

30d. sterling per ^cu ; and ^^ ^^er. per ecu. 

comparing this with the actual 

rate of exchange, 32rf. sterling per ^cu, we find that by 
remitting circuitously by way of Amsterdam we gain 2d, 
on every tkiu, which, on 300U t^cus, amounts to 6000d. =s 
£25 sterling by the circuitous remittance. 

It is sometimes customary to divide this rule into Sim- 
ple and Compound Arbitration, the former limited to three, 
and the latter embracing a greater number of places. 

But this distinction is altogether unimportant ; for what- 
ever may be the number of places, there will be always as 

K 3 
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maay seTeral ratios 9» there are difieretft eonnes of ek«» 
cliaDge, all of which it will be convenient to reduce and 
compound into one single ratio^ which will express the 
proportional or arbitrated rate of exchange between the 
first place and the last. 

In arranging these several ratios or courses of exchange, 
it will be necessary to begin with the course of exchange 
between the given place and that to which the first je- 
mittanoe is made, and preserving that order from the first 
to the last place, to see that the consequent of the first ratio 
be of the same kind as the antecedent of the second ; the 
consequent of the second of the same name as>the antece- 
dent of the third^ and so on. (See Ratio Art, 14.) 

Ex. 2. — London is indebted to Petersburg 500 rubles, 
exchange at ^Od. sterling per ruble ; but thinking it more 
advantageous, London remits to Paris at 24 Francs per £. 
sterling; thence to Portugal, at 500 Rees for 3 Francs; 
thence to Amsterdam at 20 Stivers per Crusado, and thence 
to Petersburg at 25 Stivers per Ruble. What does Lon- 
don gain or lose by this circuitous mode of remittance ? 

Here,beginningwiththe i /. o.^hw - 94Pr«««i 

course of exchange be- I f ^^e "' Z ,gj ^^- 

tween London and Paris, 400 Reee ss 20 SUvers. 

we have the ratio of a £• '^5 Stirera s 1 Ruble. 

sterling to a Franc == 24 : Tfi Sterling « SliM^. 
1 ; but as the number of 

coins will be in the inverted ratio of their values, we have 
1 £. sterling =24 francs ; 3 fi*ancs = 500 rees, 400 rees =^ 
20 stivers, and lastly 25 stivers = 1 ruble. 2nd* Reducing 
and compounding these several ratios, we get the compound 
ratio £i sterling == 8 rubles, which is the proportional 
or arbitrated rate of ex change between London and Peters- 
burg = sod. sterling per ruble. 

Now, comparing this with the actual rate of exchange, 
40^. sterling per ruble, it is evident that London^ by the 
circuitous mode of remittance, gains lOd, sterling on every 
ruble, which, on 500 rubles, » 5000(f. >s £20 „ 165* 8d. 

EXAMPLES FOR PRACTICE. 

1. The course of exchange between London and Am«- 
sterdam is 33^. 6d. Flemish per £. sterling ; and between 
^^ndon and Lisbon 50c/. sterling per milree ; what is the 
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arbitrated rate of exchange between Amsterdam and 
Lisbon? Ans, 83|d. Flem. per milree. 

2. The course of exchange between Petersburg and 
Amsterdam is 25 stivers per ruble ; between Amsterdam 
and Portugal 20 stivers per crusado, between Portugal 
and Paris 400 rees per 3 francs ; and between Paris and 
London 25 francs per £. sterling ; what is the arbitrated 
rate of exchange between Petersburg and London ? 

Ans, 36rf. sterling per ruble. 

3. Taking all the data as given in the preceding question, 
will Petersburg gain or lose by the circuitous mode of 
remittance ; and how much per cent., supposing the actual 
course of exchange between Petersburg and London to 
be 40^. sterling per ruble ? 

Ans, Petersburg will gain \)i,\ per cent. 

4. The course of exchange between London and Am- 
sterdam is 35j. lOrf. Flem. per £. sterling ; between Am- 
sterdam and Lisbon, 43(f. Flem. per crusado; between 
Lisbon and Paris, 500 rees for 3 francs; and between 
Paris and Madrid, 14 francs per pistole or doubloon of 
plate; what is the arbitrated rate of exchange between 
London and Madrid ? 

Ans, 140d. sterl. per pistole, or 35(2. per piastre. 

5. What will London gain or lose by remitting circuit- 
ously, as in the preceding question, for the payment of a 
debt due to Madrid of 500 pistoles, the actual rate of ex- 
change between London and Madrid being 168(2. sterling 
per pistole. Ans. £58„6«. 8d 

6. The course of exchange between Paris and London 
is 24 francs per £. sterling ; between Paris and Venice, 512 
centimes per piastre ; between Venice and Sweden, 102 
skillings per piastres between Sweden and. Lisbon, 51 
skillings per crusado ; and between Lisbon and London, 
64rf. sterling per milree ; which is the more advantageous ; 
the direct or circuitous mode of remittance ? 

Ans, They are equal. 
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POSITION. 



1. Position is a rule for finding the answer to a question 
by supposition ; and is founded upon the principle, that if 
the supposition be not true, the result obtained will differ 
from the result given in the question, in the same ratio in 
which the supposition itself ditfers from the truth. 

2. It is divided into single and double position. Single 
position employs one supposition only, from which the true 
answer may be found by proportion according to the de- 
finition above given. 

3. But the rule can only be applied when the quantities 
concerned in the question , bear some determinate ratio to 
the quantity sought ; when this is not the case, the rule 
will not apply ; and where it is the case, the answer may 
always be found by proportion alone, without any sup- 
position at all. 

Thus, to find a person's income, who, after spending 

111 
—, — , and — of it, had £20 remaining ; we suppose his 

income to have been £120; then, according to the con- 
ditions of the question, —^ — -, and — of £ 120 »= 60+30+ 

15 = £105, the part spent ; and 120 — 105 = £l5, the 
part remaining ; but this remainder, according to the ques- 
tion, should be £20. 

Hence, since the result thus obtained, differs firom the 
result given in the question, in the same ratio in which the 
supposition differs from the truth, we find the true income 
by proportion in the ratio 15 : 20 ; thus 15 : 20 : : £120 : 

£160, the true income ; for — + -j + — of £160, = 

60 + 40 + 20 = £140 ; and £160 - 140 = £20, the 
result given in the question. 

But this result might have been obtained without any 

•♦• * n 4^ ^ . ^ . ^ 4 + 2 + 1 7 

supposition at all : for — + — + — = = -r- ; 

^^ 2 4 8 6 8 

8 7 1 

and V ~ "q" ""^ T" *^® remainder, which by the question 

o o 8 
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is £20 ; consequently, as we know the value of — , we find 

o 

the value of the whole in the ratio 1:8; thus 1:8:: £20 : 
£l60, the whole income, as hefore. 

RULE. 

Suppose any convenient numher, and proceed with 
it according to the conditions of the question ; if 
the result be not such as the question requires, say, 
as the result of the supposed number is to the re- 
sult in the question, so is the supposed number to 
the true number. 

EXAMPLES FOR PRACTICE. 

1. A person planted a number of trees, of which — were 

1 1 

apple, — pear, — - damascene, and the remainder, 48 in 

number, were cherry-trees ; how many did he plant ? 

Ans. 192. 

2. A person, after spending — , — , and — of his income, 

finds himself £60 in debt ; what was his income ? 

Ans. £720. 

2 3 

3. A.'s age is — of B.'s ; and B.'s — - of C.'s, and their 

joint ages are 180 years ; what is the true age of each ? 

Ans, A.'s 40, B.'s 60, and C.'s 80 years. 

4. A person distributing a sum of money among several 
poor people, gave to the first — of what he had, to the 

Jm 

2 . 3 

second -- of the remainder, to the third — of what he had 

3 4 

left, and to the fourth, the whole of the residue, which was 
2s. 6d., what sum did he distribute? 

Ans. He distributed 60^. 

5. A gentleman bought a chaise, horse, and harness for 
£75 ; the chaise cost 5 times as much as the harness, and 
the horse 3 times as much as the chaise and harness ; 
what was the price of each ? 

Ans» Harness, £3 „ 2^. 6d. ; Chaise, £15 „ \2s. 6d. ; 
Horse, £56 „ bs. 
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6. A genera], after an engagement, found that— of his 

11 ^ 

men were killed, 7- wounded, r- taken prisoners, and 

I 10 15 

that -~ had deserted, so that he could muster only 1500 

effective men ; how many had he before the action ? 

Ans. 2500 men. 



DOUBLE POSITION. 



Double Position is a rule for finding, by two several 
suppositions, an answer to such questions as include quan- 
tities which bear no determinate ratio to the quantity 
sought ; and is founded on the principle, that the errors re- 
sulting from the suppositions, bear to each other the same 
ratio as the differences between the several suppositions 
and the truth. 

For instance, if it were proposed to find what income a 

person had who, after spending —- of it and £10 more, 

had £20 remaining ; the answer could not be found by 
one single supposition, because, as it is uncertain what 
the income may be, it is impossible to determine the ratio 
which the quantity £10 bears to the quantity sought. 

The answer, however, may be easily found by Propor- 
tion, without any supposition at all ; for whatever the in- 

3 

come may be, the quantity — - bears to it, the determinate 

ratio 3:4, and the £l0 afterwards spent, and the £20 still 

remaining, together =r £30, are evidently = the whole 

3 4-3 1 
meome — —, or — - = — , consequently 1 : 4 : : 30 : 120, 

the income sought ; for — of £120 = £90, and £90 4- 

30 » £120. 

To obtain the answer to this question by Double Posi- 

3 
tlon, we first suppose the income to be £160, then — of 

4 
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£160 « £120, and £120 4- £10 » £130, the part spent, 
and £160 ^ £I30 === £30, the remainder; but this re- 
mainder, according to the oiiestion, should be £20 ; con- 
sequently £30 ^ £20 as £lO, the error resulting fVom 
tkis^ supposition. 

Secondly, we suppose the income to be £140; then — 

of £140 « 105, and £105 + £10, =» £115, the part 
spent, and £140 — £115 = £25, the remainder ; but this 
remainder, according to the question, should be £20 ; con- 
sequently £25 — £20 = £5, the error resulting from 
this second supposition. 

Now each supposition obviously contains the truth, 
either increased or diminished by the quantity of error 
combined with it ; and as we know from the previous 
solutimi, that the true income is £120, it is evident that 
the first supposition, £l60, contains the truth, £l20 -h 
the difference £40, and the second supposition, £140, 
contains the truth, £120 -f- the difference £20. 

And as from the principle on which the Rule of Dou- 
ble Position is founded, the errors resulting irom the 
supposition will bear to each other the same ratio as the 
diferences between the several suppositions and the truth, 
we have in this example, — the diff. 40 : the diff. 20 : : the 
error 10 : the error 5. 

Here it is manifest that 40, the difference between the 
first supposition and the truth, and 5, the error resulting 
from the second supposition, are the extremes ; and 20, 
the difibrence between the second supposition and the 
truth, and 10, the error resulting from the first supposi- 
tion, are the means of proportional quantities, and conse- 
quently their products are equal. 

Hence, if we multiply the first supposition by the se- 
cond error, and the second supposition by the first error, 
those parts of the products which consist of the differences 
multiplied by the errors, will be equal ; and if the errors 
are similar, or both too great or both too small, will 
vanish by subtraction ; or if the errors be dissimilar, as 
when one is too great and the other too small, they will 
both vanish by addition. 

Consequently, in either case, the difference or the sum 
of the products will consist only of the product of the 
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truth c(»itained in each of the suppositions, multiplied, 
either by the difference or by the sum of the errors ; 
whence it is evident that in the former case, if this pro- 
duct be divided by the difference of the errors, or in the 
latter by the sum of errors, the quotient must be the 
truth. 

Thus, in reference to the preceding examplej 



the 1st sup. 160 == truth 120+diff. 40 x 5 = 600 + 200 
theSndsup. 140 == truth 120+diff. 20 x 10 = 1200 + 200 

Here it is evident that the products of r ^ ""TnTJ «" 

the differences 40 and 20, multiphed ' 

respectively by the errors 5 and 10, 120 Truth, 

are both equal to 200, and conse- 
quently vanish by subtraction, leaving in the remainder, 
600 only, the difference between 600 and 1200, the pro- 
ducts of the truth in each supposition multiplied by the 
difference of the errors ; and this difference, 600, divided 
by 5, the difference of the errors, gives the quotient, 120, 
which is the truth; or the sum 600 + 1200 = 1800, di- 
vided by 15, the sum of the errors, gives the quotient, 120, 
which is the truth, as before. Hence the 

RULE. 

1. Suppose any two convenient numbers, and pro- 
ceed with them according to the conditions of the 
question ; compare the results thus obtained with 
the result given in the question, and if greater or 
less the difference will be the error. 

2. Multiply the first supposition by the second error, 
and the second supposition by the first error ; and 
if the errors are similar, divide the difference of the 
products by the difference of the errors; but if the 
errors are dissimilar, divide the sum of the pro- 
ducts by the sum of the errors, and the quotient 
will be the true number sought. 

3 
Ex. — A person, after spending — of his income and £j.0 

more, has £20 remaining ; what was his income ? 
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1. 
Ist Sup. income to be 
then 1 of £160 = 120 
and £10 more s= 10 

part spent » 

remainder « 

which should be 



2. 

£160 2nd Sup. income to be 
then i of £140 = 105 
and £ 10 more «* 10 

130 part spent = 

30 remainder «■ 

20 which should bo 



£140 



the 1st error 



£10 the 2nd error 



115 

25 
20 

£5 



3. 



4. 



Ist Sup. 160X 5 2nd er.= 800 
2nd Sup. 140X10 1st er.=1400 

5 ), 600 
the true income £120 



Proof, inc. £120. 

i of 120 = 90 

and £10 more = 10 

part spent = 100 

remainder £20 



This example is sufficiently explicit without any further 
illustration, than to remark, that the 1st sup., £l60, mul- 
tiplied by the 2ud error, £5, gives the product, £800 ; and 
the 2nd sup. £140, multiplied by the 1st error, £lO, gives 
the product, £1400 ; and the difference of these products, 
£600, divided by the difference of the errors, £5, gives 
the quotient, £l20, which is the true income. 

EXAMPLES FOR PRACTICE. 

1. A. is three times as old as B., but if 40 years be added 
to B.*s age he would be twice as old as A. ; what is the 
age of each? Ans, A.'s age is 24, and B.'s age 8 years. 

2. A labourer was hired on condition, that for every 
day he worked he should receive 20rf., and for every day 
he was idle he should forfeit I0d» ; at the end of 300 days 
he received 10 guineas ; how many days did he work, and 
how many days was he idle? 

Ans. He worked 184 days, and waaidle 116 days. 

3. A person has two silver cups of unequal weight, and 
a cover weighing 10 oz. ; if the cover be put on the 1st 
cup it will make its weight double that of the 2nd cup, 
and if put on the 2nd cup, will make its weight three 
times that of the 1st cup ; what is the weight of each cup ? 

An. The Ist cup 6 oz., the 2nd cup 8 oz. 



210 DOUBLE POSITION. 

4. The hmd of a fish is 9 inches long, the tail is as long 
as the head and half the body, and the body is as long as 
the head and tail together ; what is the length of the 
whole fish ? Ans. 72 inches. 

5. A person wishing to relieve a certain number of poor 
families, finds that if he gives each family 25^. he shall 
want £2 „ 10^. more than he has, and if give each only 
20s. he shall have £5 remaining ; how many families had 
he to relieve? Am. 30 families. 

6. A gentleman has two horses, and a saddle worth 
£15 ; if the saddle be put on the first horse it will make 
his value 3 times that of the second, and if put on the se- 
cond horse, will make his value jwice that of the first ; 
what was the value of each horse ? 

Ans. 1st horse £12, 2nd £9. 



INVOLUTION. 



'fm 



1. A QUANTITY is Said to be involved, when it is mul- 
tiplied by itself any number of times ; its several products 
are called powers, and these powers are denoted by indices 
written above, them, which show the number of times the 
quantity occurs in the involution. 

2. The quantity itself, which is the root, is called the 
first power ; the quantity multiplied by itself once, is 
called the second power, or square ; when multiplied by 
itself twice, the third power, or cube, and when multi- 
plied by itself three times, the fourth power, or biquadrate, 
and so on. 

Thus two is the first power, or root; 2 X 2 =4, the 

second power, or 2 ; 2 x 2 x 2 = 8, the third power, or 

S 4 

2 ; 2 X 2 X 2 X 2 = 16, the fourth power, or 2 ; &c. Ac. 
Hence fo involve a quantity to any power, we have only 
to multiply it by itself as many times, less 1, as is denoted 
by the index of the power required. 
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3. In the inyolution of a quantity to any high power, 
after having obtained a few of the powers, if we add toge^ 
ther the indices of any of those powers, and multiply to- 
gether the powers denoted by those several indices, the 
product will be the power denoted by the sum of those 
indices. 

Hence to find the ninth power of 2, afler having found 
the 2nd, 3rd, and 4th powers in the usual way, if we 
add together the indices, 2 + 3 + 4=9, and multiply 
together the 2nd, 3rd, and 4th powers of 2, the product 
will be the 9th power of 2, or the power denoted by the 
sum of these indices, 9. 

8 8 4 

Thus 2 = 4, 2 = 8, and 2 =r 16 ; consequently 4 x 

8x 16 = 5]2»2; =2x2x2x2x2x2x2x 

2x2=»512;or2 x2 X 2 » 16 x 16 X 2= 512=s 

2 , the same result as before ; for the sum of the indices of 
the powers multiplied, 4 -f- 4 + 1 =*» 9. 

4. If the quantity to be involved be a vulgar fraction, 
the power of the numerator written over the power of the 

3 * 

denominator will be the power of the fraction ; thus (— ) = 

3x3x3 27 
4X4X4 "^eS' 

5. If the quantity to be involved be a mixed number, 
the fractional part must be reduced to a decimal and an- 
nexed to the whole number, before it is involved ; thus, 

(2J) = 2-75 X 2-75 X 275= 20796875. 

RULB. 

Multiply the given quantity by itself, as many times, 
less 1, as is denoted by the index of the power ; 
or, having found some of the powers, add together 
as many of their indices as in their sum Will be 
equal to the index of the power required, and the 
product of the powers corresponding to those in- 
dices will be the power required. 

EXAMPLES FOR PRACTICE. 

!• What is the 2nd power or square of 15 ? Ans, 225. 
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2. What is the 3rd power or cube of 25 ? Ans. 15625. 

3. What is the biquadrate or 4th power of 127 ? 

Ans. 260144641. 

4. What is the 4th power of '000125? 

Ans. -000000000000000244140625. 

3 243 

5. What is the 5th power of — ? Atis, zrrr-. 

^ 5 3125 

6. What is the 7lh power of Ij? Ans, 17-0859375. 

7. What is the 12th power of 9 ? Ans. 282429536481. 

8. What is the 15th power of --? Ans, ■ ■. 

A oik./ 68 



The extreme labour of involving large numbers to a 
high power has led to the construction of artificial numr 
bers called Logarithms, of which the addition, subtraction, 
multiplication, and division are respectively equivalent, to 
the multiplication, division, involution and evolution of the 
natural numbers. 

Thus, to obtain the 25th power of any natural number, 
we have only to multiply its corresponding logarithm by 
25, and the product will be the logarithm of that power, 
and the natural number corresponding to this logarithm 
will be the 25th power of the given number. 

Also, to extract the 25th root of a given number, we 
have only to divide its corresponding logarithm by 25, 
and the quotient will be the logarithm of that roqt, and 
the natural number corresponding to this logarithm will 
be the 25th root of the given number. 

Tables of Logarithms will therefore be found of im- 
portant use in abridging the labour of all calculations in 
which involution of numbers to a high power, or the evo- 
lution or extraction of their roots are concerned, and are 
therefore recommended to the notice of the student. 
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1. Evolution, or the extraction of roots, is a method of 
finding: the original number or root from which any power 
has arisen by involution ; and which must be such a num- 
ber as, multiplied by itself a certain number of times, will 
give that power as its product. 

Thus 2 is the square root of 4 ; for 2 x 2 = 4 ; 3 is. 
the cube root of 27, for 3 x 3 x 3= 27 ; 4, the biquadrate 
root of 256, for 4x4x4x4= 256. 

2. The roots of numbers are denoted by prefixing to the 
number the sign J for the square root, and for any other 
root, the same sign with the index of the root written 
within or above it. 

Thus tj 4 denotes the square root of 4 ; -^ 27, the cube 
root of 27 ; \j 256, the biquadrate root of 256, and soon« 

The roots are also denoted by fractional exponents, as 4^ 

denotes the square root of 4 ; 27^, the cube root of 27 ; 

256 , the biquadrate root of ?56, &c. &c. 

3. The power of any number may be always accurately 
found by involution ; but the root of any power cannot 
always be accurately found, as the square root of 8, or the 
cube root of 9 ; for no number multiplied by itself will be 
equal to 8, or multiplied by itself twice be equal to 9. 

4. Numbers of which the roots cannot be accurately 
found are called Surds, and numbers of which the roots 
can be accurately determined are called Rationals : thus, 
^8 and ^9 are surds, and jj9 and -^27 are rationals. 

5. The method of extracting the root of any power is 
derived from an attentive consideration of the manner in 
which that power has arisen from its root by involution, 
and of the several parts of which it will be found to con- 
sist. 

6. In general the power of any number of one single 
figure will consist of just as many figures as are denoted 

8 

by its index ; thus, the square of 9 or 9 =81 consists of 
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2 figures, the cube of 9 or 9 = 729, consists of three 

figures, the biquadrate of 9, or 9 = 6561, consists of 4 
figures, and so on. 

7. Hence is obtained a rule for separating any power 
of which the root is to be extracted, into periods each con- 
taining one figure of the root, of which the first figure is 
easily found by trial, and the others successiTely by a 
process peculiar to the power of which the root is to be 
extracted. 

It will be sufficient for the purposes of arithmetic to ex- 
plain this process as applicable to the square and cabe 
roots only, the analysis' of the higher powers b^g too 
complicated to be well exhibited in numoers. 



EXTRACTION OF THE SQUARE 

ROOT. 



20 
20 


+ 


5 
5. 


»=25 


100 
400-flOO 


+ 


25 

■ 
25: 


= 125 
= 50 


400 + 200 + 


»€25 



If we involve the number 25 to the square, or second 
power, we shall have 25 x 25 = 625, the square or se- 
cond power of 25 ; and if we examine of what this power 
consists, we shall find, as in the an* 
nexed scheme, that it contains 20 
X 20s= 400, which is the square 
of 20 ; 20 X 5 = 100 ; 5 x 20 
= 100 ; and 5 X 5 = 25, which 
is the square of 5. 

Here it is evident that the power 625 aontains not only 
400, which is the square of 20, and 25, which is the 
square of 5, but also 200, or twice the product of 20 x 5 ; 
consequently, after deducting from it the square of the 
root 20, which we find by trial, we shall have the remain- 
der, 225, which contains not only the square of 5, the 
other figure of the root, but also 200, or twice the pro- 
duct of 20 X 5. 

Consequently, if we divide this remainder by 20 x 2, the 
quotient will be 5, which is the second figure of the root ; 
and, as the remainder also contains 25, which is the square 
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of 5, if we add to the d ivisor the fi^re 5, we shall have the 
whole divisor, 20 x 2 + 5 ==: 40 + 5, contained 5 times in 
the whole remainder, 225. 

And now multiplying the divisor, 40 + 5 by 5, we shall 
have the product, 225, which contains twice the product 
of 20 X 5 = 200, and also the square of 5 = 25, by sub- 
tracting which from 225, we completely exhaust the power, 
and evolve the root 25. Hence the 



RULE. 

1. Se)>arate the given number of which the root is 
to be extracted, into periods of two figures each, 
beginning at the right hand in whole numbers, and 
at the left hand in decimals. 

2. Find by trial the nearest square root of the highest 
period, and place it in the quotient, as in Division ; 
subtract the square of the figure thus found from 
the period whose root it expresses, and to the 
remainder, bring down the next lower period for a 
new dividend. 

3. Double the figure of the root last found for a 
divisor, and find how often it is contained in the 
dividend exclusive of the place of units, and write 
the result in the next lower place of the quotient, 
and also in the next lower place of the divisor. 

4. Multiply the whole of the divisor by the figure 
last placed in the quotient, and subtract the pro- 
duct from the dividend, and to the remainder 
bring down the next lower period for a new di- 
vidend. 

5. Double the last figure of the preceding divisor, or, 
what is the same thing, double all the figures of 
the root already in the quotient, for a new divisor ; 
find how oflen this divisor is contained in the divi- 
dend exclusive of the place of units, and write the 
result in the next lower place of the quotient and 
also of the divisor as before. 

6. Continue this process till the roots of all the pe- 
riods into which the given number was separated 
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have been fcmnd; and the several fibres in the 
quotient, taken together in the order in which they 
arise, will be the square root of the given number, 
which will always consist of as many figures as 
there are periods, both integral and fractional. 

Ex. — What is the square root of 549-9025 ? 

Here, beginning at the right 5, 49-90. 25(23-45 

hand of the whole numbers, we ^ 

mark off the periods 49 and 5 ; 43 n j^g 
and at the left hand of the deci- 3 109 
mals, the periods 90 and 25. jg^ % "2690 
2nd. We find by trial the near- 4 i856 
est square root of the period 5 ^^ s 2SS6 
to be 2, which we write in the 23425 

quotient; and subtracting its 

square from the period 5, we get the remainder, 1, to 
which we annex the next lower period, 49, and obtain the 
dividend, 149. 8rd. Doubling the root, 2, we get the di- 
visor, 4, which is contained three times in the dividend, 
149 ; we therefore write 3 in the next lower place of the 
quotient, and also of the divisor, making the whole divisor 
43, and multiplying 43 by 3 we subtract the product, 129, 
from the dividend, 149, and get the remainder, 20, to 
which we bring down the next lower period, 90, for a new 
dividend. 4th. Doubling the last figure of the preceding 
divisor, 43, by adding 3 to it, we get the new divisor, 46, 
which, being contained 4 times in the dividend, 2090, we 
write 4 in the next lower place of the quotient, and also 
in the next lower place of the divisor, making the whole 
divisor 464 ; and proceeding with this as before, we get 
the next figure of the root, making the whole root 2345, 
which consists of just as many figures as there are periods ; 
but as two of the periods are decimals, we mark off two 
decimal places in the quotient, and obtain the root 23*45. 

EXAMPLES FOR PRACTICE. 

1. Required the square root of 5184. Ans. 72. 

2. What is the square root of 70225 ? Jns. 265. 

3. Find the square root of 1522756. Ans, 1234. 



SXTRACTIO>I OF THE SQUARE R0OT« 217 

4. What is the square root of 3071 2*5625? 

Ans. 175-25. 

5. Required the square root of 1524155677489. 

Ans. 1234567. 

6. Find the square root of '000000015625. 

Ans. '000125. 

7. What is the square root of 27^ ? 

Ans. 5-2068331, &c. 

«« - 625 25 

8. Required the square root of — --. Ans. — . 

> ^ 2401 49 

9. What is the square root of '000000133225? 

Ans. '000365. 

By the 47th Proportion of the First Book of Euclid, it 
is demonstrated, that in any right angled triangle the 
square of the side subtending the right angle, is equal to 
the sum of the squares of the sides containing the right 
angle. 

In a right angled triangle, the side subtending the right 
.angle is called the Hypothenuse ; and the sides containing 
the right angle are called respectively the Base, and the 
Perpendicular. 

From the Proposition referred to, it will be evident, 
that if, from the square of the hypothenuse, the square of 
the base be subtracted, the remainder will be the square 
of the perpendicular ; or if the square of the perpendicular 
be subtracted, the remainder will be the square of the base- 

Thus, if the hypothenuse of a right angled triangle be 

55 feet, and the base 33 feet, then 55 — S3 , or 3025 
— 1089 = 1936 feet, the square of the perpendicular ; 
and ^1936 = 44 feet, the length of the perpendicular. 

Or, 3025 — 1936 = 1089, the square of the base; and 
VI089 = 33, the length of the base ; also 1089 + 1936 
= 3025, the square of the hypothenuse ; and ^^ 3025 = 
55, the length of the hypothenuse. 

Hence it is evident that, from the principle above referred 
to, the following questions may be easily solved :-— 

10. What must be the length of a scaling-ladder to 
reach the battlement of a fort S3 feet high from the ground, 
the moat flowing at its base being 44 feet broad ? 

Ans. 55 feet. 
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11. What must be the lengfth of a shore fiied at the 
distance of 18 feet from the base of a building to support 
a jamb 24 feet from the ground 2 . Ans, 80 feet. 

' 12. How long must a ladder be to reach the top of a 
wall, 41 feet 3 incites in height from the surface of a river 
23 yds. 1 foot in breadth, which flaws at its base ? 

An»* 01 ft. a indies. 

13. A shore, ^5 feet in length, supported a jamb 20 feet 
in height from the ground ; at what distcmce &om ihebase 
of the building was it fixed ? Ana. 15 feet. 

14« A ladder, 100 feet long, is so placed agaihst a build- 
ing, which is 100 feet in height, as to reach Within 20 feet 
from its summit ; how fax from the bai^ of the building* 
was the foot of the ladder placed ? Ans. 60 feet. 

15. The slant of a roof is 15 feiet on each Bide, and the 
perpendicular height of the gable 9 .feet; what is the 
breadth of the building? Ans. 24 feet. 

IG. A ladder, 50 feet long, is so placed as to reach a 
window on one side of the street 30 feet high, and by turn- 
ing it over, without removing the foot, to reach a window 
40 feet high on the opposite side of the street ; what is the 
breadth of the street ? Ans. 70 feet. 

17. Two towers of a fort are 125 feet distant from each 
other, the one is 100 feet high, and the other 75 feet ; at 
what distance from the base of each must a ladder 125 fe^t 
long be placed that, without removing the foot, it may 
reach the top of each tower ? 

Ans, 75 feet from the hi^er, and 100 feet from the 
lower tower. 

' 18. Two trees, on a horizontal plane, . tire 120 feet dis- 
tant from each other; the one tree is 100 feet, and the 
other 80 feet high ; on what part of the plane must a per- 
son stand that his distance from the top of each tree may 
be the same as the distance of the tops of the trees from 
each other?. 

Ans. 69*2840824 feet from the higher, and 91*6515188 
feet from the fewer tree, ' 



i^hirt^MM^iarfi^fl^ikiMN. 
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EXTRACTION OF THE CUBE ROOT. 



If we invohre 25 to the 20+ 5 = 25 



cube or 3rd power, by mul- 



20+ 5 = 25 



ttplying it twice by itself, 100+ 25 =» 125 

we Bhall find, a$ in the an- 400+ lO Q = 50 

neied aoheme, that the pro- 400+ 200+ 25 » 625 

duct contains, not only 8000, 20+ 25 ^ 25 

which is the cube of 20, tind 2000+1000+125 = 3125 

125, which is the cube df 8000+4000+ 500 r=i250 

5, but also 60Q0, which is 8000+6000+1500+125 =75626 

the product of .3. tunes, the . ■ ■ ' — >■ — i- 

square of 20 multiplied by. 5; and also 1500, which is the 
product of 3 times 20 multiplied by the square of 5 ; and 
from this analysis of the power we shall find a Rule for the 
extraction of its root. 

Thus, to extract the cube root of 15625 : — 
Here, separating the given 15,625 ( 25 

number 15625 into pe- , ^ 

riods of 3 figures each, 2x3 = 12 Divisor) 7625 Besolvend. 
we find by trial the cube 5' «_ ~J^ 

root of the first period 15 • 
id be 2, which we write ^ ^^^\ = ^^^ 

in the quotient for the5XSX2-» 60 

first figure of the root. 7625 Subtrahend. 

2nd. Subtracting the cube 

of 2 3S 8 from the first period 15, we get the remainder 7, 
to M^hich we bring down the next lower period 625, making 
7625, from which the refnaiader of the root is to be 
ejLtffacited, and which is therefore called the Resolvend. 
3rd. As this resolvend contain^ 6000, which is the product 
.of 3 times the square of 20 multiplied by 5, it is evident 
that if we divide the resolvend by 3 times the square of 
20 the quotient will be 5, which we therefore write in the 
next lower place in the quotient for the second figure of 
the root. 4th. We now subtract from the resolvend, the 
cube of 5 = 125 which is contained in it, and as it con- 
tains also the square of 5 multiplied by 3 times 20 = 

. 1500| we place under 125, the product of 5 X by 3 times 

L 2 
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2 =r 150, which, written one place to the left, is equivalent 

to 1500, or 5 X 20; and as the resolvend contains also 

3 times the square of 20 multiplied by 5 =: 6000, we place 

under the 1 50, the product of 5 x 8 X 2 =60, which, 
written two places to the left, is equivalent to 6000. And 
lastly, adding together these several quantities, we get their 
sum, 7625, which is called the Subtrahend; and subtract- 
ing this from the resolvend, completely exhaust the power 
15625, and evolve its root 25. 

It may be observed that the last number of the sub- 
trahend may be always found by simply multiplying tbe 
preceding divisor by the last figure of the root, for the 
divisor always contains 8 times the square of all the pre^ 
ceding figures of the root. Hence the 

RULE. 

1. Separate the given number into periods of 3 figures 
each, beginning at the right hand in whole num- 
bers, and at the leR hand in decimals ; find by trial 
the nearest cube root of the first period, and place 
it in the quotient for the first figure of the root. 

2. Subtract the cube of the figure thus found from 
the period whose root it expresses ; and to the re- 
mainder, bring down the next lower period for a 
resolvend. 

3. Take 8 times the square of the figure, or if there 
be several, of all the figures in the quotient fi^r a 
divisor, and find how often it is contained in a 
sufficient number of the first figures of the re- 
solvend, and write the result in the quotient for 
the next figure of the root. 

4. Under the resolvend write the cube of the figure 
last found ; imder this, the square Of the last figure 
multiplied by 3 times all the preceding figures of 
the root ; and under this quantity write the pro- 
duct of the last figure multiplied by 3 times the 
square of the preceding figures of the root, or, what 
is the same thing, the product of the last divisdr 
muHiplied by the last figure of the root, pladiig 
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^ ' each of llie productis' one place tc the left of the 
preceiiiQg, and their sum will be t^e subtrahend. 

5. Subtract the subtrahend from the resolyend, and 
tethe jrecnainder bring down the neilt lower period 
of the given number for a new resolvend, with 
which proceed as. before, till all the periods into 
\vhich the given number was separated have been 
brought down ; and the several figures in the quo- 
tient taken together, in the order in which they 
arise, will be the root of the ^ven number. 

Ex. 2.— To find the cube root of 34965783 :— 

84,965,783 ( 327 Root. 





27 


t 
3x3 = 27 Divisor 


) 7965 Resolvend. 


s 
2 = 


B 


2 X 8 X 3 = 


36 



s 

2 X 3 X 3 or Divisor 27x2=54 



5768 Subtrahend. 



• 
32 


X 


3 2= 3072 Divisor 


) 


2197783 


s 
7 


J= 






343 


• 
7 


X 


32 X 3 = 




4704 


7 


X 


3X 32;orDiv.3072x 


:7 = 


«2i504 



2197783 Subtrahend. 



EXAMPLES FOR PRACTICE^ 

1. What is the «ube root of 421875 ? Ans. 75. 

2. Required the cube root of 19683. Ans. 27. 

3. Find the cube root of 1092727. Ans. 103. 

4. Required the cube root of 28372625000. 

AnSi 3050. 

5. What is the cube root of '000001728? Ans. -012. 
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6. Find the cube «ooi of 43182 *7i$4843> ^n^. 35*07. 

7. Reqtiired the cube root of 27189441848. 

8. What is the cube root of l7f ? Ans. «*5e66, &c. 

9. What is the cube root oif ;^o'A^ . ' ' ^^* tV* 

10. Required the cube root of 1^345 '6789. 

Ans. 23' 112, &c. 

The following is part of Homer's Rule for the extraction 
of the cube root, as g:i>nen by Professor Young in. his valu- 
able treatise on the Theory of Equations, in which a full 
demonstration of the principle, and also additional abbre- 
viations, may be found. 

RULE II. 

After separating the given number into periods and 
finding the root of the first period by trial, as in 
the common method which has been previously 
given, 

1 . Take 3 times the square of the first figure of the 
root for a trial divisor, iand finding how often it is 
contained in the resolvend, write the result in the 
quotient for the next figure of the root. 

2. Multiply the figure of the root last found, togedier 
with 3 times the preceding figure prefixed to it, by 
itself; and to the trial divisor suid the product 
written two places to the right hand of it, and their 
sum will be the true divisor. 

3. Multiply the true divisor by Che last figute of the 
root, and, subtracting the product from the re- 
solvend, bring down to the remainder the next 
lower period of the given number for a new 
resolvend. 

: 4. To the preceding true divisor, a9d 4llso to the quan* 
tity added to the trial divisor in producing it, add 
the square of the last figure of the root, and their 
sum will be the next trial divisor, from which the 
next figure of the root will be fouAd as befofe. 

5. From this last trial divisor find the next true 
divisor, by adding to it. the .product of the last 



figure of the. ropti together wijtl^ 3 times all the 
preceding iSgures pretlxed to it, muJtiplied jyy 
; itself, and written two places to the tight hand* of 
the trial divisor, as before. 

6. Multiply this true divisor by the last figure of the 
root, and subtract the product froitt the resblverid, 
bringing down to the remainder ..the next .lower 
period for a new resolvend,.as b€^fbr.e ; and continue 
' this process till all the periods have been brought 
down, and the several figures in the quotient will 
be the root. 

Ex. l.—Toextract the cube rodt of 41068625. 

41,063,625 ( 345 Resolvend. 

s — 

3x3 = TrUl divisor = 27 ) 14063 Re$olvend. 

3 X 3 = 9 ; and 94 X 4 s:^ 376 

s True divlBor 3076 12304 Subtrahend. 

4 ar 16 



Trial diriaor 346g ) 1759625 BesoWend. 
34 X 3 = 102 ; 1025 x 5 = 5125 

r 

True diyisor 351925 1759625 Subtrahend. 



Ex. 2r Required the cube root 77145562593. 

77, 145, 662, 593 (4257 
64 

4 X 3 » Trial divisor 46 ) 13146 Besolvend. 

4 X 3« ll^S 122 X 2 = 244 

True divisor 5044 10088 

•2= 4 

Trial divisor 5292 ) 3057562 

42X3=126; 1265X5= 6325 



True divisor 535525 2677625 

8 

5=: 25 



Trial divisor 541875 ) 379937593 Resolvend 

425 X 3 == 1275 ; 12757 x 7= 89299 

True divisor 54276799 379937593 
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EXAMPLES FOTR PRAGTICB. ' 

1. Find by this method the 6ube foot of 12167 ? 

Ans. 23. 

2. l/Hiat is the cuhe root of 156464 ? Atis. 54. 
8. Require the cube root of 1 232639 L Jns. 231. 

4. What is the cube root of 17&40498i6? Ans. 1206. 

5. Find the cube root of 673373097125. Ans. 8765. 

6. Required the cube root of '00098611128 ? 

Ans. '0462, 

For further practice, find by this method the answers 
to ^e questions given under Rule 1. 

In the 33rd proposition of the 1 1th book of Euclid, it is 
demonstrated that similar solid parallelopipeds are to one 
another in the triplicate ratio of their like sides ; and in the 
18th of the 12th book, that spheres have to one another 
the triplicate ratio of that of their diam«te^s. 

By these principles the following questions may be 
solved ; for the ratio of the cubes of the like sides in the 
one, and of the cubes of the diaqieters in the other, will 
deter iqine their relative magnitudes respectively. 

1. A cellar is 11 feet 5 inches in length, the same in 
breadth, and the same in depth ; how many cubic feet of 
earth were dug out in its formation? ifrw. 1488^^1^ feet. 

2. A cubical vessel, of which the side is 12 inches, will 
contain a certain number of pints ; what must be the ^ide 
of another to contain 8 times the raimber ? ' Am. 24 in. 

3. The solid content of a block of marble is' 389017 
inches ; what will be the side of a cube of equal solidity ? 

Ans, 73 inches. 

4. A ball of 4 inches diameter weighs 18poimds ; what 
will be the diameter of another weighing 1 14 lb. ? 

Ans. 7*4006 inches. 

5. What is the difference in cubic inches, between the 
cube of half a foot, and the half a cubic foot ? 

Ans, 648 inches. 

6. A cubic inch of glass is blown into the form <^ a 
globe that will hold 1 pint of wine ; what is the thickness 
of the glass ? Ans. -0192 inch. 
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7. What 18 ih€ urtetnal length of the side of a cubical 
bin that ooBtains 22^ quarters of corn, supposing an im- 
perial gallon to contain 2218 * 192 cubic kiches ? 

Ans. 73*6322 inches. 

8. If a brass cannon ]1^ inches in diameter weigh 
1000 lb,, what will be the weight of a similar cannon of 
which the diameter is 20' 83 inches ? 

Ans. 5942*5697 lb. 

9. If a ship of 300 tons burden be 44 feet m the length 
of the keel, what will be the length of the keel of a ship of 
560 tons burden ? Ant. bA'lldi ieeU 

iO. Suppose the length of a ship's keel to be 414 yardJ^ 
the breadth of the mid-ship beam 8^^ yards, and the depth 
of ihe hold 5 yards ; required the dimensions of another of 
similar construction, which will carry 3 times the burden ? 
Ans. ThekeeL 180*28125 feet; the mid-ship beam, 
36^05625 feet ; and the depth of the hold, 21 '63375 feet. 



PROGRESSION. 



Progression is a series of proportional quantities, in 
which erery preceding term b^s to the next succeeding 
term the same ratio dirou|^oiit the whole series. Pro- 
gression is of two kinds, arithmetical and geometricaL 

1. Arithmetical progression is a series of quantities in 
arithmetical proportion, of which, as we have not hitherto 
treated, it may be necessary to give some account. 

2. Ileferring to the definition of geometrical ratio and 
proportion already given, if for multiplication and division 
we substitute addition and subtraction, everything that 
has been said of the one will apply to the other. 

3. Hence four quantities are in arithmetical proportion, 
if the difference between the first and second is the same 
as the difference between the third and the fourth ; thus 
3 : 5 : : 7 : 9 are quantities in arithmetical proportion, for 
5-3=5 2, and 9^7=*2. 

4. Hence also, in arithmetical proportion, the sum of 

l3 
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i)ie extremes isequsl t<> tlto Mtm of dLt flifMil&; thos,^ 
S : 5 ; : 7 : 9, d4-9»l8» aod b^lsxlfi ^ and if irom the 
sum of the means, eithuHr of tliei tYtremeB .be gabt agK^te d, 
the diflere ace w ill be the other extreme; thns 54-7^ 
3s=9, and 5 + 7*9^8. ij *. . . 

5. In any series of quantities in arfthmetfcal prbffressiqtit, * 
the sum of every two terms at an equal^dKstand^ ^okrt the 
centre will be equal ; if the number of terms be even, the 
whole series will divide into pam, aad if lineveil, t^ 
central term will stand alone. 

Thus in the series 2 : 4 : 6 : 8 : 10 : 12,.we have 2*f 12, 
■» 14, 4 + 10 =s 14, and d + B=> 14 , and in the scrip 
2'; 4 : 6 : 8 : 10 : 12 : 14, we have 2 + 14 =. 16^ 4 + 
12 = 16, 6 + 10 = 16» each of which is equal to twice 
the central term 8, or 8 + 8 = 16. 

.6. An arithmetical mean between any two quantities is 
equal to half the sum' of those 'quantiti es ; thtt s^ the airidi* 

metical mean between 6 and 10 is »= 6 _+ 10 -f- 2 = 8 ; 
and taking this mean into the series, we have the pro- 
gression 6:8:10. » . ■ 

The most usefid problems in arithmetical progression 
are the following, for the 8<^ution of which the principles 
given above will be found sufficient :.-:- 

. . PR0iM.ltt|'r. 

■'•»'•.*' 

The two extremes, and th^ number of terms of an 
arithmetical progression being given, to find the ratio* of 
the series or common diflerence between the te^ms. 

* * 3 , 

1. As the last term of an arithmetical progression 
evidently arises from the continual additidhofthecomiQon 
difference to the first term, ii must consequently be 
greater than, the iirst term by all that has been added to 
it in the formation Of all the siiceeeding terms of the 
series* • • . 

2. Hence if the fi)*st term be subti^&cted iVom the last, 
the remainder must be the amount of all the additions 
that have been made to the first term ; and as these ad- 
ditions have been made in equal portions, if wef divide this 
amount by the number of the additions, « the quotient will 



be the attiottnt ofeadh'aepiurate addiUpR^'or. the common 
difibrenee between thia terms,. 

* 3. But as the first tenn, being the rdot of the pro- 
gression, does hot arise from the addition of the eommcn 
difference, it is evident that the number of additions will 
always be less by I than the number of the terms in the 
sei>ies ; hence if we divide.the difference between the first 
and the last terra by the mimber of terms less 1, the quo- 
tient wiirbe the ratio of the series, or t}ie coipmon (lif- 
ference required^ 

Et. — The first term of an arithmetical progre^on is S, 
the last term 24, and the number of terms 8 ; required 
the common diffference. . 

Here, subtracting the first term S from the last term 24^ 
we have 24 — 3 = 21 ; and dividing this remainder 81 
by the number of terms less 1, we have 21 -f- 8 — 1, or 
2>1 -r 7 ss d| ilie t^mmon difference ; and the whole 
series 8:6:9: 12: 15 : IS : 21 : 24. Hence the 

RULE. 

Divide the difference of the extremes by the number 
of terms less 1, and the quotient will be the 
' common difference, or ratio of the progressiOh. : 

EXAMPLES FOR PRACTICE. 

1. The first teirm of an arithmetical progression is 3, 
the last term 27, and the number of lenns 13 ; what is the 
common difibrence ? Am. 2, 

2. The extremes are 3 and 48, and the. number of 
terms 10 ; required the commoii difference. Ans, 5. 

8. The extremes o6 an iuitlimetical progressioni are \ 
and 2^, and the mimber of terms 10 ; .required the com- 
mon difference. ' '" r - .. . , Ans.\, 

4. The first term is 3j^, the last term 47]^, and the num- 
ber of terms 9; what is the ratio of the progression^ or 
eommoiki difference ? Ans. 5^. 

5. A person paying a sum of money in 12 weekly pay- 
ments, and increasing each payment by an eqital excess, 
paid the first week 9 Shillings' and the last week £4 „ lis. ; 
oy how miich did he increase each payment ? Ans, 8f. 
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- 6. Aper8onw]iohal»tiia]lydfaiik;6 quarts of wine, per 
week, wishing to abolish the practice altogelher by ^n 
regular decrease, in the 25th week drank none ; by wHai 
quantity did he diminish, his weekly allowance 7 

Ans, ^ of a pint. 
PROBLEM n. 

The two extremes and the common difference belD£^ 
g^ven, to find the number of terms in the aeries. 

This is precisely the converse of the pi>eceding pix^leniy 
for as the di^rence of the extremes divided by th^ num'^ 
ber of terms less 1 gives the common differences ; ao 
the difference of the extremes divided by the common 
difference must give the num'ber of terms less 1, to which, 
if we add I, the sum will be the number of terms re* 
quired. Hence the 

RULB. 

Divide the difference between the extremes by the 
common difference, and the quotient increated by 
1 will be the number of the terms. 

EXAMPLij8^0Rl»aAC1^1C«i ' 

1. The extremes of an arithmetical pijogression are 5, 
and 125, and the common difference 5 ; required the num* 
ber of terms. Ans, 2i, 



2. The extremes of a decreasing series w^ 10 and 5, 
and the common difierenee ^r; requ^ed the number oi' 
terms. ^ Aju. 26. 

S. The extremes aie 3^ .and 64, and the oomnM>n 
difference 5^; required the number of terms. Ans^i2* 

4. A person travelling 5 miles on the first day of his 
journey, and increasing the distance by 5 miles daily, 
travelled on the last day 75 miles ; for how many days did 
he travel ? . . r An^, 15 days. 

5. A person distributing a sum of -money among a 
certain number of poor persons, gave to the first 30^.« 
tu the second ^7^. . 6d>i decreasing each succeeding 
donation by 2s, 6d.i which was the amount of his last do* 
natida; how many persons did he relieve? 

Ans, 12 persons* 
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6. The (irst term of a decreasing series in ariihmedcal 
profession ib 24, the last term 20, and the common 
diflfereoce -^ ; required the number of terms. Ans, 81. 

PROBLEM III. 

The first term, tuid the common difference being given, 
td fhid the last or any assigned term of the series. 

As every term of the series except the first arises from 
the addition of the common difference to the first term, it 
i» evident that if the common di£ferenee be multiplied by 
the number of terms less 1, the product will be the 
diflferenee between the first term and the last. 

Consequently if this product be added to. the first term 
in an inereasing, or subtracted -from it in a decreasing, 
series, the sum in the former case, or the remainder in the 
latter, will be the last term of the series. Note. — The par- 
ticular term required may idways be regarded . as the 
last : hence the 

RULB« 

Multiply the common dif^rence, by the number of 

terms less 1, and add the product to the first term 

in an increasing series, or subtract It from* the first 

' term in a decreasing series, and the sum or the 

remainder will be the term required. 

EXAMPLES FOR PRACTICB. . 

1. The first term of an arithmetical progression is 5, 
and the common difference 3; required the i5th term of 
the series. Ans, 47. 

2. The first term of a series in arithmetical progression 
is 1, and common difference 5 ; required the 21st term. 

'Ans, iOi. 

3. The first term of a decreasing series is 12j^, and the 
common difference ^; required the 25th term of the 
series. Ans. J. 

4. A debt was discharged in 12 weeks, by paying 1 5^. 
the first week, and increasing each succeeding payment 
by bs, ; required the amount of the last payment. 

Ans^£3tj IP*. 
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PROBLBM tV, ' . 

The first term, the last term, and the numt>er of i^rms, 
oT the first term, the common differenee, and the *BUliiber 
of terms bein^ given ; to find the amount of all the terms, 
or the sum of the series. 

: From either df- the above data, .we can .€Dwpletei|he 
series by the preceding problems; md this pfobleooiig- 
nothing more than adding together the several ter«ns in 
order to find their sum. > 

But when there are many terms in the series, the process; 
by actual addition would be tedious <; if therefore we 
write under the given series, the same in an inverted 
order, and add together every two terms, we shall obtain 
a series In which all the terms will be eqtial^ m^i epn«> 
sequent] y of which the sum may be feitod by.multiplicii^. 
tion. ' . .. ' ' . „ . 

Thus, if under dife seriea. :3 6 7 9 li 18 
we write the same in an in- 13 1 1 9 .7 ,5 3 . 

verted order, and add both 16 16 16 16 16 16 
together, as in the annexed, • 

scheme, we sbtll have the series 16, 16, .16^ 16> 1Q» ^9 in 
which . all the terms are equal ; consequently,' ,Tve have 
only to multiply .one of these terms by 6, the number of 
terms^ and we shall have 16 x: (> =^ 96, the sum ^of this 
series. . . • . \,-f 

But it is evident that this last series is twice as great as 
the given series, 8«.5j 7, 9,:11, 13 ; for it is the sum of two 
of them added together ; consequently, if we divide the 
sum of this last series by 2, we shall have 96 -f- 2 "^^ 48, 
the sum of the given series, 3, 5, 7, 9, 11, 13; henCe'the 

RULE. " ' 

Add the first term to the last, and multiply their sum 
by the number of terms ; and th^ product divided 
by 2 will be the sum of the series ; or multiply the 
sum of the extremes by half the number of terms, 
and the product will be the sura of the series. ' 

EXAMPLES FOR PRACTICE. 

1. The first term of an arithmetical progression is 8» 



tke last torm 29, amd the nuix|l)f r of ^rms 15 ; required 
the. suna of the aeries.. .... Ans, &^0, 

2. The first term is 5, the common difierence 4, and the 
number of terms 13 ; what is the sum of the series ? 

Ans. 377. 

. Sl The first term of a decreasing eeries is lO^.the last 
term* 1, and the number of terms 19 ; what is th^ sum of 
the series ? . A^» 1^4^. 

4: A person distributing money 'among 25- persons, 
diminishing each donation by an 6qual sutft) gave* to the 
first 35;., and to the last 5;. ; what sum did he distribute ? 

Am. £25. 

5. How many miles did that person travel, who, per- 
forming 15 miles the first day, and gradually increasing 
each day's journey by an equal addition, travelled 7^ miles 
on the 13th day ? ' A^is* 585 ihiles. 

6. -If 100 stones be placed in a straight line of 1 yard 
from ^ach qther., and the first L yard from a basket; what 
distance will that person travel, who gathers them one by 
one into the basket^ Ans. '5 miles 1300 yds. 

PROBLEM V. 

To find any nuinber of arithmetical means between two 
given nu^libers. 

This problem Ls simply finding the intermediate . terms . 
of an arithmetical progressipn,- of which, the two given 
numbers are the extremes ; and which, together with the 
number of means, form the whole of the series, . 

Now, as all the intermediate terms arise from the ad- 
dition of the common difierence to the first term, we have 
only by Problem I to find tUe common difference of the 
series and add it to the first, and every succeeding term, 
till we obtain the number of means required. 

Thus, to find 3 arithmetical means between the num- 
bers 10 and 22 ; the two extremes 10 and 2, and the three 
means required, give us 5 for the number of t^rms in the 

seriesi . ^ ' 

« I 111 t ■ 

Hence, by Problem 1, we have 22— iotas'— 1*= 
12 4- 4 = 3, the common difference ; and 10 -f- ^ =^ 1>?9 
the. fir$t mean; 13 + 8 = 16, the second mean ; and 
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16 -f 3 s 19,1}ie 'Ihird mean ; and takisig Aes» meaiie 
into the progression, we have the series 10 : 13 : 16 : 19 
: 22 ; hence the 

RULE. 

Find the common diiierence of an arithmetical pro- 
gression of which the two given numbers are ihe 

' extremes, and^ together with the required number 
of means, will be the number of the terms. 

Add the common difference to the tirst term and to 
every succeeding term i or, if the series be decrease 
ing, subtract it till you have obtained the proper, 
number of intermediate terms; and the several 
sums in the one case, and the several remain- 
ders in the other, will be the arithmetical mesms 
required. 

If one mean only be required, it will always be equal 
to half the sum of the given numbers ; thus, the 
arithmetical meietn between 4 arid 12 = 4 4-12 
-1- 2 = 16 4" 2 = S ; and the mean between b 

and 13 = 5 + 13 4-2= 18 4- 2 = 9 ;. whence 

the series 4:8: 12, and 5:9:13. 

* 

EXAMPLES FOR PHACTIQB. 

1. Find 2 arithmetical means between the numberd 5 
and 17. jins. 9 and 13. 

2. R^qtiired 3 arithmetical memis between' the num> 
hers 15 and 75. AtiS. 80, 45, and 60. 

3. Find 1 arithmetical mean between the numbers. 24 
and 100. Ans. 62. 

4. Required 5 arithmetical means between the numbers 
7 and 27. Ans. 10^, 13fr, 17, 20^, and 2a|. 

5. A person distributing money among 7 poor persons, 
gave 4s. to the first, and, increasing every succeeding dona- 
tion by an equal sum, gave 405. to the last ; how much 
did each of the others receive ? 

Ans. The 2nd, 10«. ; 3rd, 16». ; 4th, 22». ; 5th, 28*. ; 
and the 6th, 34*. 

6. Find 7 arithmetical means between the numbers 1 
and 2. Jns. 1|, 1|, 1|, 1|, If, 1», and 1^. 
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GEOMETRICAL PROGRESSION. 



L Gbometrigal Progression is acontiaued series of 
quantities in Geometrical Proportion^ in which every pre* ' 
ceding term bears to the next sucfeeeding term the same - 
r^tio throughout the whole series. 

Thus, 1 : 2 : 4 : 8 : 16 : 32, is an increasing geometrical 
progression, of which every preceding term bears to the 
next succeeding term the ratio of I : 2 «=» ^ ; and 32 : 16 
: 8 ! 4 : 2 : 1, is a decreasing geometrical progression* 
in which every preceding term bears to the next succeed* 
ing^the ratio 2:1=2, throughout the whole series. 

In these progressdons, it is usual, and perhaps more 
convenient, to consider the constant multiplier in an in- 
creasing series, and the constant divisor in a decreasing 
series, as the ratio of the profession ; and in this view, 
the ratio of both the progressions given above will be 2. 

Hence, 2 is the ratio of the increasing aeries in which 
every succeeding term is the. product of the preceding 
term multiplied by 2 ; and also the ratio of the decreasing 
series, in which every succeeding term is the quotient of 
the preceding term divided by 2. 

2. In any series of numbers in geometrical progression 
consisting of an even number of terms, the product of the 
two extreme terms is equal to the product of the two mean 
terms, and also to the product of any twp terms equally 
distant from the centre; and in' a series consisting of an 
uneven number of terms, these products are all equal to 
iikB square of the mean or central term. 

Thus, in the seried, 1:2:4:8: 16 : 32, I x 32 »» 
2x16= 4 X 8 = 32 ; and in the series 1:2:4:8: 16, 
I X 6 = 2 X 8 = 4 X 4 =5 16 =i 4'; hence,a geome- 
trical mean between any two numbers is equal to the 
square root of their product ; thus, a geometrical mean 

between 2and8=»V2 x 8 = /16 = 4. 

The most useful prx)blems in geometrical progression, 
as applying to arithmetical purposes, are the following : — 

PROBLEM I. 

The first term, the ratio, and the number of terms be« 
ing given ; lo^fiod the last, or any assigned term of the series; 
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As every suocwdinj termjiq |i«^ii)etHcid^pgn9S|on, 
Briaes from the multiplication or division of tne next pre- 
ceding term by the ratio, it Is" evident that the second 
term -arises from the mtdtiplieatlon or divisioB of . the first 
term by thte ratia; tiis third teitoirom the mukipikatian 
or division of the second term by the ratio, or,' what is the 
same thing, from the multipliealioii or divisioD of the first 
by the second jxyvrer of the i^io^'^nd'so' on thronghdiit 
the series. ■ ■ ' 

Consequently, to find the last, or any assigned tenn.ef 
the series, we have only to multiply or divide the first, 
term by the ratio involved, to a power of which, the index 
is less by 1 than the index of the term required, and the 
product in an increasing series, or the quotient in a de- 
creasing series, will be the term required ; hence the 

HOLS. . 

Involve the ratio of the progression to a power of 
which the. index is less by 1 thair the index of l&e 
required term ; and in an incvea^ng* seriesmiiltiply ^ 
or in a decreasing series divide, th^ first term 1>y Ma 
power of the ratio, and the product or quotient 
will be the term required. - 

EXAMPLES Foil PRACTICE. ' 

1. Required the fourth term qf a geom^trica] progres- 
sion, of which the first term is 6, and the ratio 3. 

. . ,, Ans. 1^5* 

2. Required the. fifth term of a decceasing series ia gecK 
metrical progression, of which the fijrjBt. terifi is l*^&<^v t^ 
the ratio 4. : . ; . . -4n4- '5u 

3. What is the last terni of a series of whlchrlhe firs4 
term is 3, the ratio 2, and the ntimbef" of terhis 13-? * * » -^ 

AniVl^m&r: 

4. What is the last term of a decreasfog series, of which 
the first term is 45927, the ratio 3, and the number of terms 
9? Ans. 7: 

5. The first term is 64, the ratio ^, and the number of 
t^ms 15 ; required the last 'term of th^ ^rim^ i6tfiu. ^W* 

6. A labourer agrees to work fqr 21 days, cqmm/^Qctn^ 



at ocieilift1^dig< ibr tUe first 4%y avfil dqabling^ huirWan^es; 
didly/'oii'ccMldiddn'xif'reddtiiig'only the W day'», wages;! 
w)iiat sum did M reoeiiro ? . An$. £.IQ42^,^ 5^. 4d 
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.'.The first ternj, the last term, and the ratio; or the first 
term, the number of terms, and the ratio being given j to; 
find the sum of the series. ' ' ~'t 

This problem might be solved by simply adding: toge- 
ther all the terms of the series ; but when the number of 
terms is great, the finding of their sum by actual addition: 
would be so tedious, tliat some shorter method becomes 
requisite. 

X. For this purpose, if we multiply every term of the 
given series by the ratio, we shall have a new series, of 
which every term, and consequently the sum, will be just 
as many times greater than the sum of the given s^ies, as 
the ratio or multiplier is greater than 1. 

2. If from this new series, we now subtract the giyen 
series, it is evident that the remainder will be just as many 
tjmes greater than the sum of the given series; as the 
ratio less I is greater than 1. . ^ 

. 3. Consequently, if we divide this remainder by the 
ratio less 1, lixe quotient will be the sum of the given 
series ; as will be manifest in the following example. 

Ex. — To find the sum of the series 5 r 15: 45 : 135 t 
405. 

1. Here, multiplying each 
term of the g^ven series by 
the ratio 3, we get the new 
series 15 : 45 : 185 : 405 : 
1215, which is evidently 3 
times as great as the given 
series, or as many times 
greater, as ' the ratio 3 is 
greater than 1. 

2.. Subtracting from the, last series, the given series 5 : 
15^ : 45 : 135 : 405, of which, merely for convenience, 
we write the first term 5 under the last term of the new 
series, we find in both, the terms 15, 45, 185,: and 40&| 
which in the subtraction cancel each other, leaving only in 
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the rtimainder 1210, the dliferenoe between 6^ the first 
term of the given serie^^ end 1215 the last term of tiie 
new series, whiehis the product of the hat. termrof the 
ffiven series 405 multiplied by the ratio S. 3rd. As fr<Nii 
me new series of which the sum^ as we have seen, was 3 
times as gpreat' as that of the given series, we have sub- 
tracted the givf n series, it is evident that the remainder is 
3—1 times, or just twice as great as the sum of the given 
series: consequently if we divide this remainder 1210 by 
d» or by the ratio 3— 1 »«= 2, the quotient 605 will be the 
sum of the gi en series ; hence the 

RULE. 

Multiply the last term of the given series by the 
ratio : from the product subtract the first term, 
and the quotient of the remainder, divided by the 
ratio less 1, will be the sum of the series. 

EXAMPLES FOR PRACTIOB. 

1. The first term of a geometrical progression is 3, the 
(ast term 49152, and the ratio 2 ; required the sum of the 
series. Ans. 98301. 

-2. l^e first term is 5, the number of terms 1 5, and the 
ratio 4 ; what is the sum of the series? Ans» 1789569706. 

3. The first term of a geometrical progression is 
1342177280, the last term 1280, and the ratio 4; what is 
the sum of the series ? Ans. 1789569280. 

4. The first term of a geometrical progression is 1024, 
the last term 59049, and the ratio Ij; what is the sum of 
the' series? Ans, 175099. 

5. A person selling a horse in whose shoes were 32 nails, 
agreed to receive as the price, the amount of all the nails, 
valuing the first at one farthing, and doubling the value 
of each nail to the 32nd ; what did he receive for the horse ? 

Ans. £4473924 „ is. Sid. 
5. How many ships of 1000 tons burden would be 
required to export the last year's- produce of one grain of 
wheat, supposing each grain to have produced annually 20 
grains for 21 years, that 8000 grains would be equal to 1 
pint, and 40 bushels equal to 1 ton ? 

Am. 5120,000000,000000. 
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PROBLEM III. 



To find one or more geometrical means between any 
two given numbers. 

1. As every term of a geometrical progression, except 
tbe first, arises from the multiplication of the first term by 
tlie ratio ; and as the required number of means, are only 
the intermediate terms of a series of which the two given 
nmnbers are the extremes, it is evident that if we find the 
ratio of the progression, and multiply the first term and 
every resulting product by it, we shall obtain the number 
of means required. 

2. To find the ratio of the progression, we have only to 
consider that the last term of the series is the product of 
the first term multiplied by the ratio, involved to a power 
of which the index is less by 1 than the index of the last 
term. 

3. Hence if 5 means are required, these 5 means, toge- 
ther with the two given numbers, which are the extremes, 
will give 7 for the number of terms in the whole series, or 
7 as the index of the last term. 

4« And as the last term is always the product of the 
first term multiplied by the ratio, involved to a power of 
which the index is less by 1 than the index of that term, 
it is evident that if we divide the last term by the first, 
the 6th root of the quotient will be the ratio of the series ; 
hence the 

RULE. 

1. Divide the greater of the two given numbers by 
the less, and fi-om the quotient extract a root of 
which the index will be less by 1 than the index of 
the last term, or, what is the same thing, greater by 
1 than the required number of means, and it will be 
the ratio of the series. 

2. Multiply the first term, and every succeeding pro- 
duct, if the series be increasing ; or divide the first 
term, and every succeeding quotient, if the series 
be decreasing, by the ratio till you have obtained 
the number of means required. 
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Ex. — Find 2 geometrical means between the numbers 5 
and 16875 ? 

Here dividing the last term 
16875 by the first term 5, we 16875-J-5=3375 

get the quotient 3375, and ex- ^^H^ 11?^}"^ 
tracting tie cube or 3rd root of 75xulim iT^ 
this quotient, we get 15 for the 

ratio of the progression, by which, multiplying the 1st 
terra, we get 75 for the 1st mean, and multiplying the 
1st mean by the ratio 15, we get 1125, the 2nd mean; 
^nd thus complete the series of the progression, 5 : 75 i 
1125: 16875. 

. . KZAMPLES FOR FRilCTIGE. 

1. Find one geometrical mean between the numbers 
6 mid 54. . Jns. 18. 

2. Find two geometrical means between the extremes 
9 and 243. Ans. 27 and 81. 

8. Find three geometrical means between the numbers 
-6 and 1536. Ans. 24, 96, and 384 

4. Find four means between the extremes 9 and 2187. 

Ans. 27, 81, 243, and 729. 

5. A person, increasing his daily journey in an equal 
ratio, travels the 1st day 10|- miles, and on the 7th day 
121 1 miles ; how many miles did he perform on each of 
the other days ? 

Ans. 2nd day 16, 3rd day 24, 4th day 86, 5th day 54, 
and on the 6th day 81 miles. 

6. Find seven geometrical means between the extremes 
1 and 390625. 

Ans. 5, 25, 125, 625, 3125, 15625, and 78125. 
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COMPOUND INTEREST. 



1. WuBN the interest of a sum of money, instead of 
being paid yearly, half-yearly, or quarterly, as it may 
become due, is added to the principal ; the interest which 
arises from this amount is called Compound Interest. 

2. It will be unnecessary to give any example for prac- 
tice in Compound Interest by the usual method, the cal- 
culation being precisely the same as in Simple Interest. 

3. It will . be sufficient to observe, that in Compound 
Interest, the interest for the 1st year being added to the 
principal, the amount is the princijKJ for the 2nd year ; the 
interest for the 2nd year, in like manner, being added to 
the principal for that year, the amount will be the princi- 
pal for the 3rd year, and so on. 

. 4*. But whei^ the number of years is great, this mode of 
calculation, requiring as many distinct sums in Simple 
Interest, as there are years, becomes tedious ; consequently, 
a more expeditious method is derived from the principle 
of geometrical progression, which will equally apply to 
the discounting of a sum of money for any number of 
years at -compound interest. 

5. The interest of any principal at 5 per cent, for 1 

year is -— === — - of itself, and the amount, consequently, 

-- ; the interest of this amount, at the end of the 2nd year, 
20 1 -21 

will, in like manner, he — - of itself^ and the amount, — 4- 

1 ^ 21 21 21 /21\« - 21 . , . ^ 

— of— - = — X— sssi;;-! ; haice, r- is the ratio of 
20 20 20 20 V20^ * 20 

a geometrical ' profession, of which the number of terms 

will be equal to tne number of years, and the last term 

will be the amount of the given principal, at' 5 per cent. 

for the time. 

21 

6. In this series, the ratio, — , is calculated at 5 per 

cent.; but the ratio, at any other rate, may be easily 
found; thus, at 2^ per cent., any principal will gain 
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^ ss ----- = -- of itself; at 7| per cent., — -- = 



100 200 40 > - " » r ' jqq 2OO 

3 41 

«= — of itself; consequently, - - = the amount at 2^, and 

43 

— = the amount at 7j^ per cent, will be the ratio of the 

progressions respectively. 

Hence, to find the amount of any principal for any 
number of years at compound interest ; we have only to 
make its amount for 1 year at the given rate per cent, 
the ratio of a geometrical progression, of which the num- 
ber of terms will be equal to the number of years ; and 
the last term of the series will be the amount required. 

In order to keep the terms of the series as small as pos- 
sible, if we make the amount of £l for 1 year at the given 
rate per cent., the ratio of the progression, and multiply 
the last term of the series, which is the amount of £1, by 
the given principal, we shall obtain the same result. 

Ex. — To find the amount of £500 for 5 years at 5 per 
cent, compound interest. 

21 
Here, making —- the amount of £i for 1 year at the 

given rate per cent., the ratio of the progression ; we have 

21 /21\« /'21V /21V /^iv . ,., 
the series -: (^-j : {^-) : {^-) : {^-) ,m which 

the number of terms is equal to the number of years ; and 

(21V 
-- ) is the amount of £l for the 

given lime. 

2. As this last term is involved to the 5th power, its 
, 21 21 21 21 21 4084101 

tiplying this last term, which is the amount of £l, by the 
. . , ^^^^ , 4084101x500 204205O500 

given prmcipal, £500, we have — o....^»^^ — =*= "t:^; — :: — 

° '^''9 9 3200000 3200000 

« 638-14078125 = £638 „ 2s. Hd. and ™ «= the 

■ IvV 

amount of £500 for 5 years at 5 per cent, compound 
interest. 

The amount of £l for 1 year expressed by a decimal 
fraction, ss 1*05, might have been taken as the ratio of 
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tbe progression, and we should have had the series, 
105 : 1-05* : 105' : 1*05* : 105% of which the last term 
== 105 X 105 X 105 X 1-05 X 105 = 1-2762815625 
= the amount of £l for the time ; and multiplying 
this quantity by the given principal, £500, we have 

1-2762815625 x 500 = £63814078125 = £638 „ 2^. 

15 
9^d. -— - the amount of £500, as before. 

When the last term of the series contains a high power 
of the ratio, as will always be the case when the number 
of years is great, its value maybe easily found by the help 
of logarithms. 

RULE. 

Find the amount of £l for I year at the g^ven rate 
per cent., and involve it to a power of which the 
index shall be equal to the number of years ; mul- 
tiply this power of the ratio by the giyen principal, 
and the product will be the amount required. 

If the interest be payable half-yearly or quarterly, 
find the amount of £l for a half-year or for a 
quarter of a year, and involve it to a power of 
which the index shall be equal to the number of 
half-years or quarters in the given time, and pro- 
ceed as before. 

If the interest only be required, subtract the given 
principal from the amount, and the remainder will 
be the interest. 



EXAMPLES FOR PRACTICE. 

1. What will be the amoimt of £350 for 5 years at 5 
per cent., compound interest? Ans. £446,, 13^. llj<?. 

2. What is the amount of £750 for 7 years at 5 per 
cent, compound interest ? Ans. £1055 „ 6^. 6^^ 

3. What is the compound interest pf £125 for 4 J years 
at 4 per cent., the interest being payable half-yearly ? 

Ans. £24 „ 7^. 8 Jrf. 

M 
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4. What is the amount of £875 for 3f years at 6 per 
cent, compound interest, the interest being payable quar- 
terly? Ans, £1093,, 19^. Ofrf. 

5. What is the compound interest of £373 „ IO5., for 
25 years, at 4 per cent. ? Ans. £625 „ 10*. bid. 

6. What is the amount of £361 „ 17 s. 6d, for 37 years, 
at 5 per cent, compound interest? Ans. £2200 „ 14^. 1^. 



DISCOUNT. 



The present worth of any sum of money due any aiunber 
of years hence at Compound Interest, may in the same 
manner be found by making the present worth of £l for 
1 year, at the given rate per cent., the ratio of a geome- 
trical progression, of which the number of terms shall 
be equal to the number of years for which the given sum 
of money is to be discounted. 

Now, as at 5 per. cent, the amount of £100 for 1 year 

is £105, it is evident that the present worth of £105 for 

the same time, and at the same rate per cent., must be 

£100. Hence the amount of £l for 1 year, at 5 per 

105 21 ■ • 
cent., will be equal to — — = — £., and the present worth 

, 100 20 

of £1 for the same time = — —- = -— . 

105 21 

Consequently, if we invert the ratio of the progression 
by which we find the amount, we shall have the ratio of 
a progression, of which the last term will be the present 
worth of any given sum of money due any number of 
years hence at compound interest. 

Ex. — ^To find the present worth of £500, due 5 years 

hence, discounting at 5 per cent., compound interest. 

20 
Here makin g— , the present worth of £l for 1 year, at 

5 per cent., the ratio of a geometrical progression, con- 
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sistingof 5 terms equal to the number of years for which 
the sum of money is to be discounted ; we have the series, 

— :(— I :(— I :f— I : (—|, of which the last term, 

21 V2iy \2iy V21/ v2iy' 



( 



20\* 

— J, will be the present worth of £l for th^ given time. 

2. As this last term is involved to the fifth power, its 

20 20 20 20 20 3200000 

value is = — X— X— x — x— = — ^r — — » a"d mul- 

21 21 21 21 21 4084101 

tiplying this quantity, which is the present worth of £ I , 

_ , 3200000x500 

by the given sum of money, £500, we nave — Tf^rra^ — 

1600000000 ^ , , 4U84101 

= — — = £391 „ 15». 3o. tVitj the present worth 

of £500, due 5 years hence, at compound interest. 
Hence the 



RULE. 

1. Find the present worth of £l for 1 year, at the 
given rate per cent., and involve it to a power, of 
which the index shall be equal to the number of 
years for which the sum is to be discounted ; 
multiply this power by the given sum, and the 
product will be the present worth required. 

2. If the discount only is required, find the present 
worth of the given sum, as before; and sub- 
tracting this present worth from the given sum, 
the remainder will be the discount. 



EXAMPLES FOR PRACTICE. 

1. What is the present worth of £350 for 5 years, dis- 
counting at 5 per cent., compound interest ? 

Ans, £274 „ As. Sd. \. 

2. What is the present worth of £1500 for 5 years, 
discounting at 5 per cent., compound interest? 

J//5. £1175„55. 9jd. 

3. What is the discount of £173 „ 15«. 5rf. for 9 years, 
at 4 per cent., compound interest? Ans, £48 „ 15^. 5c/. 

M 2 
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4. What is the present worth of £1055 „ 6^. 6d, due 
7 years hence, discounting at 5 per cent., compound in- 
terest? Ans. £750. 

5. What is the present worth of £375„10j. for 15 
years, discounting at 7-g- per cent., compound interest? 

Ans. £123,, 13*. Id. 

6. What is the present worth of £1001 for 25 years, 
discounting at 4 per cent., compound interest? 

Ans. £375 „ 10*. 



ANNUITIES. 



1. An atmuity is a sum of money payable yearly, half- 
yearly, or quarterly, either for a certain number of years, 
or for life, or for ever. 

2. Annuities are either in possession or in reversion ; 
the former are such as are in actual course of payment ; 
the latter such as will not commence till after a certain 

period of time has elapsed. 

« 

3. When an annuity, instead of being paid as it becomes 
due, is withheld for a certain time, it is said to be in ar- 
rears ; and the sum to wHich the claimant is entitled, both 
for the principal and the interest, for the time it has been 
forborne, is called the amount. 

4. The sum paid for the purchase of an annuity, or 
given as an equivalent for the discontinuance of the an- 
nual payment, is called the present worth. 

The most important problems are, 1st, to find the 
amount of an annuity -which has been forborne ; and, 
2nd, to find the present worth of an annuity either in 
possession or in reversion ; in both of which the calcula- 
tion is made on the principle of compomid interest. 
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PROBLEM I. 



To find the amount of an annuity forborne for any 
number of years at compound interest. 

In finding the amount of any principal at compound 
interest, we have anticipated the calculation of the amount 
of an annuity ; the only difference is, that in the former, 
the last term of the progression is the amount of the prin- 
cipal ; and in the latter, not the last term only but the 
sum of all the terms is the amount of the annuity. 

As there is no interest due on the annuity for the first 
year, the first term of the progression will be the annuity 
itself, the second term its amount for 1 year, and so on 
throughout the series ; or, to keep the terms of the series 
as small as possible, £l will represent the annuity, and the 
amount of £l for 1 year at the given rate per cent., the 
ratio of the progression. 

Thus, to find the amount of an annuity of £350, for- 
borne for 5 years, at 5 per cent., we shall have the series 
/2I\ /21\8 /21\3 /21\* , , 

1 • I ;r^ I • I ;::: 1 • I -« 1 : I :r- I ; and the sum of 
\20j \20j \20j \20j * 

this series, multiplied by 350, will be the amount of the 

given annuity, £350. 

To find the sum of this series, we multiply the last term 

(21\* 21 /21\* 

—J by the ratio — , and get the product f ^ ) ; ^rom 

/21 \ * 21 

which, subtracting the first term, 1, we have ( — ) — 1 = ~- 

21 21 21 21 _ 4081101 3200000 _^ 

^20^20^ 20^ 20 ~ 3200000 "" 3200000 "* 
884101 , , , 

32ii00ii0 ' ^"^ ^^'^y' 

21 20 

Dividing^ this remainder by the ratio less 1 , or — 

^ ^ '20 20 

1 , 884101 1 884101 20 

^■» virc nave -^ — — ■ "^ • ~^~ v _ . ^^ 

20' 3200000 • 20 32000UO 1 

1768202 

— — rrr- the sum of the series ; and multiplying this sum 

3200000 1768202 350 6188707 

by 350, we have X — - = ^— j= 

^ ' 320000 1 3200 "^ 

If 3 
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£1933 ,, 19«. 5d.-iV ^^® amount of the given annuity £350. 
Hence the 

RULE. 

1. Make the amount of £l for 1 year, at the ^ven 
rate per cent., the ratio of a geometrical progres- 
sion of which the first term is £l, and the number 
of terms equal to the number of years for which 
the annuity has been forborne, 

2. Find the sum of the series, and it will be the 
amount of an annuity of £l for the time ; and 
multiply this sum by the given annuity, and the 
product will be the amount required. 



EXAMPLES FOR PRACTICE. 

1. What is the amount of an annuity forborne for 4 years, 
at 5 per cent., compound interest ? Ans. £323 „ bs. 2id. 

2. What is the amount of an annuity of £1.50, forborne 
7 years, at 4 per cent. ? Ans. £1184 „ 14^. 10^. 

3. What is the amount of an annuity of £500 „ 10*., 
forborne 10 years, at 3 per cent., compound interest ? 

Ans, £5731 „ IS*. O^d. 

4. What is the amount of an annuity of £250,, lOs., 
forborne 15 years, at 3 J per cent. ? 

Ans, £4833,, Us. 4id. 

5. What is the amount of an annuity of £I25 „ 15^. 
for 35 years, at 5 per cent. ? Ans, £11357 „ 15». 6fd. 

6. What is the amount of an annuity of £375 „ lis, 6d., 
forborne for 50 years, at 6 per cent. ? 

Ans. £22029 „ 4». S^d. 

PROBLEM II. 

To find the present worth of an annuity for any number 
of years at compound interest. 

As in finding the amount of an annuity in the preced- 
ing problem, we made the amount of £l for 1 year at the 
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g^ven rate per cent, the ratio of a geometrical progression ; 
so, to find the present worth of an annuity, we have only 
to make the present worth of £l for 1 year at the given 
rate per cent, the ratio of the progression, and in every 
other respect proceed as before. 

Consequently, if we make the present worth of £1 for 
the given time, at the given rate per cent., the ratio of a 
progression of which the number of terms is equal to 
the number of years the annuity has to continue ; the 
sum of this series multiplied by the given annuity will be 
its present worth. 

Thus to find the present worth of an annuity of £350 for 

5 years, at 5 per cent., we shall have the series ( — ) : 
/20\« /20\» /20\* /20\» , , ^^}^,. 

(2TJ '' [2I) '' UJ '• I2TJ ' ^"^ '^' ^^"^ "^ '^'' 
series multiplied by 350 will be the present worth of the 
given annuity, £350. 

To find the sum of this series, we multiply the last term 

/20\» 20 , /20\« 

I — J , by the ratio — , and get the product ( — j j from 

1 . , , . , ^ 20 , /'20\* 20 

which subtracting the first term — , we nave ( r- j ~" ^ 

_ 20 20 20 20 20 20 _ 64000000 

^21^ 21^2! ^21 ^21^21" 85766121 "" 
81682020 _ 1 7682020 

85766121 "" 85766121' 

20 21 

Dividing: this remainder by the ratio less 1, or — — — 

o J '21 21 

1 ^ 17682020 1 17682020 

- 21' 85766121 • 21 • 85766121 ^ 

21 371322420 . . . . a w ^ - 

T = Q--^g.,>, the sum of the series; and multiplymg 

1 ^^l^^^Jl^ , 371322420 350 129962847000 

this sum bv 350, we have x — = — 

ujr , ciiaY 8575^121 1 85766121 

:=: £1515 „ 6s. 4rf., the present worth of the given annuity, 
£350 ; hence the 

RULE. 

1. Make the present worth of £l for 1 year^ at the 
given rate per cent., the ratio of a geometrical, pro 
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^ression, of which the number of terms is equal to 
the number of years the annuity has to continue. 

2. Find the sum of the series, and it will be the pre- 
sent worth of an annuity of £l for the time ; and 
multiply this sum by the given annuity, and the 
product will be the present worth required. 



EXAMPLES FOR PRACTICE. 

i. What is the present worth of an annuity of £lOO to 
continue for seven years, discounting at 5 per cent., com- 
pound interest ? Ans. £578 „ 125. S\d. 

2. What is the present worth of an annuity of £215 for 
10 years, at 4 per cent, compound interest ? 

Ans. £1743 „ 14^. 9|d. 

3. What ready money must be paid for the purchase of 
an annuity of £l75 for 12 years, at 3 per cent , compound 
interest? Ans, £1741 „19j. 

4. What sum of money must be paid down as an 
equivalent for the discontinuance of an annuity of £30 „ 15;. 
which had 17 years of its term unexpired, at 5 per cent. ? 

Ans. £346„13j. e^c?. 

5. What must be paid for the purchase of an annuity 
of £500 for 27 years, at 4 per cent., compound interest ? 

Ans. £8164 „ 15;. 9}^d, 

6. What is the present worth of an annuity of £700 for 
50 years, discounting at 5 per cent., compound interest ? 

Am. £12779 „ 2j. lOjd. 



PROBLEM III. 

To find the present worth of an annuity to continue for 
ever, or the price of a freehold estate, to commence imme- 
diately at compound interest. This problem is nothing 
more than to find a principal of which the annual interest 
at the given rate per cent, will be equal to the annuity 
itself. 
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And as in interest, the principals vary directly as the 
sums of interest, we have only to say, as the interest of 
£100 for 1 year at the given rate per cent, is to the 
annuity or yearly value of the estate, so is £100 to the 
present worth. 

Thus, to find the present worth of a perpetual annuity 
or freehold estate of £150 per annum, at 5 per cent, we 
have as the interest 5 : 150 the annuity : : £100 : £3000, 
the present worth required. 



EXAMPLES FOR PRACTICE. 

1. What is the present worth of a perpetual annuity of 
£125 „ 10*. at 4 per cent.? Ans, £3137 „ lOj. 

2. What ready money will purchase a freehold estate of 
£250 at 5 per cent. ? Am. £5000. 

3. What is the present worth of a perpetual annuity of 
£75 „ 17*. 6rf. at 4J per cent. ? Ans. £1686 „ 2*. 2id. 

4. What is the present worth of a perpetual annuity of 
£500 at 5 per cent.? Ans. £10000. 

6. What ready money will purchase a freehold estate of 
£l87 „ 10*., allowing the purchaser 3j^ per cent. ? 

Ans. £5357 „ 2s. lOK 

6. What ready money must be paid for the purchase of 
a perpetual annuity of 150 guineas, at 4 per cent. ? 

Ans. £918,, 15*. 



PROBLEM IV. 

To find the present worth of a perpetual annuity, or of a 
freehold estate in reversion, at compound interest. 

The present worth of an annuity in reversion will be 
less than its present worth, if to commence immediately, by 
the present worth of the same annuity for the time which 
is to elapse before it becomes payable. 

Consequently, if we find the present worth of the an- 
nuity as to commence immediately, and subtract fi-om it 



20 
21 
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the present worth of the same, for the time to elapse 
before it becomes payable, the remainder will be the 
present worth of the annuity in reversion. 

Thus, to find the present worth of a perpetual annuity 
of £75, to commence at the end of 5 years at 5 per cent., 
compound interest, we have 1st, 5 : 75 : : 100 : £1500, 
the present worth, if it were to commence immediately. 

To find the present worth of an annuity of £75, for 
5 years, the time before it becomes payable, we have 

" ■ ©■ ■■ m '■■ (!)• ■ (S): - *• 

c *u- u- VAX. IT*. 371322420 x 75 

sum of this series multiplied by 75 = — ^rzx^T-^ — 

27849181500 ^^^^ ,^ ^,^ . 8o766121 

= — — = £324,, 14*. 2ia., the present worth 

for 5 years. 

Lastly, subtracting this present worth from £l50O, the 
present worth of the annuity as if commencing immedi- 
ately, we have £1500 - £324 „ Us, 2|d. = £1175 „ 
5«. 9 id., the present worth of the same annuity to com- 
mence at the end of 5 years. 

Or, if we find the present worth of £l500 for 5 years, 
at compound interest, we shall obtain the same result ; for 

/20\* ,.,.,, ^ 20 20 20 20 

(^^ j multiplied by 1500 = - X - X 2Y X 21 X 

20 3200000 

— = T^r-T-::- the last term of the series ; and multiplying: 

21 4084101 ' f J & 

, . , ,^^ , 3200000 1500 4800000000 

this by 1 500, we have ——ttzt x --— = ,^^ ,- , - = 
^ ' 4084101 1 4084101 

£1175 „ 5^. 9i(i., the present worth of the annuity in 

reversion. 



RULE. 

Find the present worth of the annuity as if it were to 
commence immediately, and discounting this pre- 
sent worth at compound interest for the time to 
elapse before the annuity becomes payable, the 
present worth of this sum will be the present 
worth of the annuity in reversion. 



ANNUITIES. 251 



EXAMPLES FOR PRACTICE. 



1. What is the present worth of a perpetual annuity of 
£50, to commence at the end of 7 years, discounting at 4 
per cent. ? Ans. £950 „ 17 s, 11^. 

2. What ready money must be paid for the purchase of 
a freehold estate of £75 in reversion after 9 years, allowing 
the purchaser 5 per cent, compound interest ? 

Ans. £966 „ ISs. Sid. 

3. What is the present worth of an annuity of £150 „ 15^., 
to commence after 15 years, discoimting at 5 per cent., 
compound interest ? Ans. £1450 „ bs. 4 Jrf. 

4. What annual rent in reversion for 7 years may be 
purchased for £1500 at 6 per cent,, compound interest? 

Ans. £135 „ 6s. did. 



MISCELLANEOUS EXAMPLES. 

1. What sum must be paid down as an equivalent for 
adding 7 years to the term of a lease of a house rented at 
£50 per aimum ; reckoning compound interest at 5 per 
cent. ? Ans. £289 „ 6s. 4irf. 

2. If an annuity of £50 for 25 years be increased to 
£75, in how many years should it be discontinued ? 

Ans. In 165- years. 

3. Which is most advantageous, for the tenant of a 
house on lease for 7 years at £70 rent, to pay £70 rent, 
with a premium of £200, or to pay £85 per annum with- 
out any premium ? 

Ans. The tenant will gain £77 „ lis. bd. by paying 
£85 per annum. 

4. Suppose an estate to be leased for 21 years at £50 
per annum, with a fine of £350 on entrance ; what addition 
should be made to the rent as an equivalent for remitting 
the fine? Ans. £27 „ 5*. llJA 

5. Which is most advantageous, a term of 15 years in 
an est^ of £250 per annum, or the reversion of the estate 
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for ever after the expiration of that term, reckoning interest 
at 5 per cent. ? 

Arts. The term of 15 years is better than the reversion, 
by £189 „ 16s. 3K 

6. Which is the most advantageous, the lease of a house 
for 17 years at £30 per annum, with a premium of £500 ; 
at £45, with a premium of £300 ; or at £60, without any 
premium ? 

Arts. The lease at £60, without any premium, is 
better than at £45, with £300 premium, by £l30 „ 17^. 
9^.; and better than at £30, with £500 premium, by 
£161 „ lbs. 7id 



London (^Printed by W. Cx.owisand SoKS, Stamford Street. 
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